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PREFACE 


Among students of physics and chemistry there seems to be a wide- 
spread belief that statistical mechanics is necessarily a difficult and ab- 
struse subject that cannot be presented in a form attractive to the experi- 
mentalist. In recent years several of the author’s friends have challenged 
him to write a book to show that such a point of view is mistaken: 

In a book with this modest objective the reader will not w;jlh to be 
involved at the outset in an intricate discussion of the abstract principles 
on which the theory is supposed to rest. Eather he vdll be willing, at first, 
to make one or two assumptions in order to obtain as quickly as possible 
an insight into the methods by which problems are solved. 

It has been supposed that later in the book the reader will be glad to 
look more closely into the fundamental concepts. Consequently the book 
falls roughly into two parts. The first seven chapters may be regarded as 
Part 1. The remaining chapters, which may be considered as Part 2, 
include not only more applicatidhs but also theoretical material that was 
omitted from Part 1 in order to malce it more easily readable. Thus, in the 
last five chapters of the book some attention has been paid to classical 
mechanics and its use of phase space; the interaction between particles 
has been given detailed consideration; and so have the Fermi-Dirac sta- 
tistics. 

In Chapter 7, in the discussion of liquid and solid solutions, there has 
been included a treatment of alloys, especially the alloys of iron, which 
should be of interest to students of metallurgy. The author originally 
wrote much of this chapter in connection with some research on solutions 
for which he received a grant from the Commonwealth Fund. This work 
will be published in due course, but in the meantime he is glad to take this 
earlj’’ opportunity of expressing his gratitude to the directors of the Com- 
monwealth Fund. 

It is a pleasure to express thanlcs to various friends who have given 
helpful criticisms and suggestions, especially to Dr. A. F. Devonshire of 
Bristol University, England, and to Dr. W. Band of the Institute for the 
Study of Metals in the University of Chicago. 

E. W. Gtjkney 

The Johns Hopkins Univeesitt 
Baltimohe, Md. 

March 1949 
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CHAPTER 1 


Groups of Parlicks — The kkimber of Divcrerd TTcv^ in Which the 
Energu Can Be Shared — The Most Probable Dislribuiion — The 
Concept of Temperaiiire 


1. Particles and Their Energies. Before studying a compound or 
mixture,, it is natural to discuss one of the chemical elements. Although 
any pure substance ordinarily consists of a mixture of isotopes,, vre may 
at first disregard this fact and may say that we are interested m a group 
of particles that are all alike — all of the same species. We may add that 
we are interested in particles that are confined in a certain rolume. TTe 
study a gas or vapor when the particles are confined in a vessel of volume r, 
through which the particles are free to move. In a homogeneous solid 
each particle is closely surroxmded by similar particles; each particle 
vibrates in a little volume whose boundaries are determined by the posi- 
tions of the neighboring particles. This volume may be the order oi 10~““ 
cubic centimeter, whereas, in the case of a gas. the available volume 
may be several cubic centimeters or more. 

The basic principle of the quantum theory is that when a particle is 
confined in a certain volume,, no matter whether the volume is large or 
small, the energy of the particle can take only certain discrete values; the 
energy of the particle is guantired. This is true whether the said volume 
is several cubic centimeters or a minute iractiou of a cubic centimeter. 

In evervdav life we are accustomed to seeing bodies falling to the 
sround and to seeing water tailing to a lower level. Using the same 
lanauase. we speak of a narticle “falling to a staie oi lower energy or 
‘■fallins to a lower level"' when it loses energy. The state oi the smallest 
allowed energy is called the “lowest energy level' or the ‘ ground let el. 
For anv particle the energy of this lowest level will be denoted by 63 . 
The first allowed energy higher than the ground level will be denoted by 
ei, the next higher level by and so on. On a diagram, taking a vertical 
scale to represent the energy of a particle, these various levels (the allowed 
energies) may be represented by a set of horizontal lines, one above the 
other at the correct intervals. This book will contain many such diagrams, 
see. for example. Fig. 12. 

I 
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The temperature of a substance depends on the amount of thermal 
energj' that the particles share. In the middle of the nineteenth centurj', 
from thermodj'namic considerations, Lord Kelvin introduced the idea of 
an “absolute zero of temperature,” below which the temperature of matter 
cannot fall. In 1854 the idea was new; now, however, from the point of 
view of quantum theorj’ the concept seems quite natural. At the absolute 
zero of temperature evcrj’thing will be in its lowest quantized state; no 
particles will be in states of higher cnergj'. In order to raise the tempera- 
ture of a substance, we have to put additional energy' into it; that is to 
say, we raise particles to higher enei®* levels. It is not the business of 
statistical mechanics to say what are the values of these allowed energies; 
that information must be supplied bj' quantum thcorj’. Given a set 
of energj’ levels, it is the aim of statistical mechanics to say how the 
particles vn\\ be distributed among the various energy levels at any 
temperature. In each problem, then, wo start with a number of quantized 
states for the particles of the substance, and wc sock to predict the proper- 
ties and behavior of the substance by describing how these states are 
populated by the particles. 

In a gas the molecules arc continually exchanging cnergj’ by collision. 
Sometimes a molecule receives energ>' and at other times it loses energy. 
The total cnergj' may bo slmred among the individual particles in an 
enormous number of different ways. Tire same is true of the particles 
of a solid. Even for a group of a dozen particles the number of different 
ways is very largo. To make the principles clear it will be convenient to 
study in detail a “solid” consisting of a still smaller group of particles. 
We shall begin by considering a group of three similar particles, which 
will share a certain amount of thermal cnci^’. 

2. The Sharing of Energy among Particles. Suppose that we have 
one particle vibrating about a certain point A, another similar particle 
vibrating about a neighboring point B, and a third similar particle \d- 
brating about a neighboring point C. Let us suppose that each of these 
particles is a linear harmonic oscillator. We choose this tj^je of %’ibration 
because a linear oscillator, as is well knorni, has an unusually simple set 
of energy levels, namely, a set of allowed energies with equal interv’als 
between them. Such a set of levels may be represented by a set of hori- 
zontal lines vith uniform spacing; we number the levels, starting from 
the bottom, as in Figs. 1 to 3. The spacing between the levels may be 
relatively narrow or relatively wide, depending on the mass of the particle 
and on the forces acting on it. Let the interv’al between any two suc- 
cessive levels be denoted by u; tins will be a convenient unit of energy 
to use. 

To study the sharing of energy among a small group of particles, 
suppose then that at the three points A, B, and C we have similar particles, 
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the particle in level 2 is the particle at the point A, the particle in level 1 
may be either the particle at the point B or the one at C. Finally, there 
remains the distribution shown in Fig. la. Tliis can arise in only one way, 
namely, when each of the particles is in the level 1. 

From Fig. 2 we see that there are alt<^ether 10 different ways in which 
the energy 3u may be shared among the three particles. If there is no 
reason why any of these ten should be favored with respect to the others, 
w’e must treat them as being equally probable. It is a simple matter to 
see what will be the result of this assumption of equal a priori probabilities 
for the 10 states. If by c.xperiments we could at intervals observe the 


a 6 c 
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state of the group, wc should expect to find each of the 10 occurring with 
almost equal frequency. The greater the number of obscr\'ations, the more 
nearly equal should the observed frequency of occurrence bo. We wish 
to find the relative degrees to which each of the energy levels will be 
populated on the average. In Fig. 2 wc have only to add up the number 
of dots in each level. In the lowest level wc find 12; in the next higher 
level w'e find 9; in the next 0; and in the next 3; thus the lowest level is 
the most populated, and in each of the higher levels the population is less 
than in the next level below. 

3. For comparison, we can now ask what happens if we apply the same 
ideas to the group of three particles when they are sharing twice as much 
energy, that is to say, Cu. This amount of energy is sufficient to place 
each of the three particles into the level 2, as depicted in Fig. 3a. Each 
particle will spend part of the time in the level 2, part of the time in the 
lower levels, 0 and 1, and part of the time in the higher levels, 3, 4, and 
so on. A student approaching the subject for the first time may suppose 
that the particles will tend to spend most of the time in the neighborhood 
of level 2, with the result that both level 0 and level 4 will be less popu- 
lated than level 2. It is important to understand clearly why this is not 
the case. 

Figure 3 shows the various ways in which the six units of energy can 
be shared among the group of three particles. When we ask in how many 
Ways each of these distributions can arise, the answers are the same as 
for Fig. 1, namely: (a) when all the partides are in the same level, this 
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can arise in one 'waj’",’ (6) wlien two of the particles are in the same level, 
this can arise in three different waj-s; (c) when each particle is in a different 
level, this can arise in six waj-s. Thus, from Fig. 3, we have altogether 

1 + (3 X 3) + (3 X 6) = 28 

We find that there are 28 different waj^s in which the energj^ can be 

shared among the group of three particles. If we take each of these as 

equa% probable, we may suppose that, when a long time has elapsed, 

the group will have spent verj’- nearly ^ of this time in each of these 

28 states. The relative population of the different levels during this time 

maj'" be found, as before, bj’- counting the nmnber of particles in the 

diagram, pro^dded that the nmnber in each level g 

of Fig. 3& is multiplied bj"- the factor 3 and the 5 ..w 

number in each level of Fig. 3c is multiplied b}’’ the 4 - 

factor 6. Doing this, we find 21 in the lowest 3 - 

level, 18 in the next higher level, 15 in the next, 2 — » 

and so on. Again we find that the lowest level I ■' -1 . ■ ^ 

is the most populated, and the population of the 0 — - ^ ■ 

states above falls off progressively. Thus the Fig. 4 

average population of the levels may be casualized as hacdng the definite 
shape or form shown in Fig. 4, where at each level is drawn a horizontal 
line whose length is proportional to the average number of particles in 
this level during the time that has elapsed. liMien we speak of “the shape 
or form of the population,” we refer to the relative numbers of particles 
found on the average in each level. Here eve have foimd again that the 
lowest level is the most populated and that in the higher quantmn states 
the number of particles falls off steadily. 

This is alwa3*s so. No matter how man}’- particles we consider or how 
much energj’ the}’- share, the lowest state is always the most populated. 
One can see from Fig. 3 how it comes about that the lowest levels are 
favored. In Fig. 3 one particle can be in a high level only if both the other 
particles are in low levels. In Fig. 3 there is not sufficient energ}* to bring 
two particles at the same time into levels 4, 5, and 6. But among the 
28 states there are 18 m which one particle is in level 4, 5, or 6; this situa- 
tion is reached because both the other particles occupy low levels. When 
we are dealing with a large group of particles, we can make the corre- 
sponding statement: a minority of the particles can be in high levels only 
if a majority of the particles occupy low levels, and of these low levels 
the lowest is the most populated. 

We arrived at Fig. 4 by asMng how the group of three particles would be likely to 
behave over a certain period of time. The same conclusion can be reached by an 
alternative procedure, using a device that was introduced in the nineteenth century. 
Suppose that, instead of one group of three oscillators, we have many such groups of 
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when all particles are in the lowest energy state, Z has its smallest value, 
namely, unity. In general, the value of Z for any group of particles is the 
sum of the various values of ta belonging to the different possible dis- 
tributions. In the problem of Fig. 5 the value of Z will be greater than 10^“. 

Let us consider some of the possible distributions not shoum in Fig. 5. 
For 20 particles sharing energy equivalent to 20;/, one of the possible 
distributions will be that where each of the 20 particles is in its level n- 
This state of the group (analogous to Figs. 2fl and 3a) can arise in only 
one way. If wo suppose that the various distributions are adopted in 
any random order, the chance of finding cver>’ one of the 20 particles 
simultaneously in its level ci is negligibly small in comparison with 10’. 
Clearly, in evaluating the resultant average population of the levels, it 
will make no appreciable difference whetlicr this particular distribution 
is included with the others or not. The contribution that it makes to the 
final result is negligible. In Fig. 3, where we had altogether only 28 dif- 
ferent states for the group, none of these 28 could safely be omitted. 
But here, in view of the fact that there arc several distributions each of 
which can arise in more than 10’ different ways, this is no longer true. 
We reach then the important distinction between those distributions which 
must be taken into account and those which may safely bo neglected 
In drawing this distinction, wc arc, of course, not abandoning the basic 
principle according to whicli each of the possible states of the group must 
be treated as equally probable. 

At the same time it is useful to ask whether these “distributions 
which can be safely neglected ” have a form or shape by which they can 
be recognized. For this purpose, let us consider the resultant average 
population of the levels for the 20 particles of Fig. 5. If this is computed, 
as was done in Fig. 4, we find a shape somewhat resembling that of Fig. 4, 
in that, on the average, each quantum state would be less populated than 
those below and more populated than those above. In the problem of 
Fig. 4 this graded shape emei^cd only as tlie result of averaging and u’as 
not present in any of the component distributions depicted in Fig. 3. 
But from Fig. 5 we see that, in the case of a larger group of particles, this 
graded character is already present in some of the component distributions. 
In drawng Fig. 5 two examples were intentionally chosen in which each 
populated level contains fewer particles than any level below and more 
particles than any level above. 

Among the distributions not depicted in Fig. 5 there are, of course, 
distributions of very different shapes. We have already mentioned one 
of these, namely, u’here the lowest level is completely empty and all 
20 particles are in the next level above. This, as has been pointed out, 
can occur in only one way; that is to say, for this distribution u) = 1. 
There are other distributions with only one or two particles in the lowest 
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level ; these can occur in a ferr different ways. A more detailed study shows 
that in any large group of particles the distributions which can occur in 
the greatest number of ways are the graded distributions, in which each 
energy state is less populated than those below and more populated 
those above. 

Let us discuss once more the group of three particles to which Fig. 1 
refers and let us consider the group when it happens to be in the state 
represented by Fig. 16. We suppose that, as a result of mterchange of 
energy between the particles, the group will soon leave the distribution 
corresponding to Fig. 16: when it does so, there are seven possibilities. 
The group may either go to one of the sis states corresponding to Fig. Ic 
or it may go to the single state corresponding to Fig. la. If there is no 
factor that restricts the transition, it is clear that we are more likely to 
find that the group has gone from 6 to c in Fig. 1 than that it has gone 
from 6 to a. This example illustrates in its simplest form the tendency 
for any group of particles to move spontaneously in the direction of the 
distribution that has the greatest value of ic. Let us, for e.xample, return 
to the group of particles to which Fig. 5 refers, and let us suppose that 
at a certain moment the 20 particles have a distribution for which ir = 380. 
By a slight redistribution of the energy the panicles can adopt a distribm 
tion for which ic = 29,070 or alternatively can adopt the distribution 
(mentioned above) for which w = 1. Unless there is some factor that 
severely restricts the transition, the group is much more likely to adopt 
the distribution for which ic has the larger value; having done so, it is 
likely to proceed to a distribution that has a value of w greater than 10^, 
and so on, on til it reaches the distributions with iv greater than lOt 
In drawing this conclusion, we have not assumed an agency that drives 
the particles in any direction: we have supposed only that the outcome 
shall be due to the free operation of chance. In any group of particles 
there is always a finite but small probability of adopting distributions 
with small values of w: but if such an excursion occurs, it is likely to last 
for only a veix* short interval of time.- 

In practice, the quantity of matter that we deal with usually amounts 
to at least a few grams and contains more than 1(P particles. In such a 
large group of particles, although exactly the same basic principles are 
used, the character of the population differs profoundly from the small 
groups we have discussed. In Sec. o we shall describe the c h a n ges that 
will be encountered when we consider progressively larger groups of 
particles. In the problem of Fig. 5 we have already noticed two features 
that were not present in the problem of Fig. 3. On the one hand, we have 
noted the prince of distributions having the character that we have 

iSee the reference to E. C. Tolman, “The Principle of Statistical Mechanics,” 
in footnote 1, p. 53. 
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called " graded ” ; and on the other hand, we have noted the presence of dis- 
tributions occurringso seldom that they need not be taken into account at all. 

5. Larger Groups of Particles. When we consider a larger group of 
particles, we find that both these tendencies are accentuated. We find many 
distributions in which the population of the lower levels (at least) has 
this graded character; and we find that these are the only distributions 
for which the value of w is large enough to affect the final result; they 
are the only distributions that will occur frequently, and consequently 
the only ones that will need to be taken into account in deriving the average 
resultant distribution. All distributions in which the population of the 
lower levels is ungraded uill make a negligible contribution. The graded 
distributions vnW include, as in the problem of Fig. 5, many different 
shapes, ^lien we speak of “tlie shape of a distribution,” we refer, of 
course, to the set of values of ni/rio, tJi/wo, na/uo, and so on. We need to 
take into account only those for which «« > ni > ns > • • • throughout the 
well-populated levels. 

When we go on to consider a still latter group of particles sharing a 
large amount of energy E, we find that we are able to make a still narrower 
restriction — distributions that appro.rimntc very closely to a particular 
shape are the only distributions for which tc is large; these arc the only 
distributions which occur frequently and which, consequently, are instru- 
mental in determining the resultant distribution. ^Ml distributions that 
differ appreciably from this particular shape will occur seldom and ■will 
therefore make a negligible contribution to the resultant shape of the 
population. 

We have said that the shape of a population, or of a distribution, 
is defined when values are assigned to the ratios m/uo, tij/uo and so on. 
Now when the value of ni is, say, as large as 10'®, it is clear that there 
is very little difference between the value of nj/jio and the value of 
(ai+ l,000,000)/no, for e.xample; in fact, the difference is not more than 
one part in 10'*. In discussing the shape of a population, we would regard 
this as a negligible difference. The same applies to the values of the 
ratios «s/ - when the values of n*, Uj . . , are sufficiently large. 

Our meaning will be clear, then, when wc say that in such a case there 
is an enormous number of distributions of practically the same shape. 

In dealing with the small number of particles of Figs. 3 and 5, when 
we suppose that the various possible distributions will be adopted by the 
particles in any random order, the result is that the values of ni/uo, na/'io, 
and so on fluctuate violently from one moment to the next. But in a very 
large group of particles, as soon as the group has come to equilibrium 
and the population has adopted its optimum shape, the values of the 
ratios ni/no, vz/no ... are practically constant, showing only minor fluc- 
tuations that we can neglect. 
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It should be stressed that, in dealing with a very large group of particles, vre have 
supposed that the behavior of each particle is in no wa 3 ' different from that of the 
particles in the problem of Fig. 3. The difference in the final result is due entirelv to 
the fact that manj’ particles are sharing the total energy. Let us briefl}" review the 
stages that have been outlined. (1) Figure 4 was the resultant average distribution 
derived from Fig. 3, but not one of the component distributions of Fig. 3 could be said 
to resemble the resultant distribution derived from them. (2) In the next problem, 
Fig. 5 depicted two component distributions that at am- rate showed some resemblance 
to each other and to the final average distribution that would be arrived at as the result- 
ant of all the component distributions; that is, the\- had the character that we have called 
graded. (3) For a still larger group of particles we should find several distributions 
showing a closer resemblance to each other and to the resultant average distribution. 
(4) When we come to a still larger group of particles sharing a certain energy E, the 
necessity- of deri%-ing a resultant average distribution from the component distributions 
will have disappeared. For now all the component distributions that occur frercv.vfmth* 
have practical!}' the same shape. Of course, the resultant average distribution hkevdse 
has this shape. ■Momentaril}' the particles might bj- chance adopt a distribution of 
appreciabl}' different shape, but the probability for tliis is so small that it may be 
neglected. For a veix' large group of particles, then, the problem is quite straightfor- 
ward — as soon as the group of n particles has settled down to equihbrium, we can speak 
of lAe shape of the population appropriate to the energy E, and the problem reduces to 
finding the values of nj/uc, Ui/no, Uj/no that describe this shape of the population. 

6. In Fig. 3, where we were considering a group of three particles, 
we saw that some of the distributions could arise in six different ways, 
namely, those arrangements where each particle is in a different level. 
If we imagiue that the levels are initiaUj* empty and that we have to 
assign the three particles to the various levels, starting, sa}*, with the 
highest level, we have three choices for the first particle — ^it may be either 
the particle at point A, the particle at B, or the particle at C. When 
this particle has been allocated, there remain two choices for the particle 
to go into the second level. When this second particle has been allocated, 
the remaining particle must go into the other level. The total mnnber of 
ways in which the three particles may be arranged, each in a different 
level, is consequently 3X2X1, that is, 6. 

In general, if we have n particles distributed each in a different level, 
we have n choices for the first particle, {n — 1) choices for the second, 
(n — 2) choices for the third, and so on, until we reach the last particle. 
The number of wax's is thus given by the product of the n factors 

72(71 — l)(/i — 2) - ■ ■ 3 ■ 2 ■ 1 

xvhich is known as “factorial ii ” and is denoted by nl. 

Let us now compare Fig. 6a with Fig. 6b. In both diagrams we have seven particles. 
Starting with the particle in the highest level, we have 7 choices for the first particle, 

6 choices for the second, and so on. In Fig. 6a, where each particle is in a different level, 
the total number of possible arrangements is obrtously 7! Consider now Fig. 6b, again 
starting vrith the particle in the highest. level. We have 7 choices for the first, 6 choices 
for the second, and 5 for the third; after that, all the remaining particles go, without 



12 


INTRODUCTION! TO STATISTICAL MECHANICS (CnAp. 1 


choice, into a single level. The number of posable arrangements is thus given by the 
product 7 X G X 5. This product differs from 71 in that the factors 4 X 3 X 2 X 1 
are missing. Thus for Fig. Qb, the number of possible arrangements w is conveniently 
R'ritten in the form 

71 


Consider He'd the nine particles in Fig. Cc. It we start again \vith the particle in the 
liighest level, \\c have 9 choices for the first and 8 for the second. Of the remaining 
particles, 3 arc to be put together into one lev’cl and 4 together into another level. By 
extension ot the reasoning used in the previous 
example, both the factors 3! and 4! have to be 
put into the denominator, leading to the N'alue 

91 

’'*“31X41 

7. Tlio general problem is equiva- 
lent to the familiar problem of the 
number of dilTerent waj's in wliich n 
objects may be arranged in p piles, 
placing «o in the first pile, ti, in the second pile, and so on; for ^Y 0 have 
n particles distributed as follows: wo together in one level, wj particles 
together in another level, «• In attother, and so on. As in the above 
examples, the numerator is to be simply «!, while the denominator must 
contain a factorial from each quantum state that contains any particles; 
thus 



w 


n! 

«<}!ni!«s! • ' • «r! • • • 


( 1 ) 


It will be noticed that if each factor in the denominator were unity, the 
value of tv would reduce to «!, 'vhicli, os we ha^’O seen, is the correct 
value when the n particles arc arranged each in a different level. If any 
quantum state is empty, it makes no contribution to the denominator. 

The expression (i) can be derived from a slightly different point of 
view. Hitherto we have fixed attention on the process of allocating the 
n particles to the various energy levels, and we regarded the /j that occurs 
in the numerator of (1) as denoting the total number of p.articles in the 
solid. IVe can equally well start from the fact that in the solid we have 
n sites that have to be assigned to the n particles; then the meaning of 
(1) is that Uo of these sites, chosen at random, arc to be assigned to particles 
that are, at the moment, in their lowest level; while ni other sites, chosen 
at random, are to be assigned to particles that are, at the moment, in the 
level 1 ; and so on, until all the sites are filled. (Figure 5a is an illustration 
of this process.) In this way we reach, of course, the same result as 
before, but we regard the n that occurs in the numerator of (1) as de- 
noting the total number of sites to be assigned. 
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We must now make use of (1) to find the optimum sliape for the 
population, namely, that which gives to (1) its mavimuTn value consistent 
with a total eneigy E. Our intention is to suppose that, if initiallv the 
population does not have its optimum form, a spontaneous redistribution 
of eneigj- among the particles will take place and will continue until the 
opt imum form has been adopted, that is, until ir has reached the Tnavimum 
value consistent with the total energy E. 

liiTien the n particles share a certain amount of energy E, there are 
a laig:e number of different arrangements consistent with this value for 
the total energy'. We need a method of testing which of these distribu- 
tions have the optimum shape or form. For this purpose we use the 
fact that, when ir has its maximum value, any slight redistribution of the 
energy among the particles wiH leave the value of w unchanged. 

If y is any function of x and if the value of y passes through a maTTmum 
for a certain value of x. at this point any small increase or decrease in the 
value of X is, of course, accompanied by no appreciable change in the 
value of y. In (1) the value of ic depends on a large number of variables 

72.:, ?ii.. : when ir has the maximum value consistent with a certain 

value of the total energy* E. small alterations in any or ail of the variables 
72-:, Hi . . . leave the value of ic unchanged, so long as these alterations are 
chosen so that the total energy E is constant and the total number of par- 
ticles n is constant. 

8. Two Iftimeiical Ulustrations. Two examples wOI illustrate how tr 
changes or does not change when a small rearrangement of the particles 
is made. For this purpose, a set of energy levels with uniform spacing, 
like those already used above, is convenient. If we move a particle from 
any level to a higher level, we thereby increase the total energy E. If 
we move a particle to a lower level, we thereby dimini-sh the total energy E. 
If. taking two partieies from any level, we shift one to a lower level and 
at the same time shift the other to a higher level, we leave the total energy 
E unchanged if the three levels are equally spaced; the amount of energy 
liberated on moving one particle down is exactly sufiicient to raise the 
other particle to the level above. We may ask then whether this process 
of shiftins two particles has brought about a cha nge in the value of w. 

As a numerical example, let us take a set of levels with uniform spacing 
and populate them with any arbitrary numbers of partfcles, putting, say, 
2002 particle into the lowest level, 1002 particles into the next level, 102 
pp.T-Hrips into level 2. and so on, as m Fig. /c. For the moment, we are 
not interested in the numbers of particles (nj, n4, nnd so on) put into the 
higher levels. The value of xr will be 

nl 

^ ^ 20021 X 1002! X 102! X nsl X rul X ■ - • 
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We can now test this distribution by making a slight rearrangement of 
the particles, as indicated by the arrows in Fig. 7a. We take two particles 
from level 1 and put one of them into the level below and one into the 
level above. If wo leave the values of ns, fu . .. undisturbed, the value 
of E remains the same. The new value of w is given by 

^ nj 

•" “ 2003! X 1000! X 103! X Hj! X n.! X • • 

Thus the ratio of w* to the original w is given by 

la* 2002! X 1002! X 102! p, 

w 2003! X 1000! X 103! 


Now 2003! differs from 2002! only in that it possesses the extra factor 
2003, and in 103! there will be the extra factor 103. Likewise, if we com- 
pare 1000! with 10021, we see that the 
first two factors 1002 and 1001 are miss- 
^ ' ■ ing. Wc can now find whether the slight 

3 _ _ rearrangement of the particles has caused 

a largo or a small alteration in the value 
7 “x. — of w. From (2) wc obtain the result 

1 ^ jp* 1002X 1001 1,003,001 

0 2002 \ 2003 to 2003 X 103 “ 200,309 

Fia. 7 shifting only one par- 

ticle to a higher level and one to a lower 
level, keeping the total cnergj' constant, we have increased the value 
of w nearly five times. Tlte reader will see that if the process is re- 
peated, by shifting another pair of particles in the same w’ay, keeping 
the total energy E constant, wc shall obtain a similar increase, so that w 
reaches thereby a value nearly 25 times its original value. Evidently, 
as far as these three levels arc concerned, the distribution of the particles 
that we happened to choose was verj’ far from being the optimxun dis- 
tribution for the given amount of energy E. We conclude that there are 
relatively too many particles in the middle level, since removal of particles 
from this level increases the value of tv. 


Consider then a distribution Trith relatively few’er particles in this 
level; let us try 722 particles instead of 2002. If at the same time we 
take no = 2142 in the lowest level, and = 242 in the level above, the 
reader may verify that we shall have in these three levels the same num- 
ber of particles sharing the same amount of energy as in the previous 
example. If now we test this distribution by shifting two particles, as 
before, we go from the distribution 2142, 722, 242 to the distribution 
2143, 720, 243, and the value of to thereby changes in the ratio 
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merical example, if the three numbers 242, 722, and 2142 arc examined, 
it wdll be found that they satisfy this condition almost exactly; that is 
why the shifting of two particles was found to leave the value of v) prac- 
tically unchanged. 

Instead of fixing attention on no, n\, and ns, we could have fixed atten- 
tion on «i, and Wj, or on any three equally spaced energy levels and 
could have subjected their population to the same examination, with the 
same result. In order that w shall have its maximum \’alue, we find then 
that the numbers of particles in successiv’e 
levels must have the relation 



( 11 ) 


flo _ Til _ Tlj _ 

Til nz Tis 

10. The Most Probable Distribution of 
the Energy. In the foregoing paragraphs, 
taking a set of equally spaced energy levels, 
we have been asldng how these levels must 
be populated so that the value of w shall 
be a maximum. We have found the important and remarkably simple 
result that the numbers n®, ni, n?, tij . . . must lie in a geometrical pro- 
gression. In accordance with Sec. 3 this progression will be one in which 
the lowest level is the most populated. 

In Fig. 8a (and 8b) the spacing of the horizontal lines is uniform, and 
the lines have been drawn so that their lengths are in a geometrical pro- 
gression. This diagram, rather than Fig. 4, depicts the form of a large 
population if the ordinates are the energj’ < and the abscissas are the 
number of particles in the levels. 

In Fig. 8 the curve that would pass through the ends of these lines is, 
of course, an exponential curve. If then we choose to express the popula- 
tion of these levels as a function of the energy this will be an exponential 
function e~*“, where m is a positive constant determined by the value of E, 
the energy that is shared by the group of particles. 

Let < 0 , «i, < 2 . . . denote the energies of successive levels and let us take 
the lowest level as the zero of energy from which to measure the energies 
of the other levels, that is, we write 


Then 

and in general 


<0 — 0 


ni = noC^*‘ nj = tjoC""** 


n, = TioC"*^ 


( 12 ) 

(13) 


Figure 8a is intended to represent the n particles when the average energy 
per particle has a certain value E/n. In Fig. 8b the lengths of the hori- 
zontal lines are likewise in a geometrical progression. The curve that 
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would pass through the ends of these lines is exponential with a smaller 
value of M than in Fig. Sa. Since the number of particles falls ou more 
slowh' as we go to higher levels, this diagram evidently corresponds to a 
larger value of E /72 than in Fig. Sa. Conversely, a smaller value of E/n 
requires a larger value of fi, which will coniine the majority of the particles 
to the lowest levels. In drawing a pair of diagrams hke Figs. Sa and Sb 
the length of the base line must be adjusted so that the smn of all the 
lines corresponds to the total number of particles. 

In Secs. 15 and 25 we shall discuss the population of a set of levels 
with any arbitrary’ non-uniform spacing between the levels. IFe shall 
again find that, in order for ic to have its maximum value, the population 
of the levels must be in accordance with (13). This expression is thus 
of general application. It was stated in Sec. 5 that when we are con- 
sidering a large group of particles sharing a total energy E. all distribu- 
tions could be neglected except those which approximate very closely 
to a particular shape. The shape that we had in mind was that of (13), 
namely, e.xponentiaI ^vith that particular value of ii which is appropriate 
to the value of E/ 72 . IVe must now ask whether it is true that all dis- 
tributions that have a shape differing appreciably from this wiU occur 
so seldom that they may be disregarded. 

11. The e-xpression (13) gives the form that will have the greatest 
value of VC, which we shall denote by tr-.-. By shifting particles to other 
levels, we rna y readily obtain distributions, having the same E, with 
values of tr in the neighborhood of for e.xample, or in the neighbor- 

hood of 4-;r -— . and so on. Since these values of tr are not small compared 

with w spontaneous rearrangements of these kinds will occur fre- 

Quentlv. To examine these, let us denote by m, ni, and m three numbers 
that are in an exact geometrical progression and denote by Uc, rii, and 12 = 
anv set of three numbers obtained from the former by shirting particles, 
at constant E, in the manner used in Sec. 9- 
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number of particles shifted to the middle level ei from each of the other 
two levels. A negaiive value of p then denotes a number of particles 
shifted from the middle level ci to each of the other two levels. Taking 
p as abscissas and choosing a vertical scale for w, let the length of the 
longest vertical line, standing at p = 0, be dra^m equal to the value of 
1 ^ 019 *- On the right-hand side, the vertical lines, counting from the center, 
represent the values of to that would result when one, two, three . . . p 
. . . particles are shifted to the level <1 from each of the other levels. 
On the left-hand side the lengths of the vertical 
lines likewise represent the values of w obtained 
by progressively shifting particles from the level 
ti to each of the other levels. To provide a 
rough illustration of the numerical example 
(no - 2000, ni = 200, no * 20), the fifth line on 
either side of Fig. 9 has been drawn less than 
half the length of the central line. The group 
of particles in this numerical example is, how- 
ever, too small to bo of much interest. Instead 
of three levels populated by 2000, 200, and 20 
particles, we would be more interested in the 
population no — 10^, ni • and n* « 10’*. In 
such a case the vertical lines ivill be so numerous 
that we draw instead the bounding curve,’ as in Fig. 10. 

12. The Total Number of Different States. Let tis suppose that in a 
particular case the diagram of Fig. 9 has been completed and let us con- 
sider the sum of the lengths of all the vertical lines, asking what this 
sum represents. It is evidently equal to the total number of different 
states that can be obtained by shifting particles in the manner described, 
keeping (no -h ni + n-i) constant and keeping E constant. Some insight 
into the behavior of a large group of particles may be obtained by the 
use of such diagrams as Figs. 9 and 10, if we take for the sake of illustration 
an exceptionally simple set of levels. Suppose that a particle has a set 
of levels consisting only of three equally spaced energy states ec, ci, and 
« 2 , like the three that we discussed in Sec. 11; and let us consider a group 
of n such particles sharing a total enei^ E, If Fig. 9 is completed for 
this group, it will contain a vertical lino for every possible distribution 
of the energy E. The sum of the lengths of the vertical lines of Fig. 9 
will evidently represent the total number of different ways in which the 
energy E can be shared by the n similar particles. This is the quantity 
for which the notation Zb was proposed in Sec. 4. Thus in this simple 

will be shown in Sec. 19 that for a large group of particles the signiGcant part 
of the curve is symmetrical and lias the form 
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particle is similar, as, for example, in a perfect crystal, we arrive at this 
number through the use of (1) by conridering only the number of different 
ways in which the total energy E may be shared among the n similar 
particles. In Secs. 13 to 64 we shall continue to discuss homogeneous 
groups of particles, each of which contains only one species. 

13. Two Groups of Particles in Thermal Contact. To illustrate the 
part that the quantity Z plays in determining the behavior of matter, 
let us consider an important problem. Suppose that two bodies, say, a 
piece of silver and a piece of copper, are placed in contact. MTicn contact 
is made, unless the two bodies happen to be already at the same tempera- 
ture, they are not in equilibrium. A certain flow of heat will take place 
from one body to the other until finally they come to equilibrium with 
each other. Our aim must be to say what the conditions for equilibrium 
are. In general, let the first body contain ua particles populating a set 
of energy levels and sharing a total energy Ea, while the second body 
consists of na particles of a different kind, populating a different set of 
energy lei'cls and sharing a total energy Be. Wljjlo the ^'olues of ha 
and no are fixed in advance, wc suppose that the values of Ba and Eb 
can change as soon as the bodies are placed in contact with each other, 
even though the whole eneigy (Ba + Eb) is to remain constant. 

Let Za be the total number of states available to jia particles when 
they share energy Ea, and let Zb be the total number of states available 
to the ns particles when they share cncigy Eo. Now the Za different ways 
in which the energy Ea may be distributed among the nA particles is 
quite independent of the Zb different ways in which the energy Eb may be 
distributed among the no particles. In other words, any one of the Za 
different states can be combined with any one of the Zb states. Conse- 
quently, the product ZaZb gives the total number of different states 
available to the pair of bodies when they have energies Ea and Eb, re- 
spectively. 

To this pair of bodies w'^e must apply the same principles tliat we have 
used for a single body. If changes can take place that will allow the 
product ZaZb to adopt values greater than its initial value, these changes 
will occur spontaneously and will continue until finally ZaZb attains its 
maximum value consistent \vith the total energy (Ea + Eb). 

From what was said in Sec. 12, it follow's that if an amount of energy 
is transferred from A to B, the value of Za necessarily falls while the 
value of Zb rises. If, then, a spontaneous flow of heat from A to B takes 
place when the bodies are placed in thermal contact with each other, 
this must be because the factor by which Zg is increased is greater than 
the factor by which Za is diminished. With further transfer of heat, 
however, the rate of increase of ZaZb is not maintained, and finally 
a state is reached when the effect of a further increase in Zb is fully 




T;\hen m is vcr>’ large compared with unity. This result is correct whether 
the level to which the particle has been shifted lies above or below its 
original le\’cl. Thus when one particle is moved from any level (the 
initial level) to any other level (the final level) wo obtain the simple rule 


^ the number of particles in the initial level 
w the number of particles in the final level 


( 15 ) 


Thus if the initial level is the more populated, the %-aluo of to will be 
increased, and vice versa. In practice, in a graded distribution this means 
that when a particle is moved to a state of higher energy, w is increased, 
since the lower level is the more highly populated. Conversely, when 
one particle is moved to a lower level, the value of w decreases. 

It follows from (14) that if two particles arc thus shifted, either simul- 
taneously or successively, the value of w*/w will be (n, •/«*)*. If 3 particles 
are shifted between the same two levels, we shall have 



provided that the value of g is sufficiently small.^ Since the expre^ions 
(14), (15), and (16) concern only two levels, they are correct no matter 
what are the other allowed enei^es in the set of levels. 

In the special case of equally spaced levels e„ e,-, and e*, the expression 
(16) leads at once to ( 11 ). It is sufficient and necessary that the factor 
(n,/ni)« be accompanied by and be compensated by its reciprocal, if the 
value of w is to remain unchanged. If the same number of particles — g 
particles — is shifted from the level c, to the level this will contribute the 
factor (ny/rii)’, that is to say, (n,/n/)~«, and at the same time this will 
maintain the total energy E constant. In order that the second factor 


‘From what is said below in Sec. 20, it appears that “suEBciently small” means 
small compared with or ■'/nl, whichever is the smaller. 



Sec. loj 


INTRODUCTION TO STATISTICAL MECHANICS 


23 


shall be the reciprocal of the first, the numbers n,-, n,-, and iit must conform 
to (13). Thus the rule (15) obviously provides the simplest and shortest 
derivation of (7), (S), and (11). When one particle is raised from the 
level Cl to the level e^, the value of tc vriU be increased in the ratio ni/no; 
when another particle is taken from the level e, to the level Sj, the value 
of tc will be changed to the ratio ni/n^. K the two processes together are 
to leave the value of w unchanged, the value of ni/n^ must be equal to 
the reciprocal of ni/nr,: that is to say, the values of no, «i, and n-z must 
be in a geometrical progression or an exponential function of the enei^. 

15. Although the expression (13) was derived only for a set of levels 
with uniform spacing, it may easily be 
shown that the same exponential form 
gives to w its m.aximum value for any 
arbitrary set of levels. In a set of levels, 
consider any three energy states e.-, e,-, and 
€c; and for brevitv* let (e, — e,-) be denoted 
by a and let (ej — ej) be denoted by b, as 
in Fig. 11. We shall consider a rear- 
rangement of the particles in which the 
total energy remains almost unchanged. 

If, for example, the quantities a and b 
are roughly in the ratio of 5 to 3, we can 
shift eight particles from the middle level, 
taking three of them to the lower level 
and the other five particles to the upper 
level. This wiU leave the total energy 
almost imchanged. In general, we can shift (p -r ?) particles from the 
middle level, taking p particles to the lower level and the remaining q 
particles to the upper level. The total energy will remain almost un- 
changed if the integers p and q have appro.ximately the relation 

ap = bq (17) 

Any arbitrary rearrangement, involving many particles and any number 
of levels, may be built up by supposing that several small rearrangements 
are made simultaneously or successively; if the slight gain in total energy 
resulting from some of these is compensated by the slight loss in energy 
from others, the whole rearrangement will leave the total energy nearlj* 
imchanged. In order to find the form of the population that will give w 
its Tnaxrmum value — ^the distribution that can arise in the greatest number 
of wax's — ^it is necessary to consider only the shifting of (p -r $) particles 
where the condition of (17) is fulfilled. 

Taking (p T g) particles from the middle level, we place p in the level 
below and o in the level above. In accordance with (16) the latter sten 
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changes w by the factor (n//nt)« while the former step changes w by the 
factor (n,/n,)P. For the complete process we have then 



fa) <b) 

Flo. 12 


w* 

w rii^nk'’ 


(18) 


We wish to know how these levels must 
be populated so that the value of w shall 
remain unchanged. We shall show that 
the required distribution is again a simple 
exponential distribution 

n, * (19) 


In other words, it makes no difTerence whether the spacing of the energy 
levels is uniform or non-uniform. From (19) we have 

Tli - n/ * /Ic"***'**’ Tlk «= 


Ml* 

Substituting in (18), we have — > 


(20) 


This will be equal to unity if 



(<i + a)(p + g) 

= P«. + ?(<i + 0 4- b) 

(21) 


in other words, if 


ap ^ bq 

But this, by (17), is merely the condition that the total energy remains 
unchanged. Hence (19) ensures that w remains unchanged. 

We should obtain the same result if we considered a similar rearrange- 
ment involving any number of levels. For non-uniform spacing we reacli 
then the same conclusion that ivc reached for levels with uniform spacing; 
that is, the shape of the population the particles vnll spontaneously adopt 
is exponential,^ of the simple form. 


Tlr =* Ae~^' 


If we take the lowest level as the zero of energy, writing eo *= 0, we have 
as before 

Tlr ~ ridC-^ ( 22 ) 


Figure 12 may now replace Fig. 8 to depict a typical population, and we 
may again make the observation that a smaller value of implies a larger 
value of E/n, and vice versa. We shall find later that for many substances 
at room temperature it is almost true that n is inversely proportional 
to B/n. 

16. Changes in the value of w. Consider any two levels of </ and «* 
differing in energy by an amount ij, the former being the lower of the two 
levels. If the population is in accordance with (22), we have 
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Hi 

rih 




— tj) 


= 


(23) 


Thus if two levels (not necessaril 3 ' successive levels of the set) differ in 
energj- bj* an amount t], the population of the lower level will be greater 
than that of the upper level in the ratio If the same set of levels 
contains two other levels €r and C; that happen to differ by the same 
amoimt tj, the ratio 7ir/7i, will again be equal to e'-". We sh nil see that this 
has important consequences if we now consider an amount of heat flowing 
into the bodj^ or out of the bodA*. When heat is added to a group of 
particles, particles are raised to higher levels. We know from the rule 
(15) that each particle raised will result in an increase in to. We can 
now make the suggestion that, imder certain circmnstances, the total change 
in w will depend onlj^ on the amount of heat added and not at all on the 
particular energy levels from which and to which particles have been raised. 

Consider, for example, the two pairs of levels e,- and et, Cr and e, in 
the set of levels that has just been mentioned. In order to add an amount 
of energj' tj to the group of particles, we can either raise a particle from 
e,- to et, or alternatively from 6r to e*. The former step would increase w 
by the factor rij/nir, the latter step would increase 7d by the factor Ur/n,. 
In general, if the population is 7ioi exponential, the values of these factors 
are differeTit. On the other hand, if the population is e.xponential, the 
values of Hj/nh and iir/n, are the same and the change in w will be the 
same whichever pair of levels is afi'ected. 

Furthermore, it does not matter how many particles are moved in 
order to effect the addition of a given quantity of heat. We can move 
either a few particles through large energy differences or more particles 
through smaller energy' differences. Suppose, for example, that the same 
set of levels contains two levels that happen to differ in energy by q times 
(e;, — €,), that is to saj', bj' an amoimt qr], where q is an integer. In order 
to add an amount of energy qrj to the group of particles, we can either 
shift one particle through this energ}' difference, or alternative^ we can 
shift q particles from the level €,■ to the level et. According to (16), the 
latter process would change to bj' the factor (ny/nj-)®. If the population 
is exponential, this factor is (e'"") ®; but this is the same as c''®®, which would 
be obtained by the alternative process of shifting one particle through an 
energ}' inten’al qij. We see then that an exponential population has the 
propertj’’ that, when energy is added or removed, the change in w depends 
onlj' on the amount of energy and not on the nmnber of particles shifted 
or on the particular energji- levels between which thej^ are shifted. 

In an exponential population, (23) combined with (14) gives 

hi 10 * — In ta = /IT? 


(24) 
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For an amount of heat 6Q, which consists of various amounts of energy 
given by 

6Q = + • • • (25) 

we shall have 

In — In M = #iiji + tiijz + + • • • (26) 

Thus for any exponential population we obtain the important expression 
5 In ic = / 1 5Q (27) 

^Tien some particles arc raised to higher levels and other particles 
are taken down to lower levels, there is at the same time a gain and a loss 
of energ 3 ' — a gain and a loss that may or may not cancel each other. 
Thus the value of 6Q in (27) may bo positive, negative, or zero. The 
more nearlj' complete the cancellation is, the smaller, according to (27), 
will be the change in U’. Tims (27) is seen to embody the fundamental 
condition that a group of particles adopts the state that can arise in the 
greatest number of ways. In See. 8 we started from the condition that, 
when a rearrangement of the particles among their energy levels leaves 
the total cnergj' E unaltered, there should be no change in tr; for this 
purpose we have to suppose that the group of particles is thermally iso- 
lated. But the condition 

5 In ta “ /t 

is wider, since it covers all values of 6Q, positive and negative as well as 
zero. 

We have derived (27) only for the simple case of a single group of 
particles populating a fixed set of cnei^ levels. In some cases the addi- 
tion of an amount of heat SQ to a group of particles will cause a change 
in spacing of the energy levels. We shall find later that (27) continues 
to hold in these cases and to cover all values of 6Q, positive and negative, 
as well as the zero value that corresponds to a redistribution of the energy 
within a thermally isolated group. 

17. Changes in the Value of Z. Our attention was directed in Sec. 13 
t(yi:he change in the value of Z when heat is admitted to, or removed 
from, a body. In the simple problem of Fig. 10 the change in Z corre- 
sponds to the change in the area under the cur\’e; we need to know how 
this area depends on the total energy E. Now in obtaining (27) we have 
made the first step toward the desired knowledge, since the change in TF 
corresponds to the change in the central ordinate of the curve in Fig. 10. 
We are interested not only in the central ordinate but in the ordinates 
throughout the curve; we need this information in order to evaluate the 
change in the area under the curve. It will be recalled that the right-hand 
half of Fig. 10 corresponds to distributions that differ somewhat from 
the strictly exponential, in that Hi is relatively too large — ni being equal 
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has a value in the neighborhood of of the central ordinate. If, as 
before, ve denote by no, ni, and ns the strictly exponential population 
where p is zero, the population of the le\'els €o, <i, and e? at the specified 
places on the diagram is as follows: on the right (no — p'), (ni + 2p'), 
and (flj — p') and on the left (no + p')> (dj — 2p'), and (nj + p'). Re- 
calling that n* is smaller than n, or Ho, we may now’ define our problem 
by asking under what conditions the value of p' ■will be ver}* small com- 
pared with nj. RTien p' is ne^gible compared with n*, it is clear that, 
over the whole central region between — p' and p', the population will 
not differ appreciably from the central exponential population; outside 
this central range the population will deviate more and more from the 
exponential form, but this will not matter, since this part makes a negligible 
contribution to the area under the cuive. 

Starting from the central exponential population, if we shifted particles 
from the level €i to the levels and «o and continued until all the ni particles 
were exhausted, we could thereby obtain a new distribution of equal 
energy for each pair of particles shifted, that is to say, altogether Joj 
distributions of the same total energy E. But if the assertion of Sec 5 
is correct, very few of these distributions will have a value of to comparable 
trith for most of these distributions the value of tc will be very 
small compared with tCta**. 

Instead of remo%ing particles from the middle level, we can obtain 
numerous new distributions of the same energy by shifting particles, one 
by one, from the higher level to the middle level, at the same time 
bringing particles, one by one, from the lower level to the middle level 
to maintain the energj' constant. If we were to continue this process until 
all the particles in the level fj were exhausted, we w'ould obtain by this 
process ns new distributions of the same energ>’. In the early stages of 
this series, each new distribution has a value of w not differing appreciably 
from But sooner or later, as more particles are shifted, tie value 

of tc begins to fall below Wm,,. 

19. "SNlien p particles have been shifted, the e.xpression for v> is 


tc 

instead of the initial 


n! 

(no - p) ! (n, + 2p) 1 (ui - p) ! 


nolnilnri 


(2S) 


The e.xpression (2S) is correct for negatiw as well as for positiv’e values 
of p, that is, for particles shifted to or from the middle level. In either 
case the ratio of w to tCnm is the product of three factors of similar form 


w no! ml nj! 

Wmax (no - p) ! (Hi + 2p) ! (n7- p)! 


( 29 ) 
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As long as p is sufficiently small compared with Hq, ni, and nz, the value 
of (29) does not differ appreciably from unity. If nz is considerably smaller 
than ni or no, the term (no - p ) ! will be the first term to become important. 
In dealing with (29) we may make use of the following expansion, when 
p is small compared with n 


In (n + p) = In 


= In n + In 


_to.+£-i(£Y+-V£Y+.. 

n 2\nJ Z\nJ 


Using Stirling’s approximation, we obtain 

In 7 — , ' = nhin — 71 — (nhi72. + pln7i + p + ^- — ^ 

(72, + p) ! \ ^ ^ 71 271 


= -plnn-|+g + 


277® ^ Zny 

+ (ti 4- p) 

(30) 


Using this expression for each of the three terms in (29), we obtain 


In = + p In no - 2p In ni + p In nz — + — + — ) 

Wxnax. " Hi Hz/ 


_pY±_A + 

I — 9 — 9 * 


6 Vno^ n2‘ 


b) 


+ 


(31) 


The first three terms on the right-hand side are together equal to zero 
since the numbers no, ni, and nz are in a geometrical progression. As p 
increases from zero, the terms in p^ will not become important xmtil the 
value of p® becomes comparable with nz^. Omitting these terms. 


Hence we obtain 


where 


hi 


w 


w„ 


t(l + ± + 

2VHo^ni 


-) 

Hz/ 


w 


Wn 



(32) 

2\no ni nz/ 

(33) 


This then is the expression for the curve in Fig. 10. We see that the value 
of a is greater than l/2nz, but if no and ni are large compared with nz, 
the value of a will not be much greater than l/ 2 n 2 . 

20. We began in Sec. 18 to denote by p' the value of p for which the 
value of w is one-thousandth of From (32) we can now make an 
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estimate of v' for a tj-pical population. Since the numerical value of 
is a little less than we may write approximately op'* * 7, or 



= 3.7 


(34) 


In the numerical example su^estcd, the value of Vnj is 10*, since 
we took ni = 10®, Oi = 10^*, and d* = 10”. If with this initial distribution 
we started shifting particles to the middle level, keeping the total energy 
constant, we could obtain 10** different distributions of equal energy 
before the particles in the level <i were exhausted; but very few of these 
distributions resemble an exponential distribution, and very few have a 
high probability of occurrence. It foUou's from (34) that nhen 3.7 X 10® 
particles have been shifted from the level «2 (and an equal number from 
the level «o)j the value of tc will have already fallen to less than one- 
thousandth of tTnur- It foUows also that all the distributions that make 
an appreciable contribution to the area under the cui^'C in Fig. 10 have 
a fonn extremely close to the strictlj’ o.vponentiaI. At the center the 
ratio nj/Hi is lO'VlO^®. 'Wben p' particles have been shifted, this ratio 
is replaced by (10** — 3.7 X 10’)/(10** + 7.4 x 10*), which docs not differ 
from the central ratio by more than one pari in 10*. 

Even if we consider a smaller group of particles, for example, a popula- 
tion with Ho * 10**, fli ® 10“, Dj •* 10*', wc find that, for all the distributions 
that are likely to occur, the value of nj/nj docs not differ from rii/ni by 
as much as one part in 10*. 

According to (32) the area imder the curve in Fig. 10 is given by 
dp 


A method of evaluating this integral is gi\’en in Xotc 2 of the Appendix. 
Using the result ^ven there, we obtain for the value of Z, the total number 
of states available to the group of particles 


Z = 



(35) 


In the numerical example, the value of Z would be of the order of 10® 
times as great as 

21. We considered in Sec. 13 two bodies A and B, with energies Ea 
and Eb, placed in contact. We said that when contact is made, beat will 
flow from one bod^* to the other if such a flow’ will enable the product 
ZaZb to attain values higher tlian its initial value. The transfer of heat 
is accompanied by an increase of Z for one body and a decrease in Z for 
the other body. An increase in the product ZaZb can only arise if the 
increase in Z ior the one body is greater than the accompanj’ing decrease 
in Z for the other body. To throw light on this problem, the proposal 
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vras made at the beginning of Sec. 17 to investigate in Fig. 10 how the 
area under the curve changes when the group of particles receives an 
amount of heat cQ. In obtaining the expression (27) we had aJreadv 
made the first step in this direction, since (27) gives the amount by which 
the central ordinate changes. 

In conjunction with (32), it is clear that (27) gives us not onl.v this 
but also all that we require for the problem of Fig. 10. When heat is 
admitted to that group of particles, particles may be raised from e to ei. 
from c: to and from cj to er. According to (15) the increase in ir for 
each of the steps will be given by «■:/«;, Vr-hz. and tii/iiz. respectivelv. 
If it is true that these three ratios differ by less than one part in 10^ from 
Th/ni, m. 'n;, and ni/n; — if this is true over the whole range from — p' 
to -r p' — then the ordinates of the curve in the whole of this central range 
wili change together in the same ratio. We conclude that when energ}’ 
is admitted to, or removed from, the group of particles, the area under 
the curve will be changed in the same ratio as 

We have used (14) and (IS) to discuss distributions which difier from, 
as well as those which approximate closely to, the exponential form. In 
the greater part of this book we shall be concerned only with the latter; 
we are no longer interested in the contrast between and small values 
of ir. We may therefore conveniently drop the notation ir ~.^ and intro- 
duce instead a capital letter IT. We have found that when a certain 
amount of energ}' is added to, or removed from, the group of particles, 
all the ordinates in Fig. 10 are changed in the same ratio Tr^/TT, and 
likewise the area under the cun'e. Thus we may write 

Z ~ IF 

or, using (27), 

olnZ = oinTF = fi BQ 

If we discuss a less simple problem, we clearly will not be able to give 
a detailed treatment, but the argument will be similar. Consider any 
arbitrary' set of energy' levels populated by a large group of particles. 
Firing our attention on any' two levels, let n,- and m denote the values 
required by (22) for a strictly exponential population sharing a certain 
total energy E. For the same value of E there wiU be many distributions 
in which is very' small compared with n./iit, and others in which 

Tij/n-c is very large compared with m/nc: these correspond to the regions 
of Fig. 10 where the curt'e has almost reached the horizontal axis. The 
existence of such distributions is important in connection with the same 
two questions as before: Is it true that aU distributions that occur at all 
frequently have practically' the same shape, and under what conditions 
is (37) valid? Both questions may' be disposed of at once. Suppose that 


(36) 

(37) 
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values of n,', n,-, and nt, differing markedly from n,-, n,-, and n* but consistent 
with the same value of E, are inserted into the denominator of (1). The 
result depends on the size of the group of particles; if the group is very 
large, as it is in practice, we obtain thereby distributions that make a 
negligible contribution to Z. It follmvs that (36) and (37) are applicable 
to any group of particles with which we shall deal. 

22. Equilibrium between Two Groups of Particles. The expression (37) 
may now be used to deal quantitatively with the problem of two sub- 
stances placed in contact with cacli other, WTien contact is made between 
two solids A and B, the product ZaZq will not usually have its maximum 
value; heat will either flow from A to 2? or from B to A. If the flow 
of heat is from A to B, this is because the increase in Zb, the number of 
states available to the B group, is greater than the simultaneous decrease 
in Za, the number of states available to the A group. The flow of heat 
will not continue indefinitely but will stop when the increase in Zb is 
fully compensated by the decrease in Za- The condition for equilibrium 
is that the transfer of a quantity of cnoi^' from A to B, or vice versa, 
is accompanied by no change in the product ZaZb or in the product 
that is to say, 

5lnirAFe = 0 (38) 

For this purpose we need to consider a rearrangement of the particles in 
the set of levels B such that the cnci^ Eb is increased by a certain amount, 
and to consider a simultaneous rearrangement of the particles in the set 
of levels A such that the enci^' Ea is diminished by the same amount. 
If the levels of A are populated according to (13) with « ha, while the 
levels of B are populated according to (13) witli h - hb, we have 

6 In Z,4 = 6 In «= ha ^Qa /ogi 

3 In Zjj =* 5 In 1 Kb ~ Hb 3Qb 

When an amount of heat is transferred from A to B, we have 
SQa = - IQb 

and 

S In ZaZb = 5 In + 3 In IJ’b = {hb ~ Ha) 3Q 
The condition that this shall be zero is obviously that 

Ha = HB (41) 

23. The Temperature. Wc reach the conclusion that two bodies, 
whatever their sizes and whatever sets of energy levels they have, will 
be at the same temperature when the levels are populated according to 
the same value of h- If the value of ft for one body is not initially equal 
to the value of h for the other body, the product ZaZb is less than the 
greatest value consistent with the total energy {Ea + Eb). Consequently, 
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when the bodies are placed in thermal contact with each other, they will 
tend to adopt distributions possessing higher values of ZaZb] that is to 
saj', distributions for wliich fi.n and fis are more nearl}’’ equal, until finally 
equihbrium is attained. The right-hand side of (40) may ha^-e a positive, 
negative, or zero value. When /ib is greater than ha, the value of (40) 
is positive and a spontaneous flow of heat from A to 5 will take place. 
But when a spontaneous flow of heat from one bod}’’ to another takes 
place, we say that the former is at a higher temperatme than the latter. 
Hence the smaller value of h belongs to the higher temperature. In this 
way the temperatures of any number of substances can be arranged in 
order; Ia "> is "> ic > • ■ • < hb <. He < • ■ ■ ■ The possibility of an 

absolute scale of temperature, founded on (39), will be introduced in 
Sec. 29. 


Consider two bodies of different sizes and let their thermal energy be such that the 
energj* per particle in the one is equal to that in the other, that is, Ea/tia is equal to 


EbItib. Let us now ask how the value of 


d In Za 


compares with 


9 In Zb 


If the two 


BEa " — OEb 
bodies are of the same chemical substance, these two quantities are equal, no matter 
how great the chfference in size. If, however, the set of levels for a particle in A is 
different from the set of levels in B, the values of the two quantities are in general 
different, for we have found that these two quantities are equal when the bodies are 
at the same temperature, and this is a condition that usually requires Ea/tia not equal 
to Eb/tib, since each substance has its own characteristic heat capacitj- and thermal 
energ}'. 


24. Consider two bodies A and B at the same temperature. In a 
transfer of heat from A to B, some particles in B are raised to higher 
levels, while in A particles are taken down to lower levels; thus for the 
pair of bodies there are a simultaneous gain and loss of energj’-, which 
tend to cancel each other. We maj' arrange for the cancellation to be 
complete — so that the total energj^ {Ea + Eb) remains constant, as above 
— or incomplete. When it is incomplete, we maj* expect to find a relation 
simiLgr to (27); in fact, we can at once derive such a condition from (39). 
TMien BQa is not equal to — SQb, the pair of bodies gains a certain amount 
of energj' from, or loses a certain amount of energj' to, its siuroundings. 
Let the quantity (SQb — SQa) be denoted by 8Q. When ha and hb kave 
the same value h, obtain from (39) 

5 In WaWs ^h^Q (42) 

Toward (42) we maj^ take the same point of view as we took toward (27). 
As the condition of equilibrium we demand that, for any redistribution 
of the energj- at constant E, there shall be no change in to. In practice 
we cannot thermallj' isolate either one body or a pair of bodies from its 
surroundings. But (42), like (27), prescribes the condition for equilibrium 
without the need for thermal isolation, for (42) covers all values of 8Q, 
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positive and negative as well iis zero, and thus embodies (38) as a special 
case. 

The expression (18) may be put into the form 

In u)* — In itf « — p In n, + (p + g) In n/ — g In Tii (43) 

Since p and g are respectively the number of particles added to the levels 
ti and ti, we may w-ritc p = 6n., g = and Srij = — (p + g), giving 

In to* — In 10 s= — In n,- in* — In n,- Bn/ — In rii Bn^ (44) 

In general, if any number of encr©' levels are involved, the right-hand 
side will consist of terms of the form — In (n,) 5n,. From (1), using Stir- 
ling’s approximation, we obtain for In to the expressions 
In to =» In (nf) — Sla (ftri) 

~ In (n!) — 2(n, In n, — n,) (45) 

In any redistribution of the cnci^ that leaves the total number of particles 
unchanged, we obtain the following expression for the change in In to 

5 In to = — 2 In n, Bur (46) 

in agreement with (44). This quantity will be equal to zero when to has a 
maximum value. 


Problems 

1. Show that, for a given value of (nt + n,), the product of two factorials tjjf and 

ml has the smallest value when m - m and Iherc/ore that the value of ( ^ . 4- rii 

nainilnjl 

is greatest when n* = m ** m. How is this to be reconciled with the statement of See. 9 
that the value of (1) is a maximum when the values of no, ni, ond nj are in a geometrical 
progression? 

2. A particle has a set of energj’ levels consisting only of three states to, *i. and «, 
which are like those of Sec. 19 except tluit (hci' arc not equ-slly spaced. Taking («t »i) 
equal to 2(«i — to), consider a group of n particles and derive the expressions correspond- 
ing to (29), (31), and (32). 
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The quantity in (47) becomes a pure number if it is multiplied by p 
2/ie,5nr=0 (50) 

We likewise multiply (48) by the other constant 

2Xfin, = 0 (51) 

We now add together (49), (50), and (51), obtaining 

SCln n, + X + utr) Stir *= 0 (52) 

In this equation each r is to take the values 0, 1, 2 . . . and (52) ex- 
presses the fact that the sum of all the expressions (In + X + (ito) Sth and 
(In ni + X + n<i) i/ii ... is equal to zero. It is clear that one way in which 
this equation can be satisfied is that each of these bracketed expressions 
separately be equal to zero. It is shown in Note 3 of the Appendix that 
this is the only way in which (52) can be satisfied. For each value of r the 
bracketed e.\'pression must be zero. We obtain finally for each value of r 
In Hr 4- X + = 0 (53) 

That is to say, the value of tr is a nmimura when the population of the 
levels is in accordance with 

lit - (54) 

We thus obtain an exponential population, in agreement with (19). We 
can now see how \'alues are to be assigned to X and m in terms of « and E. 
The total number of particles is 


n * tio + Ui + ti» + • • • 

= c*^(c”'“’« + C"** + + • • •) 


Hence 


(55) 

and \ve may ^v^ite 

-X _ ” 

(56) 

where 

ne~^ 

(57) 



(6S) 


The physical meaning of the quantity P wiW be discussed in Sec. 31. 
The total energy is given by 

E = = (69) 

26. Equilibrium between Two Groups of Particles. We discussed in 
Sec. 22 a group of particles in thermal contact uith another group of 
particles of a different species. Tlie method of Sec. 25 can be applied 
to the problem in two ways. We can treat each group of particles sepa- 
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rately, introducing constants X and /t for one group and X' and for the 
other group; we can then show, as was done in Sec. 22, that for equihbrium 
the condition is iT = n. 

Alternatively, the problem can be treated as follows. When the two 
groups are in thermal contact, three conditions must be met. In one 
group the number of particles n is to remain constant, in the other group 
the number of particles n' is to remain constant, and the total energy 
{E + E') is to remain constant. We shall therefore introduce three un- 
determined multipliers, two of which are to be pure munbers and the 
third an energy or the reciprocal of an energy. Denoting these by X, 
X', and 11 , we shall write 

ZX 5?^,. = 0 (60) 

2X' on'r = 0 (61) 

2M(€r Snr + Stl'r) = 0 (62) 

FoUovdng the same procedure as before, we obtain the equation 

S(In + X' + fie',) 8n'r + S(ln + X+ fie,) Bn, = 0 (63) 


From this we may draw the conclusion that for both sets of energ}' levels 
the population will be of the simple exponential form (57), with the same 
value of fi for the two groups of particles. We thus verify that two groups 
of particles are at the same temperature^ when the energ}"- levels are 
populated according to the same value of fi. 

27. The Value of TT. Returning to a single body, we may recognize 
again that when we saj’’ that the distribution is given by (57), we mean 
that so manj’' configurations have the form (57) that all others occur 
seldom and may be neglected. In deri\Tng (57) we had to pay attention 
to values of w that belong to those rare configurations, as well as to the 
maximum value that belongs to the most probable distribution of the 
energy E. In the remainder of this book we are mainlj’- concerned vith 
the value of w belonging to the most probable state. We shall denote 
this, as in (36), by a capital letter IF. The value of T7 is obtained by 
substituting (57) in (45). We find 

In IF = 71 In 7Z. — ^ TZr In 

r 

1 ^ V 1 /77€“'''A 

— nhxn — p ) ln( ■ - j, - 1 

= 72. hi 71 — 72.(ln 71 — hi P) ^ (64) 


Comparing (64) with (59), we see that the last term in (64) is just fiE. 

We have then , ^ 

In TF = 71 In P + (65) 

* A different and more satisfactorj’’ method of introducing the temperature will be 
pven in Sec. 134. 
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It v.iU be seen that the expression (27), obtained in Sec. 16 for a fixed 
set of levels, can be derived from (65), Let a small quantity of heat {Q 
flovr into the body, sufficient to raise n few particles to higher levels. 
This process is not to be accompanied by n change in the value of any 
of the allowed energies, that is, it is a process at constant volume and 
without a change in the intensity of any external field. Since there is no 
change in P, the first term on the right-hand side is constant and further- 
more 6E » 6Q; thus we arrive again at the expression (27). It ndll be 
sho^\'n in Sec. 54 that (27) and (37) arc correct even when the volume is 
not maintained constant. In See. 28 we shall begin to consider processes 
where the volume is allowed to change. 

28. Changes in Volume. Wc used in Sec. 1 the basic idea that the 
energ}’ of a particle is quantized when the particle is confined in a certain 
volume. The allowed values of the cnergj’, to, ei, fr . . ., depend on the 
volume available for the vibration of the particle. It is hardly necessary 
to point out that this volume is quite different from the size of the particle; 
its value depends on the interatomic forces that restrain the motion of 
the particle. In one solid a largo atom may have little freedom of vibra- 
tion, while in another solid a small atom may have a larger amplitude. 

Normally in the laboratory a solid is subject to atmospheric pressure. 
If this pressure is removed or reduced, the substance c-xpands slightly; 
the additional volume is shared among the particles, and the volume 
available to each particle is larger than before. Conversely, if the solid 
is subjected to a higher pressure, the volume available to each particle is 
reduced. Any change in volume alters the allowed values of some or all 
of the energy levels. In general, a decrease in volume leads to wider 
spacing between the energj- Icvck. This fact can be vcr>’ simply under- 
stood in terms of wave mcclianics,* where each particle is represented by 
a ^-wave, whose wavelength is correlated with the average kinetic energy 
of the particle. 

Quantization of the energy is ascribed entirely to the fact that only 
those energies will occur whose wavelengths are suitable to fit into the 
volume in which the particle is confined; no other energies are allowed. 
If we now subject the substance to an increased pressure, thereby diminish- 
ing the volume for each particle, clearly the original wavelengths will no 
longer be suitable; we shall need progressively shorter wavelengths. 
This means that the values of the allowed energies will be altered. Con- 
versely, if we reduce the pressure and allow the volume to increase, the 
values of the allowed energies will be shifted in the opposite direction. 

For any volume, the allowed values c*, c,, . are the energies belonging to 

the different wave functions \fii, ipi . . . . . . . ^\'hen the volume has a particular 

>See, for example, It. W. Gurnq*, “Elementary Quantum Mechanics,” 2d ed., Cam- 
bridge, 1940. 
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Talue r, Itto or more •SAxinciioxis may haopen to hare energies that are the same or 
nearly the same, giving rise to vrhat is sometimes caDed a “muitiple leveL’’ In this 
book we usuallt' assign the numbers 0, 1, 2 ... r ... to the individual -Jdunciions, that 
is, to the separate energy state, so that the concept of a multiple level is usually avoided, 
as pointed out in the footnote to Sec. 1-L 


Wlieii we change the Tolume.. each d-function may undergo a pro- 
gressive c han ge of form: no new -^functions are created, and none cease 
to exist. After a change of volinne the number of possible states remains 
the same, but the set of allowed energies for a particle is different, and the 
spacing of the levels is different. 

In Secs. 13 and 23 we considered the 
thermal equilibrium between a group of 
particles J. populating a certain set of levels 
and a group of particles B populating an- 
other set of levels, for example, a piece of 
copper and a piece of silver. We may no- ! 
tice now that the particles forming the ^ 
group B need not be of a different species 
from those forming the group .-1. If we 
wish to discuss two slightly different sets 
of levels, we may consider two identical 
bodies subjected to different external 
pressures. The two bodies will be at the 
same temperature when the two sets of 
levels are populated with the same value 
of p. 



f — 

Fig. 13 


29. An Absolute Scale of Temperature. The relations between the 
volume of any body and the pressure are most easily seen on the familiar 
p-v diagrams. The curve showing the relation between p and r at any 
temperature is called the ‘‘'isothermal” for this temperature. ATormall}-, 
when an amount of heat is added to a sohd, the bodj* e.xpands: the volume 
c.an be maintaiued constant by increasing the external pressure. A process 
at constant volume will be represented on Fig. 13 by a vertical line. 

Let the cuwre BC be part of the isothermal for a body at a certain 
temperature, and let us consider the pop'olations corresponding to dif- 
ferent points on this curve. Any two points on BC correspond to different 
values of r and consequently to different sets of energy' levels. According 
to (41) in Sec. 22, these energy levels will be populated with the same 
value of p. Consider a short vertical line passing through the point B, 
corresponding to the addition of a small quantity of heat cQ at constant 
volume. 'The expression (27) in Sec. 16 gives the value oi o In IF that ac- 
companies this process. If we had chosen any other point on the curve BC, 
we would have obtained the same change in In IF. On the other hand. 
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if we had chosen any point not lying on the isothermal BC, we would 
certainly have obtained a different change in In 11' for the same quantity 
of heat. Take, for example, anj' points on the isothermal DE, drawn 
for a different temperature, and consider the addition of the same amount 
of heat 5Q as before, at constant volume. For any two points on DE the 
value of 6 In ir will be the same but will be different from the value ob- 
tained for any point on BC or for any point that does not lie on DE. 
These considerations are true for any chemical substance. 

Let us now put the argument in the reverse form. Fixing our attention 
on a certain value of 5 In IF, let us ask how much heat, admitted at constant 
volume, is required to bring about this selected change in In IF. For any 
two points on the isothermal BC the same amount of heat is required; but 
this value is different from the amount required for any point on the 
isothermal DB. Let the ratio between these two amounts of heat be de- 
noted by m. Tliis proposal suggests the possibility of defining an absolute 
scale of temperature, by sajing (hat the isothermal BC belongs to a 
temperature that is exactly m times the temperature to which the iso- 
thermal DE belongs. If, for example, m is equal to 2, wc can say that one 
temperature is exactly twice the other temperature. If, in another case, 
m is equal to 100, one temperature is 100 times the other, and so on. If 
we define a scale of temperature in this way, it will be an absolute scale, 
in the sense that it will be the same for any chemical substance. Ac- 
cording to (37) in Sec. 21, this definition says that the absolute temperature, 
which may be denoted by T, is to be proportional to the reciprocal of i*. 
This is consistent wth the fact that has Iwn mentioned more than once, 
that the smaller the value of ft, the higher the temperature. It wU be 
recalled that has the dimensions of the reciprocal of an energj’. If then 
we define T by A\Titing j 


tbft <3! k scaV. Wa I'-T has 

the dimensions of an energy. Tlie scale of temperature defined in this 
way corresponds to the absolute scale introduced by Lord Kelvin in 1854 
(see Sec. 54). On this scale, when centigrade degrees are used, the value 
that must be assigned to k is 1.3805 X 10~“ erg per degree, which is 
equivalent to 8.62 X 10~* electron-volt per degree. It is convenient to 
bear in mind that near room temperature the value of kT ^vill be about 
^ electron-volt. 

30. A Group of Particles at Temperature T. Substituting for n in 
(57), we obtain a basic expression of statistical mechanics 

nr ^ (67) 


where 


( 68 ) 
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The expression for the total energy becomes 

^ 7Zrer = ^ ^ (69) 

While (65) Tvill now give the value of In IF in the form 

In TF = n In P -b ^ (70) 

the expression (27) derived in Sec. 16 for an}- fixed set of levels now takes 
the form 

5111 Tr = g (71) 

The definition of the absolute temperature T and of the constant k are 
such that, if an amount of heat equal to J:T is allowed to flow into any 
body, the increase in In TF is equal to unit}-. As we know that the value 
of TF is extremely sensitive to the number of particles in the body, it may 
seem strange that (71) prescribes a change in In TF that is independent of 
the size and composition. One should, however, bear in mind that the 
smaller bod}- will have a relatively smaller heat capacity and that the 
admission of a given quantit}- of heat will therefore tend to cause a greater 
incipient change of temperature. As a result, although for the smaller 
body In TF may have a much smaller value, the change in In TF will be just 
as great as for the larger body. At any rate, the e.xpression (71) asserts 
that the addition of an amount of heat equal to hT will cause the value 
of TF to be multiplied by the factor 2.71S, irrespective of the size or com- 
position of the body. 

31. The Partition Fimction. The expression (67) gives the number 
of particles in any one quantized state of energy e^. For use in many 
problems, we need an expression that sums up concisely the character 
of the population of the set of levels at temperatme T. Consider, for 
example, a solid that is partially vaporized; we need to know the value 
of the vapor pressure that will be in equilibrium with the solid. The 
point of view adopted in statistical mechanics is that in the vapor the 
particles have a set of energy levels available to them, and in the solid 
they have another set of energy levels available to them; a steady state 
is reached when the population of one set of levels is in equilibrium with 
the population of the other set. Eveiy problem of equilibrium is ap- 
proached in the same way and is described in terms of the way in which 
the available energ}- levels are populated. We should therefore have a 
simple way of prescribing the conditions for any equilibrium if for each 
set of levels we could find a compact expression that would describe, in 
convenient form, the way in which the set of levels is populated at tem- 
peratme T. In fact, quantities can easily be derived that have the property 
that any equilibrium can be expressed in terms of a ratio between them. 
Such quantities are known as “partition functions.” 
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Consider n particles distributed through energy levels having a set 
of values populated in accordance wth (67), and consider how the 
population u'ould bo difTercnt if the value of one of these allowed energies 
had been different. Obviously, the average number of particles in each 
of the occupied levels would be different, for if the number of particles in 
one level is changed, this leaves a different number of particles to be 
distributed among the remaining levels. It is clear then that the required 
.expression, the partition function for this set of levels, must necessarily 
mention the energy «, of every occupied level, as well as the temperature T. 

We have so far discussed sets of levels of only one typo. It will be 
ohoA\'n in Chapter 3 that for such a set of levels the sum which 

occurs in the denominator of (07) and which was denoted by P, has the 
desired properties. This sum is sometimes knonm as the “sum-over- 
states.” Wc shall provisionally adopt the quantit}' P as the partition 
function for a particle in a solid. It should, however, be borne in mind 
that when we come to look more closely at the behavior of particles in a 
solid, wc may fmd it convenient to fi.\' our attention on some other quan- 
tity and to introduce some other dermition for our partition function. 
In the meantime wc shall examine the properties of P as given by (68). 

32. The numerical value of P will evidently depend on the zero of 
energy from which tlie values of u arc measured. Wo have seen that 
when the ground level «o is chosen as the zero of energy, the thermal 
energy of the particles becomes identical with B and that this forms a 
natural zero of energy for any group of particles. In this case, the first 
term in the summation, namely, is cqiial to unity, since wc have 

written «o =* 0; and each of tl»c succeeding terms is less than unity. The 
partition function takes the form 

l + (72) 

With increasing values of <r the values of succeeding terms diminish; when 
(r is large compared ^Yith kT the values arc so small tlmt further terms 
need not be included.* In Fig. 12 the population of a set of levels at a 
certain temperature was represented by means of a diagram. On a vertical 
scale the positions of the various allowed energies e, . . . e,. . . . were 
marked olT; then, with the length of the base line representing the value 
of fio, the c.xponcntial curve c-f* was draam. The lengths of the other 
horizontal lines dravm to meet this curve had the values noC"****, rfoC'’****-, 
and so on, that is to say, the vrdues of ni, us • . . enabling us to visualize 
the population of the levels at a particular temperature. 

By a similar diagram in whidi the allowed energies are marked oil 
on a vertical scale, we can obtain a useful grapliic representation of the 
partition function. If the length of the base line is taken to be unity and 
the exponential curve is dra\m os in Fig. 12, the lengths of the 

iSee Table 17. 
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other horizontal lines have the values The sum of 

the lengths of all the horizontal lines, drawTi to meet the curve, is therefore 

1 -r -r 

Thus, in this diagram, the sum of the lengths of the horizontal lines for 
any temperature T enables us to visualize the value of the partition 
ftmction, just as in Fig. 9 the sum of the lengths of the vertical lines 
represented Z. 

Figure 14c has been drami for a set of levels that has on the average 
narrower spacing than those of Fig. 14a. Clearly the value of the partition 
function depends upon the spacing between the levels. When the spacing 





Fig. 14 


is narrow, there are numerous horizontal lines, and the numerical value 
of P is large. 

Let us consider next, the variation of P with temperature. In Fig. 146, 
again taking the base line to represent unity and drawing a curve for a 
smaller value of fi. the lengths of all the other lines ai'e greater than in 
Fig. 14a.: thus dP/dT is positive. 

33. Consider now the population of any set of levels, which is given by 


nr 

71 



(73) 


A rise of temperature throws particles up from the lower to the higher 
levels. That is to say, in each of the high levels the number of particles 
increases, while in the lowest levels the number decreases : in Fig. 12 some 
horizontal lines become longer, while others become shorter. By examin- 
ing (73) one can see in what way the change in P is responsible for this 
behavior. With rise of temperature, both the numerator and the de- 
nominator on the right-hand side of (73) steadily increase, but at different 
rates. For a large value of e- tire value of the numerator increases rapidly 
— ^more rapidly than the denominator. For the smallest values of e., 
however, the numerator does not increase so rapidly as P. In particular, 
for the lowest level, when this level has been taken as the zero of energj-, 
we have at aU temperatures from (73) 

= ^ = i 

n~ P P 


( 74 ) 
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Thus with rise of temperature the value of n<, decreases in proportion as 
P increases; at any temperature the reciprocal of the partition function 
gives the fraction of the total number of particles that are in the ground 
level. 

Referring again to Fig. 12, we see that, in constructing diagrams to 
represent the population of a set of levels at two different temperatures, 
the lengths of the base line in each case, representing no, must be taken 
inversely proportional to P. This ensures that the sum of the lengths of 
all the lines shall be the same, representing the same total number of 
particles n. 

34. Although we usually take the lowest level as the zero of energy, 
we shall sometimes wish to use a partition function in which the levels 
are measured from a zero that lies below or above the ground level. Take, 
for example, a zero that lies below the ground level by an amount jj. 
■\Ve may denote the new cnei^ies of the levels by 4, <1, . . . e'r, where 
will be equal to + v)- The neiv value of the partition function is 

P ' s e- + c'‘‘>+«v*r + ). g-ifA^)/kT ^ ^5) 

But this is equal to 

P' B g— + e-*>AT ^ 

-= (76) 

Thus if we wish to take a new zero of energy that lies lower by an amount 
tf, we have only to multiply the original partition function by the factor 
Conversely, if we take a zero that lies higher by an amount tj, 
we shall have to multiply the original partition function by the factor 

gTi/sr. 

The value of Ur/n in (73) for each of the populated levels must obviously be inde- 
pendent of the zero of energy to which we have chosen to refer the vahies of allowed 
energy. The result obtained in (76) ensures that this is bo, since any alteration in the 
choice of a zero of energy will cause both the numerator and denominator in (73) to be 
multiplied by the same factor. 

In later chapters it will often be necessary to consider, for each particle, 
two alternative sets of levels at the same time, and the values of the 
partition functions Pa and Pn belonging to the two sets of levels. We 
may notice at once that if the ratio of the numerical values of Pa and Pb 
has a certain value when a particular zero of energy has been chosen for 
both, then the ratio PaIPb wdll continue to have the same value W’hat- 
ever other zero of energy is used. This is because a shift in the zero of 
energy will multiply both Pa and Pb by the same factor, according to 
(76). In particular, if the values of Pa and Pb are equal when measured 
from some zero of energy, they are eqpial when measured from any other 
zero of energy. 
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35. We lia%^e airead 3 ' seen that dP/dT is positive; let us now obtain 
an expression for dPjdT. 

We have 






./;:r a. JP-e-^JhT ^ ^ 


kT- 


kT- 


Comparing (77) with (69), we obtain 


72 dP _ 1 , , 

^ ^rp i - . - 7l-r€r i " “ *) 


Now 


P 

/:r2 


ldP_ d ^ p, 
P dP 


Hence we obtain a useful expression for the total energy 


(77) 


E = nkr-^(hi P) 


]\Iention was made in Sec. 2S of the fact that anj' change in volume 
is accompanied b}' changes in the values of the allowed energies. The 
character of these changes is such that, with increase in the volume 
available to a particle, the spacing becomes narrower, and with decrease 
in voliune the spacing becomes wider. Under constant pressure, a rise 
of temperature is in general accompanied bj* an increase in volume, that 
is, thermal expansion. The volvune maj’ be maintained constant if the 
applied external pressiue is raised b^' the required amoimt. We considered 
above how the partition function would var 3 ' with temperature; we must 
now recognize that we were discusing the variation of P at constant 
volume, since we took the values of to be constants. The above ex- 
pression for E must therefore be written in the form 

E = rikT-{^-^y (78) 

36. A Monatomic Gas or Vapor. In applying statistical principles to 
the particles of a gas at low pressure, we find that the treatment must 
diner from that of a simple solid in two respects. In the first place we 
usiialh' consider a gas to be contained in a vessel that has a volume of a 
few cubic centimeters at least, in contrast to the atomic volume available 
to a particle in the interior of a solid. We have seen that the spacing 
between the energy levels of a particle is determined b.v the volume in 
which the particle is free to move — the larger the volume the closer the 
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spacing. Here the volume may be more than 10^^ times larger than for 
an atom in the interior of a solid; consequently the spacing between suc- 
cessive energy levels is not wade, as in a solid, but is exceedingly narrow. 
Within a small range of energy there is an enormous number of quantized 
states. In a solid each particle has a comparatively small number of 
vibrational levels; in a gas, on the other hand, the number of levels avail- 
able to each particle is not only very large but at ordinary pressure is 
much larger than the number of particles present. 

In a solid, or in a gas, at any moment some particles have thermal 
energy considerably larger than the average; however, few particles have 
thermal energy five or sue times larger than the average, and the total 
energy belonging to these few particles is a small fraction of E. In dis- 
cussing the partition function, it was pointed out that beyond a certain 
point the terms in (72) make a negligible contribution, and that, in order 
to have a reasonably accurate value of P, it is only necessary to include the 
terms over a certain range of eneigy. When we speak of "the energy 
levels of a particle in a solid," we usually have in mind the levels that are 
included in a range of energy a little wider than that depicted in Fig. 12. 
In the same way, when we discuss a particle in a gas at ordinary tem- 
peratures, wo shall have in mind all the possible quantized states contained 
in a similar range of energy. In any vessel the number of these states is 
much larger than the number of particles that will be present at ordinary 
pressures. (In a larger vessel we can have more molecules at the same 
pressure, but at the same time wc shall have still more energy states 
because the spacing will be still narrower.) 

In discussing a monatomic gas at low pressures, wc begin, as is usual, 
by neglecting the volume occupied by the molecules themselves in com- 
parison with the volume of the vessel, and wc neglect the intennolecular 
forces of attraction and repulsion that only come into play during col- 
lisions between molecules. That is to say, in this chapter we discuss a 
perfect gas; we shall discuss an imperfect gas in Chapter 9. 

For each particle there is a set of allowed energies, depending on the 
volume of the vessel. With tlie continual interchange of energy, the 
particles in the gas will be continually moving from one level to another. 
In a short interval of time all of these possible quantized states will have 
been represented. At any moment, on the other hand, few of them can 
be occupied. Even if every particle were in a different quantized state, 
there would not be enough particles to fill more than a few of these quan- 
tized states. We have then a dense set of levels, sparsely populated by 
the particles. In describing the population we shall of course be interested 
in the time average. Taking a time average, the number of particles in 
any quantized state will be a number less than unity; in fact, at ordinary 
pressures, it will be small compared with unity. The method of deriving 
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an expression for the population is necessarU}’’ different from that followed 
in the case of a solid. 

37. The other respect in which the statistics will differ is of a more 
fundamental natme. In introducing Fig. 1, we took a point A about 
which a particle was ^'ibratmg and assumed other points B and C about 
which similar particles were rdbrating. In Fig. 2 we could distinguish, 
for example, the state in which the particle at the point A was in the 
level 3 from the state in which the particle at B or C was in the level 3. 
We carefull}'- refrained from labeling the particles, which are not distinguish- 
able from one another; we labeled onlj’- the points about which they vi- 
brate. TiTien a gas, on the other hand, is contained in a vessel, each 
particle is free to move through the same volume — ^the volume of the 
vessel. The pair of horizontal lines in 

Fig. 15 is intended to represent any two ! j 

energ}’- levels er and e,- and the two dots are |_ I 

intended to represent the state that may | * [ 

be described as one particle in the level €r I I 

and one particle in the level If the par- ' I 

tides are of the same species, there are * 

not two states answering to this descrip- 

tion; one cannot, by interchanging the particles, obtain a state distin- 
guishable from the first; therefore to speak of interchanging the particles 
has no meaning. The same is true for an 3 '’ number of particles of the same 
species. 

Clearty the discussion must take a fonn quite difi'erent from that fol- 
lowed for a solid. The main focus of attention in Secs. 4-8 was the number 
of waj’^s w in which each distribution could arise. In the problem of Fig. 5, 
for example, we supposed that we had 20 distinguishable sites for the 
particles. Given certain values of 7?o, ih, and so on we found that the 
particles could be rearranged among these 20 sites in more than 10^ dif- 
ferent wa 3 ’'s. In the case of a gas, however, if we are told which quantum 
states are occupied, this distribution can arise in only one way because 
no distinguishable rearrangement is possible. 

38. Consider a pure monatomic gas or vapor contained in a vessel 
hairing a volmne of a few cubic centimeters. For each mo^^ng atom the 
kinetic energy e is quantized. We ma 3 ’- consider a small range of energy, 
sa 5 ’-, between and (e^ + Se^), and find in this inten^al a large number of 
possible quantized states for a particle. Our attitude to these levels will 
be similar to that which we adopted in the case of a sohd, that is, it is 
not the business of statistical mechanics to sa 3 ’' how many possible quan- 
tized states lie in each inteiwal of energ 3 ’^; that information must be sup- 
plied b 3 ’' quantum theor 3 ’'. Given this information, it is the aim of sta- 
tistical mechanics to predict how these levels vrill be populated when a 
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group of n particles is sharing a total ener^ E. Let us fix our attention 
on any narrow interval between e, and (<r+ Bsr); in this inter\'al let the 
number of quantized states for a particle be denoted by pr. Then if the 
average number of particles populating this batch of states is nr, the average 
number of particles per state is obviously fir/pr. If all the states in this 
narrow interval are regarded as having sensibly the same energy tr, then 
they are equally populated, and, taking a time average, each state in this 
batch is populated to the extent rtr/pr. This is how we shall describe the 
population: If to every energy c we can assign a quantity of the form 
rir/pr, we thereby describe how the whole set of levels is populated. In 
(67) we found, in the case of a solid, an expression for that was applicable 
to any arbitrary set of levels. So here we do not need to have any previous 
knowledge of how the density of states varies with ej we seek an expression 
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for Tir/pr that shall be applicable to any set of levels in which the density 
of states is high. 

At atmospheric pressure 5 cubic centimeters of a monatomic gas con- 
tain more than 10” particles. Wc could therefore diride the total range 
of energy into 10'* narrow intervals (not equal), each containing more 
than 1000 particles. In making this division into narrow interi'als, it is 
convenient to choose each interval sufficiently wide that the average 
number of particles n, present in these levels is large compared uith unity; 
then we can use Stirling’s approximation, or other approximations. In 
any sparsely populated set of levels, if we fix attention on the pr quantized 
states in any one narrow intcrv'al of energy, it is clear that the Hr particles 
in this mter\’al can be distributed among the p, states in a variety of ways; 
this is true of any interval of energy. It thus comes about that for the 
whole population the value of w is very large, in spite of the fact men- 
tioned above, that each distribution can arise in only one way. 

39. Bose-Einstein Statistics. Taking firet a small number of states, 
Fig. 16 shows, as an illustration, all the ways in which two particles can 
be distributed among a batch of four states. In contrast to the distribu- 
tions of Fig. 3, each of these must be counted only once; there are thus 
altogether ten ways in which these two particles may be distributed among 
these four states. In general, the number of ways in which n particles 
may be distributed among p states without restriction on the number 
that may be put into each state* is 


(n + p- 1)! 
n! (p — 1)! 


(79) 


‘For elementary particles such as etectrons, on the other hand, the Pauli exclusion 
principle applies. According to this ptiodple mis vne particle can be put Into each 
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Substituting, for example, p = 4 and n = 2, we find the value 10, in agree- 
ment with Fig. 16. In practice, as was mentioned above, we shall choose 
much larger batches of levels. In everj' case we shall choose the value of 
p so large that the value of (79) viU differ b}* a negligible amount from 
the following simpler e.xpression, which we ma 3 ’ use instead 


(» -S-p)! 

p! 


(80) 


For this purpose it is convenient to include a large nmnber of energy 
states in each batch; on the other hand, the width of the range of energy 
must not be too great; otherwise it woiild be inaccm-ate to treat these 
states as all ha^^ng the same energj^ e. Even so, this leaves considerable 
latitude as to how successive batches of levels maj' be chosen; the essence 
of the method lies iu the fact that the final result is independent of the 
particular waj’^ in which the 3 * have been chosen. 

40. Starting with the lowest allowed levels (which almost coincide 
with zero kinetic energ 3 ') we designate a batch containing po states, each 
ha%'ing an energ 3 ^ eg; immediateh’’ above these we designate a batch of pi 
states, each ha'\ing an energ 3 ’’ ei; immediate^' above these a batch of pz 
states, each ha-\-ing an energ 3 * e^, and so on. For the particles within an 3 ’ 
one batch of states, (SO) ma 3 ' be used. Furthermore, the arrangement of 
the particles within an 3 ’’ one inter\'al is independent of the arrangement 
of the particles within ever 3 ’’ other inter\ml. Hence the value of w for 
the whole population is given b 3 ' the product 


7Jo!po! ni’pi! 


• X 


(»r-rPr)! 

nr'Prl 


X • • • 


(81) 


This is the expression which, for a gas or vapor, replaces the expres- 
sion (1) with which we have been, directh' or indirect^, concerned in 
nearl 3 ' ever 3 ' paragraph of the foregoing chapters. Corresponding to 
each conclusion that has been drawn from (1) there wiU now be either a 
similar or else a somewhat different conclusion to be drawn from (81). 

41. We ma 3 * begin b 3 ^ asking what will be the change in u? if we remove 
a particle from the rth batch of levels without disturbing any other par- 
ticles. In (81) onl 3 ^ the rth term wiU be affected. In the denominator 
Pr is constant, but the first term of factorial nr will faU out; and in the 
numerator the first term of (n^ 4- Pr)’- wiU faU out. We find immediately 
that w is reduced to the value la*, given by 

— = — — — (removal of particle) • • • (82a) 

W nr-\-pr 


energj' state; the Fermi-Dirac statistics that result from the exclusion principle ivill be 
discussed in Secs. 175 and 176. The statistics that result from the use of (/ 9) are known 
a.s the “Bose-Einstein statistics.’' 
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At ordinary pressures n, is small compared with pr, and the right-hand 
side of (82a) is scarcely different from iir/Pf, which is the degree to which 
the levels are populated in the interval of energy considered. Conversely, 
when a particle is added to any level in this interval, without disturbing 
the other particles, we obtain an expression that reduces to the reciprocal 
of (82o) when n, is large compared wdth unity 

^ (addition of particle) ■ • • (826) 


which simplifies to pjn, at ordinary pressures. 

In Sec. 14, in the case of a solid, we found in (14) an expression for 
the change in tv when a particle is shifted from one level to another. In 
the case of a gas \vc may use (82) to find the change in w when a particle 
is moved from one energy level to any distant energy level, say from the 
jth batch to the rth. For the removal of the particle from the former we 
use (82a) and for the addition of t!»c particle to the latter we use (826), 
^ving 


^ _ n, nt + pr 
u> n/ + p/ n. 


(83) 


At ordinary pressures this reduces to n,/p/ divided by tir/pr, which may 
be expressed in the form of a rule, to replace the rule (15) that was obtained 
for a solid. 

The expressions (82) and (83) are correct, whatever the form of the 
population. We are interested in finding what form will have the greatest 
value of w. This can be obtmned from (81) by the method of unde- 
termined multipliers, or from (83) by the method used in Sec. 9; that is, 
from any batch of states we take t\i'o particles and shift one to a higher 
and the other to a lower level, in such a way that the total energy remains 
constant. We need only to fix attention on any three energies that are 
equally spaced. For comparison with (14) these may be denoted by 
€„ €/, and «fc. One particle is shifted from an arbitrary batch of states at 
€, to one at e*, while at the same time another particle is shifted from e,- 
to €<; the total energy remains unchanged. The change in u> is the product 
of two expressions like (83), one for each particle shifted. We find at 
once that the required condition is that three quantities must be in a 
geometrical progression; these three quantities are, namely, 


n* + pi Uf+pi tik + Pk 

Hi n,- nit 


This condition must hold throughout the whole set of levels, whatever 
energies we choose to consider. Expressing the population as a function 
of e, we obtain, as before, an exponential relation; for any eneigy «r we have 
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llr -f p 


nr 


- = 


Ur ^ 1 

Pr — 1 


(84) 

(85) 


If the constant (i has a positive value, the higher energy levels are pro- 
gressivel}' less populated, since nith increasing er the value of the de- 
nominator in (S5) increases and the value of Ur/pr declines. The lowest 
levels, as usual, are the most thickly populated. 

42. We can now find the e.\-pressions corresponding to (23) and (27) 
that were obtained in Sec. 16 for a solid. Consider am" two energies e,- 
and 6r, separated hy an ammmt tj = — e,). Bj* substituting (84) into 

(81), we can find the change in w when an amoimt of heat t] is admitted 
to or removed from, the group of particles. For a population that has 
the form (84), we find 


TF* _ 

It 


( 86 ) 


This result is precisely the same as that which was obtained for a solid 
in (23). If an amount of heat SQ, sufficient to shift many particles, is 
admitted or removed, we find as before that for anj" fixed set of le%'els 

0 In H" = oQ (87) 


43. Before discussing (85) further, we shall now derive it by the method 
of imdetermined multiphers. From (81) we have 


in w = In 


(«o -f po) I 
nApol 


In 


(ui-f pi)! 
nilpil 


= 2(nr + Pr) In (rir -r Pr) — ^rir In TJr — 2pr in Pr 


( 88 ) 

(89) 


The TuaviTmim value of In w is found from the condition that 6 In it? is zero 
for am’ small shifts of particles from one batch of levels to another, the 
value of each pr remaining constant. We have 

y = y In (71,. -b Pr) 5?ir — y In 77t SUr 

l-( bUr i-t 

ZUr (90) 

Li Jlr 


We wish to fin d the condition that in w shall have its ma x im u m value, 
subject to the restrictions that the total number of particles and the total 
energ}’ have the given values n and E. Lsing as undetermined mul- 
tiphers — X and — fi, we write 


( 91 ) 
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Whence 


(92) 


Tit 


1 

II 

(93) 


which agrees with (85). 


44. Let us now consider the relations between p, and nr. In Sec. 40 
we considered a narrow range of energy between £r and (cr + Btr), and we 
denoted by pr the number of energy stat^ lying within this range of 
energy. The value of p, depends on the volume of the vessel in which the 
particles move. The value of n,, on the other hand, depends on the total 
number of particles that have been put into this vessel. If few particles 
have been put into the vessel, w’o can be sure that n,/pr is small compared 
with unity, even for the most highly populated batch of levels, namelj', 
the lowest batch. In this case the term pr/n„ which occurs on the left- 
hand side of (92), is very large compared with unity for all values of r; 
we may substitute pr/n, for (l + pf/wr) in (92). Hence, taldng the re- 
ciprocal, we obtain 

^ » c-V"*' (94) 

Vr 

At any moment the majority of the states arc unoccupied, but the graded 
character of the population may be expressed by saying that each batch 
of levels is less populated than any equal batch of lower energy and more 
populated than any equal batch of higher energy. The numerical mag- 
nitudes in (93) will be discussed in Sec. 177; it will be shown that the 
simple form (94) is accurate, not only at low pressures but under all 
conditions at which gases and vapors arc usually studied. It is true that 
at very low temperatures the particles tend to crowd into the lowest 
levels, and (93) will differ appreciably from (94), but this takes place only 
very near the absolute zero, w'hcre the vapor will no longer behave like a 
perfect gas. In this chapter, in discussing a perfect gas, we shall coniine 
our attention to the simple form (94). 

The quantities po, pi . . .p, are no longer of any interest. The arbitrary 
subdivisions of the set of levels have served their purpose and may now 
be eliminated. If w'e fix attention on any energy (r, the quantitj-^ «r/pr, 
which is a number small compared with unity, gives the degree to which 
the levels near er are populated on tiie average, quite irrespective of the 
value of Pr. If we take small values of p,, the values of n, will be less than 
unity. Although hitherto this wras to be avoided, it is no longer a disad- 
vantage; in fact, we are at liberty in (94) to set pr equal to unity. Whereas 
the letter r in (94) has hitherto referred to the numbering of the batches 
of energy states, it will now refer to the numbering of the individual 
energy states; nr will denote the average number of particles in the particu- 
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lar state to ^vhich the letter r has been allotted. With this notation, vre 
obtain 


72r = 

Since n = 2n-, this gives 

(95) 

n n 

(96) 

and }*ields expressions identical with (57), (58), and (59) obtained in Sec. 25 

for a group of localized particles: 


ne~^ 

(97) 

Xir p 

where 


P = 

(98) 


We have been discussing a gas contained in a vessel having a certain volume 
r; the set of energy levels e.- is the set belonging to this volume. As men- 
tioned above, the iovrest energy level e, practically coincides fath zero 
kinetic energy and is independent of the volume. 

45. At ordinary pressures and temperatures, a population of the form 
(97) is the one that has the greatest value of w for the given value of E. 
There nill be many distributions that do not have this form, but if the 
group of particles is sufficiently large, these distributions vdll not occur 
sufficiently frequenth' to varrant consideration.^ Denoting by Z the 
total number of available states for the group, ve can make the same 
remarks that were made for a group of localized particles in Sec. 17. Ac- 
cording to (S7), Tvhen heat is admitted or removed, the change in tr is 
determined by the relative degree to vrhich the levels are populated for 
different energies e. If it is true that the only distributions that occur 
frequent!}* are those vhich have the exponential form, then it follows 
that, when heat is admitted or removed, all the w's wiE be changed in the 
same ratio ; since Z is the sum of all the w's, it follows that Z will be changed 
in the same ratio as (as in Sec. 21). We shall have, as before, 

Z* W* 

Z W 

oln. Z = fi oQ (99) 

When a gas or vapor is placed in thermal contact with a solid or with 
another gas, there will be a flow of heat, either from A to B ox from B to A, 
they happen to be already at the same temperature. This flow 

^Consider a population, that do^ not have the form (97); the value of tr will be 
les ir~^. As a reult of coliiaons between molecule of the gas, a redistributioa 
of the energv will tend to take place. R. C. Tohnan, “The Principles of Statistical 
Mechanics,” Chapters 11 and 12, Oxford, 193S, has diseased the probabilitis of the 
various collisions according to quantum mechanical perturbation theory and has shown 
that we may expect the value of tr to increase toward Ura-. 
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of heat will continue until the product has reached its maximum 
value. In view of (99), the problem is the same as for two solids in contact. 
The expressions (38) and (42), obtained in Secs. 22 and 24, apply to any 
two groups of particles; cither or both mnj' be solid, liquid, or gaseous, 
and the condition for cqimlity of temperature is that the two populations 
be exponential with the same value of ft. 

Without repeating the argument, wc may then identify ft with 1/fcT, 
as before, and may vTito 


ttr p 


( 100 ) 


where 


P = Tc~^,/kT 


( 101 ) 






( 102 ) 


For a gas or vapor the expression for the partition function (101) is the 
same as (68) obtained in See. 30 for a solid, but the numerical magnitude 
will be much larger. It was pointed out in evaluating (72) that those 
terms for which tr is large compared with hT make a negligible contribution 
and need not bo included, so that the smnmation is over only a fraction 
of the number of possible states; even so, wc shall find in Chapter 4 that 
at room temperature more than 10^ must bo included. 

With reference to Fig. 14, it may bo mentioned hero that for some 
solids the horizontal lines of Fig. 14 give a fairly correct idea of the magni- 
tude of the partition function at room temperature. Thus, in Sec. 159 
we shall find that for metallic magnesium at room temperature the value 
of P lies between 6 and 7. For softer substances the value of P is greater. 
Thus, for metallic sodium P reaches the value 40 near room temperature, 
while the value for metallic lead is still higher. 

46. The expression (89) may be \vrilten in the following form 

+ (103) 

In the remainder of this book wc shall be mainly concerned with a gas 
in its most probable state. As in Sec. 27, we shall denote tlio value of v> 
belonging to this state by a capital letter. Tlie value of IF is found by 
substituting (92) into (81) or (103). 

lr.ir-^n,ta(l + g)+^p.ta(l + ^) 

- ^ M + 5) P. In (l + ^') 

Except at very low temperatures tir/pr, being small compared with unity, 
may be substituted for ln(l +n,/p,); in this case the last term becomes 
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If the population is initially in equilibrium, in each energy state Cr 
the number of particles n, is related to c, by the expression 

n, = 

where has the value appropriate to the amount of energy E shared by 
the n particles. As soon as the values of e, begin to change appreciably, 
the initial values of n, are no longer appropriate and a rearrangement 
of the particles spontaneously takes place. The details of this rearrange- 
ment will depend on the way in which the change of volume is carried 
out, that is, w’hether it is isothermal (/» constant) or adiabatic (/i chang- 
ing). Our aim must be to understand clearly the nature of, and the rea- 
sons for, this rearrangement of the particles. The most fundamental 
cause is the fact that, in a set of levels, some levels are likely to be more 
sensitive to a change of volume and others less sensitive. If for some 
populated states the value of <, is changed appreciably while for others 
the value remains nearly constant, it is obvious that the spacing of the 
energy levels is upset in such a way that the initial values of no, ni, n? . . . 
Ur . . . are no longer an exponential function of the energy e — are not 
exponential with any value of u, either the initial value or any other value. 

If a sudden or very rapid change of volume were made, the population 
would be momentarily seriously out of equilibrium. In a thermodynamic 
discussion, however, wc are usually interested in reversible changes, in 
which the body is practically in equilibrium at all stages throughout the 
process. In our terms this means that the change is made so slowly that 
at all stages of the process the population has the particular exponential 
form that is appropriate to the amount of energy E shared by the particles 
at the moment- That is to say, the value of m may change but in a re- 
versible process the population is always exponential with sonic value of 

In Sec. 16, ■where we dealt with a fixed set of levels, a change in the 
appropriate value of n could only come about if we allowed a quantity of 
beat to enter or leave the group. As soon as we allow the I'^olume to 
change, this is no longer true; the initial value of n will cease to be ap- 
propriate except in the special case where the process has been carried out 
isothermally. Thus, when the volume is allowed to change, all the quan- 
tities that determine the form of the population are likely to change: 
the values of the allow’ed energies e, are altered, the total energy is usually 
altered, and the value of fi is usually altered. 

48. External Work Done in a Reversible Process. Consider a body 
initially at a certain temperature T and subject to an external pressure p, 
and let its volume be v. The pressure that the body can support under 
these conditions is the same whether the body is thermally isolated or is 
in contact with a thermal reservmr at temperature T. If dA is the ex- 
ternal work that must be done on the body to cause a change of volume 
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ot 


equal to du, the qtumtities dA and dv are ox opposite sign and the value 
of the presure is by deSnition 

dA 

IF (105) 


In any process in vrhich there is an infinitesimal change dr in the volume, 
the vork done on the body has the same value d J. = — pdv. whether the 
body is the rm a l l y isolated or not. If no heat is allowed to enter or leave, 
that iSj during an adiabatic compresion or expansion, the energy E 
shared by the n particles changes by an amount cE equal to 5A. If. in 
addition, an amoxint of heat cQ is admitted, the change in the energy E 
shared by the particles will be 

oE = cQ 4- oA 


In a kinetic ascription of the process we usually imagine the substance 
compresed by means of a piston, and we consider the molecules of the 
substance rebounding from the moving surface. When the piston is 
moving inward, the molecules rebound with increased energy : conversely, 
when the piston is moving outward, they rebound with reduced energy. 

In a quantized description of a reversible process, the necessity of doing 
work enters as the result of the changes in the allowed values of the 
energy. During the change, the energies must of course be measured 
from a zero of energy that remains fixed. When a level of initiai energy 
c- contains Ur particles, their energy is n^^r. If now (owing to a small 
reduction in the volume) the allowed value of the energj* changes from 
€r to (er-roe-), where ee, has a positive value, the increment in energy 
n- C€r must be supplied by the agent carrying out the compression. Since 
the same is true for each of the energy levels, the total work done in 
reducing the volume by an amount or will be Trir oe~. Conversely, if the 
body is allowed to expand, this espressioiu taken with opposite sign, gives 
the amount of energy lost by the body in doing external work. This loss 
of energy is not associated with particles faUing from one energy level to 
another. During a reversible expansion there is no reason why the 
usual interchange ox energy should cease: a particle may fall from an 
energy level Cr to a lower energy level e.-, but there is no mecha ni s m for 
transforming the amoxmt of energy (a — e/} into external work; this 
amount of energy is therefore either transferred to other particles within 
the body or represents heat Sowing out of the body. There is no direct 
coimection between the doing ox external work on the body or by the body, 
and the rearrangement ox the particles that usually takes place at the 
same time, but independently. The external work arises from the necesity 
of obtainina a shorter or lonaer wavelenath for the wave functions of the 
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49. As an approach to the problem, it is useful to ask whether we can 
imagine an artificially simple case in which no rearrangement of the 
particles will be required, no matter how large the change of volume. 
The answer is that we can imagine such hypothetical cases, namely, where 
the change that distorts the set of levels is of an especially simple character. 
In a certain set of levels, consider the gaps between successive energj' levels 
(ei — fo), (<2 — «j), (*3 — ti), and so on; and let us suppose that when the 
volume changes all these quantities change in the same ratio; and let no 
heat enter or leave the body. Tlicn if the various values of n, are initially 
exponential, they will remain exponential, though with a changing value 
of ti. The value of n is, in fact, always the value appropriate to the value 
of E that the particles share at the moment. Tims, in this case there is 
no need for any rearrangement of the particles to take place in order for 
the population to have its optimum form at ul! times. The temperature 
will change but the number of particles in each level will remain the same. 
The value of therefore remains the same, since according to (1) the 
value of W depends only on the values of Wr in the denominator. 

Of the hypothetical cases we have just considered, the simplest would 
be a set of uniformly spaced levels in which, when the volume changes, 
the spacing remains uniform, becoming merely uniformly wider or na> 
rower. In this case, if the particles in successive levels are in a geometrical 
progression and if they remain in the same geometrical progression, this 
is satisfactory ; there is no reason why any of the n, should change, pro- 
vided that the change of ^'olume is carried out adiabatically. 

60. In practice, as mentioned in Sec. 47, the various levels will not be 
sensitive to changes of volume in any such simple regular manner; the 
various energy differences are altered in different ratios, and the original 
values of Ur thus cease to be appropriate. To illustrate the kind of re- 
arrangement that takes place, Fig. 17 shows a simple example of three 
levels. (We may suppose that the level tj, not sho\%'n in Fig. 17, is so 
much higher that it contains negligibly few particles.) Let us suppose 
that the levels <2 and <0 are equally insensitive to a change of volume, 
while the level €1 is more sensitive, so that the quantity (c- — to) remains 
constant, while the ratio of ((% — €,) to (ti — cq) is progressively diminished 
during a compression and similarly increased during an expansion. 

In Fig. 17a, let the lengths of the three horizontal lines represent the 
values of no, n\, and 712 in the initial exponential population, in equilibrium 
at a certain temperature. In Figs. 17b and 17c the same curve has been 
dra\vn; the three horizontal linK have been dra^m in their new relative 
positions but with the same lengths as in Fig. 17a, to show what the 
situation would be if no rearrangement of the particles had taken place. 
In Fig. 176 it is impossible to draw an exponential curve through the 
three points A, B, and C; it is impossible with any value of fi. We see 
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fonoj with its initial value of Tl'. If the source of the fallacy in the above argument is 
not already apparent to the reader, it will become clear in the follomng paragraphs. 

61. If it is true that during a reversible process the population of the 
levels never departs appreciably from the exponential form, it is clear 
that in considering a rearrangement of the particles we may use the values 
oi eo, ei . . . (r . . . that prevail at the moment and may disregard the fact 
that the values of <r have been different in the recent past and will again 
be different in the near future, as the change in volume proceeds. That 
is to say, there is no reason why we should not use the expressions that 
have been derived in Sec. 16 for dealing cither with a rearrangement 
that leaves the total energj’ unchanged, or one that involv’es an admis- 
sion or loss of heat. As a result of this, it is simple to give a description 
of any change, isothermal or adiabatic. 

Let us deal first with a reversible adiabatic process. In thermodjmamic 
discussions a process is sometimes carried out by a scries of alternating 
steps; by making each of these steps smaller, one can reach, in the limit, 
a reversible process. So here we can come as near as we like to a re- 
versible adiabatic process by a scries of alternating steps, To go from 
the levels of Fig. 17a to those of Fig. 171> for e.xampio, by a change of 
volume, we shall proceed as follows. Starting with an e.\-ponential popula- 
tion, (1) we shift some particles from the middle level ei to the other levels, 
arranging that there shall be no change in the total energy E; then (2) we 
change the volume by an amount hv, causing the values of the allowed 
energies to change slightly. We then repeat the process (I) at constant 
volume, again allowing no heat to enter or leave; after this the process 
(2) is repeated, introducing a further change in the spacing of the energy 
levels. By a succession of such small steps, we obtain an adiabatic change 
of volume; the smaller the steps, the nearer we approach to a reversible 
change of volume. 

Now the striking feature of these steps is that, neither in the steps of 
type (1) nor in those of type (2) is there a change in TF. Starting with an 
exponential population, we know that a rearrangement that leaves E 
unclmnged also leaves TF unchanged; and in step (2) there is ob^’iously 
no change in TF because the number of particles in each level does not 
change. It is only necessary that each pair of steps should leave the 
population in an exponential form; then the succession of alternating 
steps can be continued indefinitely without a progressive change in TF. 

In Sec. 49 mention was made of a set of levels mth uniform spacing 
which, during a change in volume, assumed to become uniformly 
wider or narrower. We noticed that in this case during an adiabatic 
change the value of w would remmn constant. We see now that this 
constancy of w is not peculiar to that special case but is a general property 
of any reversible adiabatic change. 
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52. The manner in which the rearrangement takes place may be illus- 
trated from Fig. 10. It will be recalled that in this problem there is. for 
constant n and constant E, a value of ni that gives w its maTimiim value; 
in Sec. 17 this was denoted by ni. The quantitj' chosen for abscissas in 
Fig. 10 was (Ui - nO, which was denoted by p. Ob\'iously, with an ap- 
propriate shift of the origin, the ciuwe may equally well be taken to be a 
plot of w against uj. Suppose then that Fig. 10 corresponds to the initial 
state of a body that we shah subject to an adiabatic change of volume — a 
change that raises the level of ei relative to the levels e-j and as depicted 
in Fig. 176. In this case, we have seen that the number of particles in 
the level €i must be progressively di- 
minished. The value of must oc- 
cur at a lower value of ui; in Fig. 10 the 
curve must be shifted to the left. Con- 
versely, for the change depicted in Fig. 

17c, the value of must occur at a 
higher value of ni; the curve must be 
shifted to the right. 

If in this process a distribution with 
a greater value of tCcax became available, 
we would take it for granted that a 
spontaneous rearrangement of the par- 
ticles would take place. The problem is 
to describe how a continual rearrangement of the particles takes place 
spontaneously without am' change in the value of In Fig. 18 the 

dotted curve shows a displacement to the right without an increase in rr-^x. 
We see that on the left the dotted curve lies below the original curve, 
while on the right the dotted curve lies above. 

In the initial state of the body distributions with Ui appreciably smaller 
thnu ni will often occur: during and after this change of volume they 
will occur U-ss frequently; and vith further change of volume the 3 ' wiU 
occur stiU less frequently. In the initial state of the body, values of Ui 
greater than ni likewise occur: during and after this change of volume 
they will occur more frequently. 

53. If, finallj', we wish the substance to follow any path on a p-v dia- 

gram that is not an adiabatic path, we must allow some appropriate 
amount of heat to enter or leave. At any moment the total thermal 
energy of the bod\- is In any change of volume bv the total change 

in energy is equal to the work done on the body plus the heat oQ that has 



been added 


oE = oA -r oQ 


(106) 


For this change we have also the expression 


oE = — n- 0€r -r ZCr BUt 


( 107 ) 
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We have seen that each term in (107) is equal to the corresponding terra 
in (lOG). 

In an adiabatic change of volume the term Ztr hn, is zero; for some 
energy levels the hur is positive and for other levels the hn, is meanwhile 
negative, in such a way that, at any stage, compensation takes place; this 
continual rearrangement of the particles, as we have seen, leaves the 
values of Z and unchanged. 

The first term on the right-hand side of (107), which is equivalent to 
54, may be expressed in terms of the partition function. Consider the 
change in P produced when the energy levels are shifted by various 
amounts he,. In any isothermal compression or e.vpansion we shall have 

Comparing this with (107), wc find 



» - nJkr p = - nhT h In P (108) 

We can thus find a relation between the rate of change of the partition 
function and the external pressure p. From (105) and (108), we obtain 

It was pointed out in Sec. 47 th.it an increase in volume at constant E must be ao- 
companied by an increase in h'. It we were to arrange that the process involves a simul- 
taneous decrease in E, we could maintain the value of ir constant (or even bring about 
a diminution in Tl*)- the levels tend to crowd together, we could arrange that a 

progressive decrease in E should heep pace with this and so prevent tlie increase in IP 
that would otherwise occur. Conversely, during a compression, while the spacing of 
the energy levels becomes wider, we could arrange that a progressive increase in E should 
keep pace with this and so prevent the decrease in ir that would otherwise occur. In 
Sec. 49 we considered two cases in which the distortion of the set of energy levels n-as 
of an especially simple cliaractcr, and we saw tliat in an adiabatic compression there was 
no TOixson why any of the n, should change. It must bo because the rate of increase in 
E in this process is always just sufficient to prevent the decrease in ir tliat would other- 
wise occur. In general, we achieve tlus result if we ensure tiiat no heat enters or leaves 
the body. 

64. The expression (27), obtmned in Sec. 16, gave the change in In IF 
that accompanies the process of adding a small quantity of heat at con- 
stant volume. We see now that if, after this process, we allow the body 
to expand adiabatically, this second step ivill not entail any further change 
in In W. Starting from the point B, repetition of these two steps will 
lead to a curve like that shmvn in Jjg. 19. In this way one can go from 
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In Sec. 29, use was made of just such steps vitli equal values of $ In IF; we 
may non’ inquire whether tins gcale is the same as that introduced by Lord 
Kelvin, whose definition had the following basis. On going from B to B' 
in Fig. Idb, a certain amount of heat IQ is absorbed; on going from D to 
D' a different amount would be absorbed. Let the value of the former be 
m times the latter. On going from C to C' a certain amount of heat will 
be absorbed, and, on going from E to E\ a different amount. The thermo- 
dynarmc argument must first show that, if CE and C'E' arc a pair of adia- 
batics, the ratio of these two amounts of heat has the same value m as 
before — that, in fact, it has the same value for any pair of adiabatics inter- 
secting the isothermals BC and DE, Kelvin, drawing attention to this 
fact, proposed that the ratio m be used to define an absolute scale of tem- 
perature. In view of wliat has just been said about steps with equal 
values of 5 In TT, it wll be clear that this scale is the same as that proposed 
in Sec. 29. 

66. Alternative Sets of Energy Levels. In each problem so far we 
have dealt with a group of particles to which one definite set of levels was 
available and wo have pointed out the convenience of choosing the lowest 
level of this set as the zero of energy. Tlic more interesting problems 
of statistical mechanics arc tliosc where two or more alternative sets of 
levels are available to each particle. Suppose, for o.vnmple, that in dis- 
cussing the particles of a monatomic vapor wc have taken ns our zero of 
energy the energy «o of an atom at rest in the vapor. If we go on now to 
consider the condensation of part of the vapor to form a solid (or a hquid), 
we introduce a set of levels that are lower than <g. Tlljen some solid has 
been formed, to remove a particle from its surface and leave the particle 
at rest in the vapor, a certain amount of work must bo done; conversely, 
when particles condense onto the surface of the solid, they fall to energ}’ 
levels that are lower than the level to, which has b^n chosen as zero. 
The energies of the lowest and most populated levels of the solid have 
therefore negative values, relative to our zero of energy. The total energy 
of the solid will be negativ’e; if more particles are added to the solid, 
its total energy wU continue to decrease with everj’ additional particle; 
conversely, if particles are removed from the solid its energy '\'ill increase. 

On the other hand, the thermal eneigy of the particles — their energy 
of thermal vibration— is, of course, a positive quantity; it is increased 
when particles are added at constant temperature and diminished when 
particles are removed. In studying these problems, it is important that 
there should not be at any time a doubt as to the relation between the 
thermal energy and the total energy B. It nil! be convenient, therefore, 
to put on record here some of the salient facts, beginning w-ith a single set of 
levels and going on later to the relations between two or more sets of levels. 

Consider, as usual, a group of n particles. If all the n particles were 
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in their lowest energ}* level, the total eneig}' would be nei. Consequentlv, 
when the total energy has a greater value E, the thermal energv is 
{E — Tit:). Di\iding bir n, the average thermal energy* per particle is 
{E/n — 6:). 

At any moment, in the group of particles, some particles will have 
energy* greater than E/n, while some will have energy less than E/n: 
that is to say, for some of the populated levels the energy is greater 
than E/n, while for other populated levels it is less. In a set of widely 
spaced levels, E/n will usually not have a value coinciding with one of the 
energ}' levels. In a diagram the value of E n can conveniently be repre- 
sented by a horizonta.1 broken line hung somewhere between two of the 
energy levels, as has been drawn for each of the sets of levels in Fig. 20 
below. 

For a given set of levels, the value of Ef r„ is sufficient to fix the value of the tempera- 
ture T: that is to say, there is one particular value of p that corresponds to the given 
value of E/r.. The converse of this is not true: for a group of n particles, the value of T 
does not prescribe a value of F in the same vray. In Sec. 22, where vre introduced and 
examined the idea of two bodies at the same temperature, we did so by transferring 
energy* from one body to the other. When we have a population that is e.xponential 
with a certain value of p, it is necessary to move many particle in order to produce 
an appreciably different \a!ue of p. It is therefore legitimate to discuss a change in E 
at constant p, or at constant temperature. 

56. The evaporation of a solid or a liquid and the condensation of a 
vapor were referred to above. We have drawn attention to the fact that 
in such problems the central fact is that two alternative sets of energy 
levels are available to the particles. There are many other processes of a 
similar character, for example, the partial dissociation of a diatomic gas 
and the recombination of atoms to form molecules, the melting of a solid 
and the freezing of a liquid, the transformation of a solid from one modi- 
fication to another. In each of these processes, particles are transferred 
from one set of levels to another. Both sets of levels are, or become, 
populated: since we are interested in thermal equilibrium, the two popula- 
tions will be exponential with the same value of p. 

We may begin to visualize the state of affairs in these various problems 
by considering two sets of energy levels, like those depicted in Figs. 20a 
to d. For particles of a gas or vapor the spacing between the enei^* levels 
will be many million times narrower than for those of a solid: in Fig. 20 
we have merely drawn sets of energy levels of comparable spacing. In 
each set of levels tbe position of the horizontal broken line is intended to 
indicate the value of E/n at the same temperature. In Fig. 20a the broken 
line for B lies below that of -4, although the ground level for B lies above 
that of -4. In Fig. 20b the situation is different, while in Fig. 20c the 
ground level of B lies above the broken line of A. Figure 20d shows a 
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hypothetical case, which has merely been added for comparison; it depicts 
two sots of levels where the spacing is the same but where one set of levels 
has been shifted with respect to the other by an amount {<^ — eo). If we 
compare the value of Ea/na with that of Ea{'^a. at the same temperature, 
the values of Ea and Ea must be referred to the same zero of energy and 
EbIub wU be different from In Fig. 20d, however, the thermal 



(d) 

Fra. 20 


energy per particle in B will be the same as the thermal energy per particle 
in A at the same temperature. In Figs. 20a to c the thermal energy per 
particle in B will be different from that in A, this difference being the result 
of the different spacing of the levels, not of the difference in the positions 
of the ground levels. Wlien we come to consider the partition functions 
for the populations of A and B, we shall find that the values are affected 
both by the difference in the spacing and the difference in the position 
of the ground level; sometimes one of th<se factors nill be the more im- 
portant, sometimes the other. 

We shall consider next the addition or removal of particles from a 
group of n particles sharing an energy B. With a fixed set of energy levels, 
as long as the number of partides is unchanged, constant E ensures con- 
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stant temperatxire. But when the number of particles changes, this is 

no longer so. The expression j for e.xample, denotes for anv 

group of particles the change in In IT with change in n, while the total 
energx- E shared b}- the group remains constant. If we remove q particles 
from the group, we have the original energ}- E now shared by {n — q) 
particles. 

Consider any one of the sets of levels in Fig. 20; some energy levels 
lie above and some lie below the broken line. If we remove q particles 
from levels lying above the broken line, the average energj* per particle 
for the remaining (71 — q) particles will be less than the original value of 
Ehi. On the other hand, if we remove q particles from le^-els hung below 
the broken line, the average energy- per particle for the remaining particles 
will be greater than the initial value. If we wish to maintain the energy- 
per particle constant while we add or remove particles, levels such as 
£j, €r . . - must be chosen such that the sum of these energies is equal to 
q times E/n: thus 



In this way the value of the energy* per particle for the particles re mainin g 
in the group is maintained constant. 

If a lai^ number of particles is to be added or removed, the e.Yponential form of the 
population can be maintained, with its originai value of p, if the number of particles 
added to or removed from each level is proportional to the number of particles in that 
leveL For any group of n particles populating a fi.ved set of levels and sharing energy E, 

( dH\ 

signifying the change in E with n at constant temperature, is 

merely another name for the average energy per particle in the group: it is simply E/n. 

In any set of levels, suppose that we have chosen a certain level e/ as our zero of 
energy, writing = 0. Then the removal of particles from this level or the addition 
of particle to this level leaves the total energy unchanged, by definition. If any level 
in the set is taken as the zero of energy, it is usually the ground level that is so chosen; 
in this case addition of particles or removal of particle from the ground level leaves the 
value of E unchanged. 

Problems 

L It was stated in Sec. 39 that there is considerable latitude as to the ways in which 
the subdivision of the levels may be made. To prove this, show that if two adjacent 
batches of energy states are fused into a single wider batch, the value of the contribution 
to tr is unchanged. Conversely, show that if a wide batch of levels is split into narrower 
batches, according to (81) their contribution to tr will be unchanged. 

2. To a certain group of particles, an amount of heat 1:6 is added, where h is Boltz- 
mann's constant. If this addition causes an increment in In IT equal to h, show that 
the temperature on the Kelvin scale is e/b. 
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The Distribulion of Parlides Ihrojiph AUemative Sel^ of Energy 
Levels—'Conditions for Equilibrium — A Saturated Vapor — Order 
and Disorder in CryslaU 


67. Addition or Removal of Particles. Wc discussed in Sec. 22 tvro 
groups of particles containing ua and no particles, respectively. The 
numbers ua and no were fixed. In many problems, on the other hand, 
we arc interested in the equilibrium between two groups where the particles 
are all of the same species but the number in each group is free to change. 
When, for example, a solid (or a liquid) is in contact \rith its omi vapor 
in a closed vessel, the attainment of equilibrium depends on the freedom 
of particles to enter or leave the vapor, until the pressure of the vapor 
adopts its "saturation value." In all such problems it is important to 
know how the value of to for a group of particles ndll be changed when 
particles are added to or removed from the group. 

Let us first consider a solid to which the expression (1) is applicable. 
From (1) we can at once say how the value of tv ■will be changed if a particle 
is removed from any level €, without disturbing any of the other particles. 
In the first place, in the numerator the n! is to be replaced by (n — 1)!, 
and at the same time in the denominator n,l is to be replaced by (ur — I)!- 
None of the other factors are altered; hence we find that the value of w 
for the group will be reduced to ta*, given by 


“ — (removal of particle) • • • (112o) 

wn 

Conversely, if a particle is added to tlie group and is placed in the level e,, we 
find that the value of to is increased to ta*, given by = (n+ l)/(nr+ 1); 

jwhen the numbers are large, this is indistinguishable from n/n,. The 
l^change is thus the converse of (n2a). 


of i. 

portaht, ''som 


^ = ^ (addition of particle) (112E>) 


We shall cot^ change in to will be smallest ■when Tir is most nearly 
group of n particle^ jt jg populated level to which the particle is 

as long as the numbi, jjjg particle is removed. 

68 





Sec. 5S] 


IKTRODUCTIOX TO STATISTICAL MECHANICS 


69 


When a particle is added to any level we are ob^iously at liberty" to 
think of this addition as ha%-ing been made in two steps: (1) the addition 
of a particle to the ground level co, and (2) the raising of the particle from 
eo to Now we know that in an exponential population the raising of a 
particle from e .3 to 6r is accompanied by an increase in tr in accordance 
vith (24) and (27) in Sec. 16. The change in ic should be smallest- when 
it is the ground level to which the particle is added, since in this case 
there is no increase in the thermal energy-. This is, in fact, the result given 
by (112), since in an exponential population the most populated level 
is the ground level. 

\Mien a particle is added to, or removed from, the ground level, there 
is no change in the thermal energj' of the group, and the change in In w 
is due soleh* to the fact that the number of particles in the group has been 
increased or diminished by unitj*. From (112) we can find an e.xpression 
for this quantit}', and we can then verify that when a particle is added to 
anj* higher level, the e.xcess is in accordance with (27). For an e.xponential 
population, if we take the groimd level as our zero of energj', we may 
use the e.xpression (74) obtained in Sec. 33 and find that when a particle 
is added to this level, (112&) takes the form 


IF* 

IF 



(113) 


From (23) we e.xpect to find that when a particle is added to a higher level, 
the change is greater than this bj' the factor e-", where v — ^r- In fact, 
from (57) we verifj' that when a particle is added to anj- level er 


TF* 

IF 



(114) 


This is greater than (113) in the e.xpected ratio. 

The value of TF that we are discussing is for 7i particles that form a 
strictly exponential population. If we add a particle to the group with- 
out changing the value of E, the value of TF is increased, because the 
number of different ways in which the energj* E can be shared among 
(n 4- 1) particles is greater than the number of waj's it can be shared 
among 7i particles. Further, if the increase in a is accompanied by some 
increase in the thermal energj', the resulting value of TF will be stiU larger; 
thus the increase in TF consists of two parts. The case of special interest 
is an addition of particles where the increase in is such as to leave the 
value of the energj' per particle unchanged; this corresponds to an iso- 
thermal addition of particles. 

58. Suppose that we start with a small group of n particles sharing a 
total energj’- E and that we add successive contingents of particles, each 
having the same average energy per particle. In this way we can build 
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up a very large group of particles isothermally. Consider the value of 
In W for this large group. We may expect that the expression for In W 
will consist of two parts, one part made up of the increments arising from 
the successive increments in n, and tiie other part made up of the incre- 
ments fi iQ arising from the successive increments in the thermal energy. 
Now in Secs. 30 and 46 we have already obtained expressions for the value 
of In ir for a group of localized and for a group of unlocalized particles. 
In order to facilitate comparison between these two expressions, it will 
be convenient to repeat them here. In (70) we obtained for a group of 
localized particles 

In IF - K In P + Ji (115) 

and in (104) we obtained for a gas 

In IF-n(ln^+l) + Ji (116) 


In each case the expression for In IT consists of two terms, and we may 
at once verify that the two terms correspond to the two quantities that 
we have just described. 

Let us deal first with the localized particles of a solid. Taking a group 
of n particles sharing an encigy JS?, suppose that we add g additional 
particles in the manner suggested in Sec. 56, that is, selecting levels 
«r . . . so that the sum of these energies is equal to g times E/n, Ac* 
cording to (112), the total change in to will be the product of g factors 


!£! 

to 


n< n* ^ n. 


X--- 


am 


Tliis expression is correct, whatever the form of the population. If the 
population is exponential, w'e may use (57) and substitute for each of the 
g factors, thus obtaining 

TV* P P P 

(118) 

and 

In IF* - In W = n In P + /t(«j + €fc 4- • • •) (119) 

If we make use of (111), we see that (119) leads naturally to an expression 
containing tw'o terms that evidently correspond to the two terms on the 
right-hand side of (115), w’hich may be written in the form 

When a large group of n particles has been built up isothermally, the term 
E/kT is the sum of the increments due to the groivth of the energy, w’hile 
the term n In P is a basic or intrinsic term, independent of the growth 
of the energy. 
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This interpretation of the tsvo terms on the right-hand side of (115) 
becomes still clearer if vre suppose that the addition of each particle is 
made bv means of the two steps mentioned above; that is, the particles 
are first placed in the ground level (in this step the group receives no 
thermal energy), and the particles are then raised to their respective levels. 
In this second step the group receives thermal energy equal to E/n per 
particle added. In the first step, according to (11.3), the value of In IT is 
increased by the amount In P for each particle added to the ground level: 
this accounts for the first term on the right-hand side of (115). We phall 
find that this basic or intrinsic term in (115) plays an important role in 
the discussion of problems of equilibrium. 

It is convenient, at the same time, to mention here the order of magnitude of the 
terms in (115) vhen the groimd level is chosen as the zero of energy. As for In P, it has 
already been mentioned at the end of Sec. 45 that for most solids at room temperature 
the value of P Mk in the range betveen 7 and 100, so that the values of the nrst term 
on the right-hand side of (115) ttUI lie betveen 2n and on. .It ordinary temperatures 
the average energy per particle is somewhat greater than ':T, so the last term in (115) 
is of the same order of magnitude. 

RecalliDg that TT is another notation for tr— vre may consider the numerical 
difference between the In Z and In r r-... of (35) in Sec. 20. According to (33) the value 
of (v/ct)i lies between and The value of In is greater than r., while the 
value of J In T3 is extremely small in comparison. 

We have discussed above the expression (115), which is applicable to 
a solid. Similarly, if particles are added to a gas, we can imagine that 
each particle is first placed in the lowest level e;. and then raised to its 
appropriate level. Since the expression (71) in Sec. 30 is of universal 
application, the thermal term in the increase of In IF should be the same 
as in the case of a solid. 

On comparing (116) with (115), we see that the last term is the same, 
namely, EjhT. From (116) we obtain 

/d In in , P . Ejn 

Using (826) and (96), it may easily be verified that the quantity In(P/n) 
is just the amount by which In IF will be increased by the addition of a 
particle to the groimd level when this level has been chosen as the zero 
of eneigy. 

59. Distribution of Particles through Alternative Sets of Levels. We 
have made a preliminary survey of some changes that accompany the 
addition or removal of particles from a homogeneous group. At the 
be^nning of Sec. 57 it was pointed out that such a study is necesaiy 
before one can attack such problems as saturated vapor pressure, and so 
on, where particle are free to move from one homogeneous group to 
another. In such problems we discuss two groups of particles of the same 
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species; the only difference between the groups A and B is that one set 
of energy levels has different spacing from the other and a different ground 
level. A prerequisite for equilibrium between the two is that the popula- 
tions be exponential with the same value of this condition, however, is 
not sufficient for equilibrium. Let Ba be the total energy shared by one 
group and let Za denote, as usual, the total number of states available to 
the particles when they share energy Ea‘, let Eb and Zb be the correspond- 
ing quantities for the other group. AVe shall suppose that the energy 
{Ea + Eb) has to remain constant. If some particles pass from one group 
to the other, the values of Za and Zb will be changed. If, for example, 
the increase in In Zb is greater than the simultaneous decrease in In Za, 
this transfer of particles allows the product ZaZb to take larger values. 
Such a flow will therefore take place spontaneously and continue 
until the product ZaZb attains its maximum value consistent with the 
total energy {Ea + Eb). In some cases it may happen that ZaZb con- 
tinues to increase until all the particles have been transferred to one set 
of Icv'els, leaving the other set empty; this means that, under the given 
conditions, no equilibrium between the two phases is possible. The cases 
that interest us are those where ZaZb has its maximum value when both 
sets of levels are partially populated. 

In order to discuss the product ZaZb, we must first consider Za and 
Zb separately. The problem will be quite similar to that of Sec. 22 except 
tliat here we are dealing with the addition and remov’al of particles, 
whereas there we W'ere dealing only with the addition and removal of heat. 
In Fig. 10, for example, when we discussed the change in the central 
ordinate and the change in the area under the cuia’e, we were concerned 
with the change of Z with E. Here, on the other hand, we shall be con- 
cerned with the change of Z with n. We saw in Sec. 12 that when energy 
is added to, or removed from, the group, the curve of Fig. 10 will rise or 
fall. Depending on the size of the group of particles, there are two possi- 
bilities : the area under the curve changes either in the same ratio as 
changes or in a different ratio. Here likewise the addition or removal 
of particles will cause the curve to rise or fall, in accordance with (112) 
and there are the same two possibilities, depending on the size of the 
group of particles. At the center of Fig. 10 the strictly exponential values 
no, Bi, and n 2 provide in (112) the ratios n/no, n/ni, and n/n 2 . To the right 
and to the left of Fig. 10 other values no, ni, and no provide ratios n/no, 
n/ui, and n/n^. The question is whether these differ appreciably from 
the ratios at the center; if so, the area representing Z ^ill not change at 
the same rate as On the other hand, if the group of particles is 

sufficiently large, it may easily be shown by differentiating (35) with 
respect to n that the result is simUar to that found in Sec. 21 for the 
change of Z with E. 
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In general; vre can deal "Vidtli tiie problem as was done in Sec. 21, bv 
conadering the basic assertion that , in a suSciently lai^ group of particles, 
only distributions that approach very closely to the strictly exponential 
form will occur frequently. Whenever this is the case.. Z will change at 
the same rate as vr=^. since the values of ti/tit that will occur in (112) 
win not diSer appreciably from the strictly exponential values n/n... We 
have then 

0 In Z = 5 In TF 


60. Before applying this expression to the equilibrium between two 
populations,, it will be convenient to recall the familiar kinetic aspects 
of such a problem. When, for example, a solid or a liquid is in contact 







Trith its own vapor and a uniform temperature prevails, the equilibrium 
is not a static affair but is the result of a kinetic balance: a large number 
of particles are condensing and at the same time a large number are 
evaporating. When these munbers are unequal,, the lack of balance is 
observed as a condensation or an evaporation: in our terminology particles 
are spontaneously transferred from the levels of to those of B, or vice 
versa, because this transfer enables the product ZEZb to attain higher 
values. The same is true when both Jl and B are solids, ilany sub- 
stances ear exist in two modifications — ^rhombic sulfur and monoclinic 
sulfur are a fnTr)ih.ar example. In the modification the particles have a 
certain set of energy levels, and in the modification B they have a different 
set of levels. When both sets of levels are populated, we can ask whether 
equilibrium between one group of particles and the other group is possible. 

Let the groups .4 and B initially contain n and n' particles, respectively, 
and let the levels of B be denoted by — et ... as in Fig. 21, to dis- 
tinguish them from the levels of A, which are to be referred to the same 
zero of energy. Suppose that the populations are exponential with the 
same value of p. It will be convenient to suppose that there is a level 
of B that has the same energy as a populated level of J. : suppose, for ex- 
ample. that the level eC on the right-hand side of Fig. 21 happens to lie 
opposite to the level e* on the left. Then a particle may move from the 
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level e* to the level e',, or vice versa, \rithout any change in energy and 
without any change in the total enei®' (Ea + Eb), since 

Let (,■ be any level of A lying below the le^’el «*. We can now consider 
a rearrangement of the particles in which a particle is transferred to the 
level The particle may have been taken from the level a, in which 
case the total enei®’ remains unchanged, or it may have been taken from 
the lower level in which case we must admit the necessary amount of 
heat {(', — €,) that is equal to (et — e,). The transfer from e/ to e' is obvi- 
ously equivalent to two steps: a particle is transferred from et to t'r, and 
another particle is raised from t, to Since the particles are all of the 
same species and indistinguishable, the final result is exactly the same 
as if a particle had been transferred direct from «,• to tj. We maj' concen- 
trate our attention on the transfer from <* in to ej in B, since the raising 
of a particle from «, to <» within a set of levels has already been dealt 
with in (23) in Sec. IG. 

The transfer of a particle from one group to the other vnW be accom- 
panied by a change in both Wa and IT®. According to (112a), when the 
particle leaves the level <*, we shall have 

Ea 2* 

Wa^ n 

and, according to (U2b), when the particle arrives in the level we shall 
have 

M'b nr 

We may substitute from (57) for nt/n and for n'/n' and obtain 


(ir^tir®)* ^nk 

IVaIVb n n* 

_ e~*“^ 

Pb 

Now, since tr = <*, (120) reduces to 

QVaWb)* _ Fb 
WaWb Pa 


( 120 ) 

( 121 ) 


We know from Sec. 34 that the value of the ratio PbIPa vill not depend 
on the particular zero of energy chosen but vtU have the same value when 
referred to any zero of energy. 

Although we supposed that there was a level of B that had the same 
energy as a level of A, this dcrice is not necessary. Let q particles be 
transferred simultaneously from various levels of A to various levels of B; 
if this is done in such a way that the total energy remains unchanged, 
we shall reach the same result as before. The particles taken from A 
contribute factors like those of (118), leading to an e.xponent of the fonn 
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61. We can now approach the problem of equilibrium between two 
populations A and B, where one or both are of the gaseous type. The 
discussion that derived (121) and (122) was based on equations (112a) 
and (112?)), which were in turn derived from (1). For a gas or vapor we 
have to use (81) instead of (1), which is applicable only to localized par- 
ticles. When a solid is in equilibrium with its own vapor, one group 
consists of localized particles while the other consists of particles all of 
which are free to move through the communal volume of the vessel. Let 
us again discuss two populations A and B, but let us suppose that B is 
of the gaseous type while A is of the type already discussed in (121). 

Using the same notation as before, we fix attention on any quantized 
state of B that has the same energy as a particular level et ol A. As be- 
fore, a particle can move from a to t', or vice versa, without any change 
in (Ea + Eb), but this will be accompanied by a change in the values 
of both TFa and Wa. ^Vhen the particle leaves the level <fc we have the 
first term on the right-hand side of (120), namely, 

10 ^ 

Wa “ Pa 


When this particle arrives in the level belonging to the vapor, we have 
to use (82!>) and obtain 


Wb ^ Wr-b P? _ 

Wb nf na 


(125) 


To obtain the change in V^aWb, this expression must be multiplied by 
TFa/TTa. The tw'o exponential factors cancel, as they did in (109), since 
t'f — <k, and we obtain 


{WaWbT _ 1 Pb 
WaWb Pa na 


(126) 


As in Sec. 60, w’e can now consider the transfer of any number of particles 
from one set of lei’els to the other, oiran^ng either that the total energj' 
shall remain constant or that the total energy shall be changed by the 
admission of an amount 6Q; the argument and conclusions will be similar 
to those of Sec. 60. 

62. Saturated Vapor. We have given a preliminary discussion of a 
number of particles (nx + «b) that are distributed through two sets of 
levels, forming tw'o groups, of which one occupies a set of localized levels 
and the other a set of unlocalized levels. In later chapters we must ask 
to what extent these populated levels are adequate to represent a solid 
and a vapor, respectively, and under what conditions the equilibrium 
^vill have the character predicted here. We shall verify that (126) is a 
correct expression for dealing \rith the problem. 

Anticipating this result, we may briefly discuss here the significance 
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solid at temperature T the correct quantity of energy can immediately 
be seen on inspection of the expression 

In ir=nlnP+^ 

If the sum of the two terms on the right-hand side is to remain constant, 
one term must decrease when the other increases. If particles are added 
to the group, the first term on the right-hand side increases by the amount 
In P per particle added. To compensate for this, the change in E per 
particle added must clearly be given by 

In the same way, if we consider the addition of particles to a gas or vapor, 
the required amount of energy to maintain ]V constant can be seen by 
inspection of (UG); the amount per particle must be 

64. We began in See. 60 to discuss particles that ore free to distribute 
themselves between two sets of energy levels A and B. Wo considered 
particles transferred without any change in (Ea + Eb), and wc asked what 
further condition must bo satisfied in order that there should likewise be 
no change in the product WaWb^ 

Now it is clear that there is an aUemative method of dealing with 
this problem. We could consider a process in which particles are trans- 
ferred from ^ to 5 without any change in the product WaTTjj, and we 
could ask what further condition must be satisfied in order that there 
shall be likewse no change in the value of {Ea -\-Eb)- The e.vpressions 
(129) and (130) are evidently all that is needed in order to carry through 
this argument. These expressions, properly handled, will enable us to 
remove particles from the group A without any change in the value of 
TFa and then to add the particles to tho group B wthout any change in 
the value of TFb. Choosing levels in accordance with (111), we ensure 
that the temperature remains unchanged. 

Consider, for example, a solid in contact ■with its own vapor, in a 
vessel that contains n, particles of this vapor. Both solid and vapor are 
at temperature T. The condition (130) requires that, for each particle 
transferred from solid to vapor, the vapor shall at the same time lose an 
amount of energy kT In (P,/n,), while the condition (129) requires that the 
solid receive an amount of energy kT In P,. In this case the constancy 
of the product WaWb is ensured. If the total energy is likewise to remain 
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unchanged and if F, and P,, are referred to the same zero of energy, we 
must have 

kT In P, - In ^ = 0 (131) 

Tit 

In order that this condition maj’- be satisfied, the value of Uv must be 
given by 



in agreement nith (128). This problem will be discussed later; in the 
meantime we mai'- conclude that, under certain conditions at least, the 
vapor will be saturated when the number of particles in the vessel is equal 
to the ratio of the two partition functions at the prevailing temperature. 

In the same way, if the two sets of levels A and B belong to two modi- 
fications of a solid, we shall have to use (129) for both in order to maintain 
the product TT^aIFb constant. The condition that ensures that the total 
energj'- shall likewise remain constant is 

IcT ki Pa - kT hi Pb==0 (132) 

This condition is satisfied if the partition function for one set of levels is 
equal to that of the other at the prevailing temperature, in agreement 
with the conclusion that was reached in Sec. 60. 

65. Vacant Lattice Points in Crystals. The significance of the quantities 
that we have found in (131) and (132) vill be considered in Chapter 5. 
Before discussing those problems further, we shall e.vamine here two 
examples of equilibrium of rather different type, in doing so, we shall 
pa}^ more attention to the ph 3 '^sical processes bj’’ which the equilibrium 
is attained. 

In recent j^ears it has become clear that in solids not all the particles 
are completelj’- immobile, but that in some solids even at room temperature 
a few particles have considerable mobility. In other solids the particles 
become mobile at temperatures rather above room temperature. Let 
Fig. 22a represent a perfect crj'-stal and let it consist of N atoms of a 
certain species, occupjdng N contiguous lattice points. Suppose now 
that one atom moves out to an unoccupied lattice point, as indicated by 
the arrow in Fig. 22a; and suppose that an underl 5 ang atom moves into 
the hole thus created. We have now a cr^’^stal with one interior lattice 
point unoccupied, as shown in Fig. 22c. Since an adjacent atom may 
move into this hole at an}’’ time, this means that the hole vdll wander at 
random through the crystal. Consider now the state of the crystal with 
one vacant interior lattice point. If there are interior lattice points, 
any one of which may be the vacant lattice point, this state of the crystal 
can arise in N different wa 5 '’s, whereas the original state of the crystal 
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can arise in only one way, namely, when all the contiguous lattice points 
are occupied. The value of to for the crystal is increased. 
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Fio. 23. Formation ol a vacant lattice point. 

In Chapter 1, Tvhen tve considered any hj'pothetical state of the crystal 
in which all the particles were in the same energy level, for arample, the 
level ei, this state could arise In only one way — xd was equal to unity. But 
here, in a crystal with one vacant lattice point, w could be verj' large, 
even if all the particles were in the same energy level. \NTien the particles 
form an exponential population the value of w will, of course, be still 
larger. Recalling the footnote to Sec. 46, let ns consider next a crystal 
with two vacant lattice points, that is to say, with two mobile holes in 
the interior. There arc N choices for the position of the first hole, (N — 1) 
choices for the position of the second, and so on, if there are three or more 
holes. 

To take an atom from the interior and put it on the surface of the 
crystal, leaving a hole in the interior, requires a certain amount of work. 
If the ciystal is thermally isolated, it is obvious that the process illustrated 
in Fig. 22 not produce more than a certain number of vacant lattice 
points, since the production’of each hole will use up a certain amount of 
energy. There will be a decrease in the thermal energy, just as if there 
had been a flow of heat from the crj'stal. This loss of thermal energy will 
be accompanied by the usual decrease in to, which will tend to counteract 
the increase in w just mentioned. As a result, if a certain amount of heat 
IS given, to a cij'stal, the formation of holes xnll not continue indehnitely 
but will come to a stop when the number of holes has risen to a certain 
value appropriate to the total eneigy E. The greater the value of E, the 
greater the number of holes that wnll be present in the crystal. On the 
other hand, if the crystal is cooled, the number of holes will fall to a smaller 
value. 

Certain properties of crystals leave no doubt that vacant lattice points 
are present and behave in the manner described. At room temperature, 
however, their number is so small that their presence can be neglected 
when discussing the value of tc for a solid. We shall study in Sec. 66 the 
more striking phenomena that occur in certain alloys. 

The density of a crystal contaimi^ vacant lattice points would be less than the 
ideal density. Accurate measurements of density have been made oniy at room tem- 
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atoms are often called "a-sites,” while those occupied by the B atoms 
are called “/3-sites." A definite degree of disorder is specified by saying 
that a certain number of A and B atoms have been interchanged, so that 
a number of A atoms occupy /3-ates, while the same number of B atoms 
occupy a-sites. Let us take a crystal containing equal numbers of A 
and B atoms, namely, n atoms of A and n atoms of B. Let us consider 
the state of the crystal specified as “one pair of atoms interchanged and 
occupying vTong sites"; this state can arise in n* different ways, since 
any one of the A atoms can be interchanged with any one of the B atoms. 
In saying this \Ye are, of course, not referring at all to the number of ways 
in which the particles can be distributed among their energy levels, but 
only to the number of Avays in wliich the two species can be arranged on 
lattice sites of given t 3 'pe. In this problem, as in Sec. 65, there is thus a 
configurational TK, which may be denoted by IVei, in addition to the usual 
thermal TT’^, which may be denoted by irti,. It is the thermal W that has 
been under discussion hitherto in this book but it has not before been 
necessary to specify it by means of a subscript. 

67. ^^’hen any liquid solidifies and forms a ciystal, the atoms adopt 
their regular lattice arrangement because this is a state of low potential 
energy. In a mhed crj'stal AB the atoms tend to form their interlocking 
lattices for the same reason; in other words, when the cr^'stal is in an 
ordered state, it takes a definite amount of work to interchange one A 
atom with one D atom, putting them onto uTong sites; this amount of 
energy may be denoted by V. (In Sec. 174 we shall take into account the 
fact that when the crystal b disordered, the value of V becomes smaller; 
here we shall consider only states with a high degree of order and shall 
take y to be a constant, independent of temperature.) For simplicity we 
shall suppose that in this crystal the set of energy levels for a particle of 
species A has the same spacing, whether the particle is on a right or a 
wrong site, and the same for the particles of species B. In this case the 
situation is like that depicted in Fig. 20d; the value of the thermal energy 
of a particle at any temperature T will be the same whether it is on a 
right or a wrong site; consequently, the value of TT'‘th for the crj’stal at 
this temperature Avill not be influenced by the number of particles occupy- 
ing Avrong sites. The number of ways in Avhich any particular state of the 
crystal can arise A\ill be given by the product ^lien the crystal 

possesses a certain total energy E, the state of the crystal that aaiII be 
adopted is the one for AA'hich this product htw its maximum value. "Writing 



Ssc. 6S] 


IXTEODUCTIOX TO STATISTICAL MECHAAIICS 


S3 


order and posesang anr arbitrary total energy E, is tliennally isokted 
and allowed to come to equibbriiun. In this process of coming to equilib- 
rium we may nnd Tbat more atoms oi --1 and B go into '"wrong”" places. 
Tins can come about only if the necesaiy energy {Y per pair interchansed) 
is borrowed from the thermal energy, since the crystal is thennallv insu- 
lated. That IS to say, the degree of disorder increases only if at the same 
time particle fall into lower energy levels. We know by (27) in Sec. 16 
that the value of TFth is thereby diminished. Thus when such a ci^'stal 
is thermally insulated, an increase in 
TTc; is accompanied by a decrease in 
TTth. Conversely, if an T atom and a 
B atom that are occupying "wrong” 
sit^ go back to "right*' sites, an ! 
amount of energy V is liberated and ^ 
is added to the thermal energy. By 
(27), when an amonnt of energy is 
injected into the thermal energy, the 
value of TTth is increased: thus a de- 
crease in TTcf is accompanied by an 
increase in TTii. It is not diScult 
to see how a compromise is reached 
and an equilibrium established. 

68. In Tig. 24 let the absd^ 
be 77J, the number of particles on 
"wrong” sites, and let curve g be a 
plot of hi TTcf as a function of m. 

Taking a thermally insulated crystal 
with a fixed total energy E. let curve b 
be a plot of in TT^ against m. With increasing m. more and more of the en- 
ergy is used up and the value of TT^ falb. as descri'bed above ; each point on 
this curve corresponds to a certain temperature of the crystal. If we add 
the ordinates of curve a and curve 6, we shall by (133) obtain the curve 
for In IT. Curve c obtained in this way possesses a maximum. The point 
on the horizontal axis lying below this maximum specifies the degree ot 
order that the crystal possessing a total energy E will adopt. 

The important feature of the situation is that at equilibrium the total 
energy E is divided into two parts; a certain fraction is used up in putting 
atoms on to wrong sites, while the remainder, which may be denoted by 
IJih. plaxs the usual role of energ}' of thermal agitation. We may write 

E = E~YE,: (134) 

If a areater fraction of the energy were to go into the torm E^,, the value 
of TFci would 'Pe greater, but only at the expense of Tr-.i; if a greater frac- 
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tion of the energy were to go Into the form Eu., the value of Wts would be 
greater, but only at the expense of A compromise is reached; the 
condition that W shall be a maximum determines hou' much of the energj’ 
shall go into the form Ea and how much shall remain as energy of thermal 
agitation. 

Consider now what would be the situation if we had given to the 
crystal a greater total energy — greater than before by an amount qV, 
where q is an integer and V is, as before, the work required to displace 
an additional pair of atoms. In constructing Fig. 24, cur\’e a would be 
the same as before. Curv’e b would have the same shape as before but 
would bo displaced to the rigljt a distance g, since the thermal energy, 
and consequent!}’ IKtj,, u’ould have the same values as before if the num- 
ber of atoms on wrong sites were greater by q. If we add the ordinates 
of curve a and curve 6, we obtain a cur^'c with a maximum lying farther 
to the right, indicating, as we should expect, a lower degree of order. 

The crystal has come to equilibrium by adopting a certain degree of 
disorder, at the same time adopting a certain temperature. We supposed 
that this state was reached because the cr>’stal was thermally isolated. 
But once the crystal has come to a steady temperature, then of course we 
do not upset its equilibrium if we now put the crystal into thermal contact 
with a heat reservoir that is at the same temperature T. Although the 
crystal is no longer thermally isolated and small quantities of heat will 
flow to and fro betu'cen the reservoir and the crj’stal, the cry'stal will 
not depart from the state that It has adopted, c-xcept momentarily. 

In the discussion of the insulated crystal, the basic idea was that TPef 
w’ould not increase beyond a certain point because the displacement of 
additional atoms used up more and more of the thermal cnergj’ and so led 
to a decrease in the value of the product irdlFii,. If, however, the crystal 
is not insulated, this is no longer true. If we obtain the requisite energy 
from the reservoir, we can displace additional atoms to wrong sites with- 
out drawing upon the thermal energ}’ of the crystal. The argument in 
its original form does not seem to apply to this case. 

Let us take a mixed crj-stal tliat has come to equilibrium at a certain 
temperature T and place it in contact with a heat reservoir at this tem- 
perature T. Suppose now that, in this crystal, we move q additional 
atoms to wrong sites, drawing the necessary energy qV from the reservoir. 
In doing so, we have increased the value of W^t without at the same time 
diminishing the value of irm. The value of the product W ~ irefirth has 
certainly increased, and the thermal energy of the crystal still has the 
value appropriate to the temperature T. It would seem then that the 
crystal would spontaneously change in this direction, since it obtains a 
larger value of Tl'’ by so doing. 

The solution of this problem lies in the fact that, although it is true 
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thsT this new value oi IF is greater than the previous value, it is not the 
greatest value of IF cousisteni with the new value of E. As vre see bdov. 
there are still greater vaiu^ of IF : consequentlv the ciystal is unable to 
remain iu the condition to vrhieh vre have brought k.. and the htipT result 
■svill be that the additional atoms that we have displaced to vrrons places 
vvill spontaneously go back to right places, until the original eonilibriuni 
is restored, 

69. The argument proving these statements can be more simplv set 
forth if we Sist make a short digression and study more closely the problem 
of Sec. 22. where we discused the value of In IF^IFs for a pair of bcxiies 
in contact. If the total energy (Ej. -f Es) remains feed, it is clear that, 
taking E^ as abscissa,, we could obtain a diagram analogous to Fig. 24. 
with three curves — one similar to curve a for In IF,^ . another to curve 

b for In IFb. and, on adding the ordinates, a curve for In IF,iIF s that ims a 
maximum. TFhen the bodies A and B have come to equilibrium and 
adopted a certain temperature T, let them be placed so that S is in contact 
with a heat reservoir at this temperature T. 

Xow suppose that a certain amoxmt of energy is transferred from the 
reservoir to B. The value of IFs is increased while the value of TF^ re- 
mains unchanged. We can no longer use the argument that an increase 
in IFs miisf be accompanied by a decrease in IF,i, as we could in the case 
of thermal isolation. The value of IF,iTFs has certainly been increased: 
the greater the amount of energ}* admitted to B. the greater wili be the 
increase in TFaTFs. We are, however, in no danger of supposiag that this 
process will continue spontaneously. .Although the value of IF^jIFb is 
greater than the initial value, it is not the greatest value appropriate to the 
new value of the total energy. We supposed that the value of Eb "svas 
increased while the value of Ej. remained unchanged. The pair of bodies 
win not accept this situation; the additional energy wiU be shared between 
the two bodies, since this allows WjWb to attain the maximum value 
appropriate to the new value of the total energy. 

Returning to the problem of disorder in the mixed crystal, the quan- 
tities Fcf and E-j. play a role similar to that of Ej. and Eb- In transferring 
particles to wrong ^es at constant temperature, we have increased Eev 
without any change in But this one-sided arrangement will not be 
maintained: particles wfll spontaneously return from wrong to right sites 
and thereby Eth 'sdH receive its share of the added eneigy. An increase 
in Fih means a rise in temperature: in fact, the temperature of the crystal 
is now highpr rTirsu that of the thermal reservoir, and heat will therefore 
flow out of the crystal. The details of this process may be understood 
from Fis. 25. which reproduce the curves from Fig. 24. The origi n al 
state of the crystal in equilibrium at temperature T is shown by the 
point D, where the length AB = AB A AC. When g additional atoms 
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Iiave been displaced, the curve 6 is sliiftcd to the right, as shown by the 
curve h ' ; the ordinates of b' must now be added to the ordinates of curve a. 

If a horizontal line SE is drawm, the point E evidently belongs to the 
same temperature as B because tlie values of IFth are the same, while aU 
points on the portions of the curves b and b' lying above BE correspond to 
temperatures higher than the initial temperature since the value of 
IKth is larger. The value of In TreflFth for the new state of the crystal will 
be found by adding the ordinate of the point E to the ordinate of the point 
F immediately above it. The point G 
obtained in this way lies higher than the 
initial point D; that is to say, the value 
of ir is greater than the initial value. 
But the point G does not lie at the 
maximum of the curve obtained by add- 
ing the ordinates of the curve V to 
the ordinates of the curve a. As stated 
above, there are still greater values of 
In available; the crj’stol ndll change 
spontaneously toward the state repre- 
sented by the point //. In this process, 
since H lies to the left of G, some of 
the displaced atoms go back to right 
sites, thereby injecting energy into the 
thermal energy of the crystal and rais- 
ing its temperature. Hon'ever, ns soon 
as the temperature rises above that of 
the heat reservoir, heat will flow out of the crystal, and this flow will con- 
tinue until finally the crystal returns to its original state, represented by 
the point D. 

We found in (134) that the total energy B was divided into two parts. 
Disregarding the relation between these two parts, we tried in this imagi- 
nary experiment to displace more atoms at constant temperature, increasing 
the value of Eet without at the same time increasing the value of £'th. 
When the crystal is left to itself, however, part of the added energy will 
at once be converted into a thermal energy, as described above, and this 
process will be repeated until the whole of the added energy is given 
back to the reservoir. 

We have discussed this problem in some detail because it shows in 
simple form certain aspects that are showm less clearly in many other 
equilibrium problems. Consider, for example, a solid and its vapor, en- 
closed in a vessel and thermally isolated; and let the whole come to equi- 
librium. The removal of additional particles from the solid into the vapor 
would now be accompanied by an incre^^e in TV were it not for the fact 
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that a certain amount of work must be done to transfer the particles; 
thermal energy' is used up, and the value of TFth decreases for ever}- particle 
removed from the solid; a compromise is therefore reached. Conversely, 
if particles of vapor were condensed on to the solid, the heat liberated 
thereby would cause an increase in TTth; but here again, when the vapor 
pressure has its saturation value, this increase in TTtii is exactly compensated 
and IT is xmchanged. 

^Tien the vessel is placed in contact with a heat reservoir, the trans- 
ference of particles from solid to vapor no longer necessarily causes a 
diminution in IT th- But we must saj', as above, that the new value of TF, 
though larger than the initial value, is not the largest value consistent 
with the new value of the total energy. The temperature will spon- 
taneously rise, and the energy taken from the reserv'oir wiU be given back, 
until the pressure of the vapor has returned to its saturation value. 

Problem 

In (115) and (116) the value of E depends on the zero of energv to vHcb the energy 
levels have been referred. Verify that the value of IT, however, according to (115) and 
(116) is independent of the zero of energy chosen- 
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70. The Partition Function of a Monatomic Gas or Vapor. Consider 
a monatomic gas contained in a rectangular vessel, the sides of which have 
lengths a, b, and c, the atoms of the gas each having a mass m. As in 
Sec. 28, those energies arc allou'cd for which the ^-wave fits into the 
vessel; each is a standing wave that has a nodal plane coinciding 

with each of the six walls of the vessel. That is to say, for free motion 
of a particle in the a’-directioa the allowed wavelengths are those for which 
an integral number of half- wavelengths are equal to c; likemse in the y- 
and 2 -directions, those for which an integral number of half-wavelengths 
are equal to 6 and c, respectively, the ^functions being given by 


/ 8 \h . n,irx . n»iry . 

' -T- ) sm -= — sm -2^ sm -i— 
\ahc} a h c 


(135) 

where n* takes all positive integral values from unity upward, and the 
same for and n*. The energies to which these ^-waves belong are 
given by 

(136) 


'SmU* 6* cV 


where h is Planck's constant. To obtain the partition function, (136) must 
be substituted in (101) in See. 45, giving 


(137) 


where the summation must be taken over all values of n*, Wy, and n,. 
The exponential term in (137) may be split into three factors, whereby 
the sum may be expressed as the product of three separate summations 
over values of n*, n^, and n,: 




( 138 ) 
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TTe have then to evaluate three sums of the form 

in vliich there is a term for everj' integral value of n. This may he done 
by the method that was used in Figs. 9 and 10 for the evaluation of Z, in 
which there was a term for even* integral value of p. It will be recalled 
tliat the area under the cun'e of Fig. 10 was numerically equal to the 
stun of lengths of the vertical lines in Fig. 9. Here, if n is taken as abscissa 
and if vertical lines equal in length to e~=, . . . are erected at 

n = 1, 2, 3 ... , the required sum is the sum of the lengths of all the ver- 
ticaJ lines. But this wiU be numerically equal to the area imder the 
bounding curve, which is given by the integral 

(140) 

A method of evaluating this integral is given in Note 2 of the Appendix:. 
Since the integration is to }>e taken from zero to i nfini ty, the value wHl 
be one-half the integral (35) in Sec. 20, namely, ^V-r/a. Substituting in 
(13S), we find that for the translational energx* levels of a monatomic gas 
or vapor the partition function is gi%-en by 



But ahc is the volume of the vessel containing the gas. We find the im- 
portant result that the partition function is proportional to the volume 
of the ve.ssel. 

71. We have been attempting to evaluate the quantity summed 

over the energ;.' states available to each particle of a perfect monatomic 
gas or vapor. For many species of atoms (141) is the required result. 
For some species, however, including the atoms of alkali metals, an addi- 
tional numerical factor must be introduced. We have not yet mentioned 
the various electronic states of the atom, and for most- gases there is no 
need to do so, since for most species all the particles are in the same elec- 
tronic state and will remain so at aU terrestrial temperatures. In a free 
atom of any of the alkali metals, on the other hand, what is usually called 
the “lowest electronic state” consists of two electronic states with an 
extremely small difference of energ}* between them. In the vapor, almost 
exactlv half of the atoms will be in one of these states and the other half 
will be in the other state, irrespective of their kinetic energy of trans- 
lation. 

The value (141) for the partition fimction was arrived at by assuming 
that if we asign to n~ in (136) an integral value and an integral value to 
Tiy and to 7 ?;, thjg prescribes one possible state for the particle. But, in 
the case of an alkali atom, there are two possible states associated with 
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this one state of translational motion, and likewise two states associated 
with every other state of translational motion given by (136). The correct 
value of the partition function in this case will thus be double the value 
given by (141). In general (141) may be multiplied by a factor g, where 
g is an integer expressing the multiplicity of the lowest electronic state 
of the atom. Denoting by v the volume of the containing vessel, we obtain 
from (141) 

P» - (142) 

For later use in Sec. 92 we shall write this in the form 

P„ = Bv (143) 


where B is independent of the volume of the vessel. 

Since the mass of the particle m occurs in (142), it is clear that when 
the monatomic gas consists of a mixture of isotopes, the values of the 
energy levels and of the partition function (142) are slightly different for 
each isotope. The numerical values of (142) for diflferent elements will be 
discussed in Chapter 6. 

72. Properties of a Perfect Monatomic Gas. The zero of energy for 
(136) and (142), as already mentioned, coincides with the energy of a 
molecule at rest; hence, if E is evaluated from (78) in Sec. 35 using this 
zero of energy, the value found will be the kinetic energy of the molecules 
of the gas. 

If we compress the gas isothermally reducing the volume, we have to do 
an amount of work Jp dv. But none of this energy remains in the gas; it 
is all passed on to the surrovmdings in the form of heat. In other words, 
although many or all of the values of e, arc altered by the change in vol- 
ume, the value of the sum remains the same, for we have from (142) 



and substituting in (78), ^Ye obtain for the kinetic energy 

l;,r = nk’n(p^'j^=lnkT (145) 

This is independent of the volume of the vessel containing the gas. A 
change in the volume of the vessel alters the energj' levels of the particles, 
that is, it alters the allowed values of the translational energy; in spite 
of this the value of the thermal energy is unchanged. This beha\’ior is 
peculiar to a “perfect gas.” We notice that E/n, the average kinetic 
energy per particle is equal to ffeT, in agreement with the value obtained 
from a discussion of the kinetic theory of gs^es (or from classical statistics; 
see Sec. 141). 
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73. Consider now a closed vessel di\'ided into two diambers bv a 
di^iding wail that is a conductor of heat (compare Fig. 29a). Let one 
chamber contain 7!.^ particles of a perfect gas A sharing a total energj- 
Ea, wliile the other chamber contains /is particles of another perfect gas 
B sharing a total energ}' Eb. Suppose now that the wall that permanentlj" 
separates the gases can move ndthout friction and can so allow the separate 
gases to adopt the state that can arise in the greatest number of waj-s 
consistent uith the total energj- (Ea -f Eb). From (104) in Sec. 46 

la ir.TFa _ „,(la ^ 4- 1) + 1 + a. (la ^ + l) + g (146) 

If the vohune of one chamber increases at the e.vpense of the other, we 
have di'A = — Svb. Xo e.vtemal work is done, and the kinetic energy of 
the particles at temperature T is independent of the volume. TFe find 
then that the gases mil not be in equilibrium rmless 


^ ^ ^ ( a In P .4 a in Pb\ ^ r. 

b In Tr.^TFs = tiA — r iiB — r ) 5t’ = 0 

\ dl'A di'B J 


3 In Pa 3 In Pb 

7!.l — r- = 77 b " 


dl'A 


di'B 


(147) 


To see the significance of (147), we must compare it with (109) in Sec. 53. 
Clearly, from (109), the state adopted bj- the gases is the one where their 
pressures are equal; tliis condition gives to TF.4TrB its mmdmmn value. 
The expression (109), which has just been cited, is of general applica- 
tion. In the case of a perfect gas contained in a vessel of volmne r, we 
obtain from (142) 


Id In Ptr\ _ d In a 
\ dr Jt dv 


1 

V 


(14S) 


Consider now Boyle’s law; for one mole of gas pv = RT] for a quantity 
of gas containing n molecules pr = nkT. From (148), we obtain 


iihT 


nkT 


d In Ptr 
dv 


= |-(77/.-r In P.r) 

_dr Jr 


(149 > 


which is in agreement with (109) in Sec. 53. 

From (145) we find that for a perfect gas the heat capacity at constant 


volume is 



(150) 


On the other hand, if the rise of temperature dT takes place at constant 
pressure, it will be accompanied bj* an increase in volume dv. The ex- 
ternal work done per degree rise of temperature is thus p(dv/dT). For a 
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gas that obeys Boyle’s law, dv/dT is equal to nk/p. When we are dealing 
with one mole of any substance, nk = R, the molar gas constant. Thus 
the difference between the molar specific heat at constant pressure and 
the molar specific beat at constant volume for a perfect gas is 



(151) 


74. In discussing the states of translational motion of the particles 
of a perfect gas in Sec. 45, we obtained in (100) an expression for the degree 
to which the states of any energy e would 
be populated at temperature T, If we 
wish to know how many particles will have 
energies between « and (« + 8t), we have to 
know how many allowed values of the en- 
ci^ will lie in this interval. Although the 
partition function (142) was evaluated by 
taking into account all the energy states 
of a particle, we have not yet written 
down an expression for the density of 
states, which for large vessels is independ- 
ent of the shape of the vessel. LctK(<)de 
denote the number of energj' slates for a particle lying between « and 
(« 4- de); this function can be derived most simply by means of a geomet- 
rical construction. For a vessel of cubical shape (136) takes the form 



(152) 


In (152) every combination of an integral value of n,, an integral value of 
and an mtegraJ rsiacoS ?i,gjvesoj}eescrgysiati>. Cnns5d£?rnowF4g.26, 
where the positions of the dots correspond to integral values of x and y. 
The distance of any dot from the origin is given by r® = a* + y*, where 
X and y have integral values. If we imagine a three-dimensional lattice 
of this kind, there will be a lattice point for every combination of integral 
values of x, y, and z] there will be one lattice point per unit volume. The 
distance of any lattice point from the origin w'ill be given by =* a;* 4* y® 
4-2^, where x, y, and z have integral values. The resemblance to (152) 
is clear if we take equivalent to < multiplied by the factor 
Any lattice points that are equidistant from the origin will correspond to 
energy states that have the same value of «. The total number of states 
having energies less than some value of « will be equal to the number of 
lattice points lying within a sphere of radius r, or rather, lying within one 
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octant of this sphere, since in (152) \re are concerned only with positive 
values of n-, n.., and 7i-. The volume of this octant is wr/h; since in the 
construction there is one point per xmit voliune, this gives the nxunber 
of points in the octant. Hence the number of states having energy less 
than 6 is 



where r has been written for the volume of the cubical vessel containing 
the gas. 

In the same wa 3 ' x(6)</e, the number of states having eneigy between 
e and (e -r de), will be equal to the total number of points lying within a 
spherical shell between r and (r -r dr), or rather within one octant of this 
shell. Thus 

x(e) de = 4i7f2l^^ye- de (154) 

"With increasing e, the density of the energj' states increases in proportion 
to 

The expression (93) ^ves the degree to which states of energy e are 
populated. If (154) is multiplied bj* (93) or (100), it gives the munber 
of particles having energies lying between e and (e -f- de). Although this 
may seem an important quantity, it wiU be noticed in the following 
chapters that we never actually need to make use of it. We do not directly 
make use of (154) either. Use of the partition function suffices, since the 
partition function is a summation carried out over the whole set of states. 

If in (135) the sides of the vessel, a, b, and c, are strictly equal, various states given 
by (136) will coincide in energy; it is clear that when, for example, the bracketed ex- 
pression in (152) h?is the value 6, this can occur in three different ways, namely, when 
n-- = 4, or when tj~~ = 4, or when n-- = 4. The lowet level, e.-, given by (136) or by 
(152), however, is strictly single, corr^ponding to ti; = n- = rii = 1. In the ^-direction 
the side a is equal to one half-wavelength, in the v-direction the side b is equal to one 
half-wavelength, and in the r-direction, the side c is also equal to one half-wavelength. 

The expressions (153) and (154) refer to the number of states of trans- 
lational motion, given by (136). If the lowest electronic state of the atom 
or molecule has a multiplicity g different from umty, (153) and (154) 
must be multiplied by g. 

75. Partition Ftmction of a Diatomic Gas. When a diatomic gas is 
contained in a vessel, the energx* levels for translational motion of the 
molecule are similar to those of a monatomic gas. When the pressure is 
so low that it max’ be treated as a perfect gas, the allowed values of the 
energy are found by inserting in (136) the mass of the molecule. In 
addition to translational motion, a diatomic molecule may possess a 
large or a sman amount of internal energy — energy of vibration and 
rotation. 
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It will be unnecessary here to distinguish between the rotational or 
vibrational origin of the internal levels^ In the whole set of internal 
ener^es, let the allowed values be denoted by fo, Ti ■ • • • • • • In addition 

the molecule may have any allowed value of the translational energy, 
given by (136). It will be convenient to denote, as usual, the total quan- 
ti 2 ed energy of a single molecule by This is the sura of the interna] 
energy and the translational energy. The allowed values of the transla- 
tional energy, given by (136), AviU be denoted by ^jo, tji . . . tj* . . . . Let 
■Win be the value of w belonging to the population of the levels of internal 
energy, given by (1). Let lOt, be the value of w belonging to the population 
of the levels of translational energy; its value will be given by (81) in 
Sec. 40. At ordinary' temperatures and low pressures of the gas, (93) 
reduces to (94) and Wt, has its nia.xiraum value when its population has 
the exponential form 


"* “ i’e-™ 


(155) 


while Win has its maximum value when Us population has an e.xponential 
form 




( 166 ) 


Although the translational energy of a molecule at any moment is inde- 
pendent of its internal energy, there must be for the gas as a whole a 
division of the total energy E between tlie total internal energy, which 
amounts to 2n,f/, and the total translational cnergj’, which amounts to 
Sniiji. A certain number of calorics arc in the form of internal energy 
and a certain number in the form of kinetic energy of translation, and we 
are led to inquire how this division is determined. 

Consider any state of the gas in which part of the total energy is in- 
ternal and part translational. Suppose now that %s'e convert an amount 
of energy 6E from, say, the transfationaf to the internal form and suppose 
that this transfer is accompanied by an increase in the product of WtrWm; 
in this case such a transfer of eneigy will occur spontaneously and will 
continue until the product rouWia reaches its ma.\imum value. According 
to (27) in Sec. 16, when an amount of energy dE is converted from the 
translational to the internal form, the value of In Wjn is increased by the 
amount pt' dE, while the value of In Wu is diminished by the amount n dE. 
The change in the product WuWin will be zero if fi' = n. This is the most 
probable state, and it is this condition that determines how the total 
energy shall be distributed between the translational and internal forms. 
The state adopted by any diatmnic gas therefore has the property that 
the conversion of any small amoimt of internal energy into translational 
energy, or vice versa, is not accompanied by a change in W. 
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Since the internal and the translational parts of the enei^ are e%i- 
dently in equhibriam ■r.-ith each other, we need only pay attention to the 
allowed valu^ of the total energy of a moleeule. If these allowed values 
are denoted by e., , the number of molecules that have total 

energy e- will be given by an expression of the usual form 


n- = 


ne~^ 


P 


Xow: any combination of an amount of internal energy f.- with an amount 
of translational energy -i gives one allowed value of e. Thus, in the de- 
nominator we shall perform the summation over the correct values of e- 
if we sum over every possible combination of a tj with an T]i. Thus, we 
obtain 


Ur 


ne~ 




( 157 ) 



£ 


The second sum in the denominator of (i-5§), being a summation over the 
translational energy levels, is simply Pa- and is obtained by inserting the 
mass of the molecule into (142). We find then for a diatomic gas 

P — PaPi^ — Ptr3*“7: (159) 


where the summation is over all the allowed values of the internal energy. 
For a diatomic particle the partition ftmction is thus greater than for a 
monatomic particle of the same mass: its value is Pt times as great. In 
considering the allowed values of the internal energv in Chapter 11, we 
slir.Tl find it necessary to distinguish between those diatomic molecules in 
which the two nuclei are identical and those in which they are not. The 
latter plpsg is called “heteronuclear" ; example are the molecules CO and 
XO. and the Ch molecule CFCF, which contains nuclei of masses 35 
and 37. The molecules CFCF and CFCF are examples of the former 
class, which is called "'homonuclear.'- 
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In (159) we have P equal to the product PxjPia', although Pin is inde- 
pendent of the volume of the vessel containing the gas, Pu is of course 
proportional to the volume. Many of the results obtained for a mona- 
tomic gas will apply here. Thus the value of In ir ndll be given by (116); 
for the total energy, wc shall have the expression 

- InlT + nkr- (160) 

Thus each diatomic molecule has the kinetic energj' ^kT, as in a monatomic 
gas. 

We have considered the division of the total energy into the two forms, 
translational and internal. The argument may be extended to describe 
the division into three forms, translational, \nbrational, and rotational. 
In this case, in the denominator of (157) we shall have the product of three 
summations; in Chapter 11 we shall ^vrite the partition function of a 
diatomic molecule in the form Pt»PT»bPm- 

For a perfect monatomic gas, IF is the number of different ways in 
which the particles can be distributed over their levels of translational 
energy. For a diatomic gas this must be multiplied by the number of 
different ways in which the particles may be distributed among their 
levels of internal energj'. The value of In W ^riU be greater by the presence 
of the additional term n In Pjo. 

76. In both the expressions (115) and (116) the quantity denoted by 
P is the summation taken over the allowed energy states of a 

particle. But we have noted that in the case of a perfect gas the quantity 

^In ^ + 1^ is continually turning up, instead of the quantity In P for a 

solid. In the general discussion of the behavior of matter we like to use 
expressions that are applicable to all states of matter. The two statra 
that we have discussed, the compact solid and the perfect gas, are two 
extreme forms between which lie dense gases, vapors, and liquids. We 

may then regard it as likely that the quantities ^In “ + and In P are 

special cases, that is, extreme forms, between which we may expect to 
find intermediate expressions. 

To show that this is so, let Jjg. 27a depict a vessel of a certain size 
containing n particles of a monatomic gas, and let Fig. 276 depict sche- 
matically a vessel of the same size containing the same number of particles, 
but let the vessel be divided into n equal compartments, each containing 
one particle. The allowed ener^es for a particle in any compartment will 
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be given by (136) ; hence its partition function vrili be obtained by insert- 
ing in (142) the volume of one compartment. If P denotes the partition 
function for the undivided \'essel, the partition function P* for a compart- 
ment will be equal to P/n. since the volume is one nth the total volume. 
For the gas m the imdi\'ided vessel, the value of In IT will be given by 
the usual repression (116). TVe shall now discuss the value of hi TF when 
the diiiding walls are present, assuming that the whole gas is at temperature 
T and that the dinding walls do not interfere with the usual e.vchange of 
energy between the particles of the gas. The distribution of energy is 
to be the same as it would be in the imdiidded vessel but the value of TF 
will not be the same. 

Let the various compartments 
be labeled *4, B, C, and so on. 

The particle in the .4 compart- 
ment may be in any one of its set 
of levels. The particle' in the B 
compartment has a similar set of 
levels. "When the particle in the 
.4 compartment is in its rth level 
and the particle in the B compart- 
ment is simultaneously in its sth 
level, this configuration is distin- 
guishable from the situation where 
the former is in its sth level and the 
latter is in its rth level. In fact, the statistics are no different from those 
of a solid. The value of TF will be given by (1) if, in the denominator of 
(1), each factor tJt denotes the number of compartments that contain a 
particle in the rth level. The expression for In TF will be one of the simple 
form (115), 

lnTF = nInP*4-^ (161) 

= nIn-4-^ (162) 

7i 1:1 

Our intention is to remove the di%iding walls piecemeal. "We know that 
when all the dividing walls have been removed, the expression for In TF will 
be (116) containing an extra term, 

lnTF = n^In^-fl^-r^ (163) 

By a gradual removal of the dividing walls, we may hope to see clearly 
the origin and sigruficance of the extra term: we shall presumabh’ obtain 
expressions that are intermediate between (162) and (163). 
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It will be convenient to carry out this discussion in two parts. Suppose 
that, for example, starting with the n compartments, we were to remove 
dividing walls in such a ivay as to leave n/2 equal compartments, each 
containing two particles. Two changes would thereby be introduced: in 
the first place, the discussion of Fig. 15 in Sec. 37 will now apply to the 
pair of particles in each compartment; at the same time the set of energ>’ 
levels for every particle has been altered, since the size of each compart- 
ment has been doubled. In order to deal wnth one factor at a time, it will 
be convenient to make a digression and to consider the case where only 
the first of these changes is introduced. 

77. Starting again with the vessel divided into n compartments, let 
us compare this vith a vessel of halj the size divided into n/2 equal com- 
partments, each containing two particles; we have then, as before, a gas 
at temperature T containing n particles, and the set of energj* levels for 
each particle is the same in the two cases. Alany configurations, however, 
which were distinguishable for the separate particles, one per compart- 
ment, are indistinguishable for the pairs of particles. The value of TF 
must be reduced by a certain factor. To evaluate this factor, we hav’e to 
ask in how many waj’s n particles can be arranged in pairs. 

Similarly, if wo consider a vessel in which there ore m particles in each 
compartment (there being n/m equal comportments) we have to ask in 
how many wa3's n particles can be arranged in groups of m. The required 
expression has the same form as (1), namclj’, 

Tit nl o 

It is clear that, on going from m = 1 to m = 2, for example, the value 
of this expression is reduced bj’ the factor 2'‘/2; and that, in general, on 
going from one particle per compartment to m particles per compartment, 
the value is reduced bj’ the factor (m!)"-'". lienee, to remove duplicate 

configurations, U’e shall have to subtract from (161) the quantity ^In (ml). 

At the same time, in order to cany out our original program of pro- 
gressively removing the dividing walls, we shall have to take into account 
the change in the size of the compartments. We denoted by P the parti- 
tion function for the undi\ided vessel. ■\\Tien the vessel was divnded into 
n equal compartments, the partition function for each was P/n. 'WTien 
the vessel is divided into n/m equal compartments, the partition function 
for any particle will be mP/n. Combining this with (164), we can com- 
plete the discussion and can verify that we obtain expressions intermediate 
between (162) and (163). When there are n/m compartments nith tn 
particles in each, the expression for In W nill be 
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lnTr=«ln— -^In + ^ 

n m ^ ^ 1:T 

= 7J fin — + In 7» — — In (tw !)1 ^ 

L m ^ } kT 

= n l^ln P* -Mn 7n - ^ In (?;? o] + ~ (165) 

On "nTiting m = 1. vce see that (165) reduces to (161), the form character- 
istic of a soHd. On the other hand, when ;?? is large, we may use Stirling’s 
formiila and obtain 

In IF == 72 fin — 

L n 



which is the expression for the undivided vessel. 

We can now verify that, for anj- intermediate stage between 772 = 1 
and 771 = 72, the expression (165) gives us a value intermediate between 
(162) and (163). When, for example, we have two particles in each com- 
partment, we obtain from (165) 

In TF = 72 ^In P^ -fin 2 - 1 In 2 j + — 

= 7i^la ~ -f 0.347^ -f ^ (166) 

As we remove more dividing walls, the nmnerical term in the parentheses 
rises rapidly from 0.347 toward 1.00. We find, for example, that with 
772 = 27 the value of the numerical term is already* greater than 0.9. There 
is thus no great difference between ha^'ing 27 particles per compartment 
and having 10^® particles per compartment. When, starting with m = 1, 
we begin to remove the dimding walls, nearh* the whole of the change in 
the value of In TF occurs in the earlj’ stages. 

At the be^nning of Sec. 76, we introduced this discussion to discover why in the 

expressions (104) and (130) we have to use ^In ^ -f 1^ for a gas or vapor and only In P 

for a solid. TTe suspected that these were special forms of an expression that would 
apply to all forms of matter. We have found now that we can obtain expresions inter- 
mediate between (115) and (116). When there is one particle per compartment, we hax'e 

In TF = n In F* -f ^ 

When there are two particles per compartment, (165) may be written 

In TF = 71 In (V^) ~ 


-f hi 772 — —(772 In 772 — Vl) -f r 
772 J k 


P 

T 
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When there are three or more particles per compartment, the numerical factor multiply- 
ing P* is greater than V 2 . W’hen all partitions have been removed, (154)niaybeTrrittea 

lo IT - »ta (eP*) + Jr 

Thus, the numerical factor tends to the lunitiog value 2,718 when the particles of the 
gas Of vapor move in an undivided vessel 

Problems 

1. The partition function (142) is to be substituted in the denominator of (100); 
when the multiplicity g is different from unity, to what extent does this affect the dis- 
tribution of encrgi’ among the particles'? See footnote to Sec. 14. 

2. Combining (154) \sith (94), find an expression for the number of particles in a 
perfect monatomic gas having energy between « and (t -{- dt). Then find the munberof 
particles ha^’ing a speed between e and (c + de), the “Maxn'eUian” distribution- 

3. Taking as abscissa the number of particles per cell, plot a curve to show how the 
numerical factor in (16G) rises from 0.347 toward unity. 



CHAPTER 5 


The RelaHon between Statistical Mechanics and Thermodynamics 


78. Latent Heat Section 22 dealt vrith two populations with, the same 
value of fi and with the studj* of a rearrangement of the particles in their 
levels, involving a small transfer of energj- from one group to the other. 
The amount of energy transferred was, of course, not large enough to 
alter appreciably the value of n for either group. In Sec. 60 we were again 
concerned with two populations having the same value of y. This time 
the rearrangement could include the transfer of both particles and energy 
but was again on the submicroscopic scale and not large enough to produce 
a visible change in either group. We may now draw attention to an 
important difference between these two problems; whereas there is no 
large-scale isothermal process corresponding to the problem of Sec. 22, 
the discussion of Sec. 60 ma}- readily be e.vtended to include the trans- 
ference of matter in bulk, involving large quantities of energy capable of 
calorimetric measurement. 

Conader a cylinder pro%nded with a piston and placed in contact with 
a heat reservoir at temperature T; suppose that the cylinder contains a 
small quantity of a solid in equilibrium with its own vapor, which fills the 
vessel. If the piston is very slowly withdrawn, the sohd will gradually 
evaporate at constant temperature. If the change is extremeh* slow, the 
vapor will never depart, appreciably from the saturation value as long as 
there is any solid present. Particles are transferred to and fro between 
one set of energy levels A (solid) and another set of levels B (vapor), but 
the number transferred from A to S exceeds the number transferred from 
B to A. During this process the total energy (Ea "t Es) does not remain 
constant; energy is continually withdrawn from the heat reaer% oir to 
supplv the latent heat of evaporation. The process may be continued 
until the whole of the solid has been evaporated; (conversely, we can cause 
the vapor to condense at constant temperature). 

The kinetic mechanism by which the vapor is maintained at its satura- 
tion value is the continual exchange of particles between one set of levels 
and the other. These exchanges take place on a submicroscopic scale and 
the amounts of energ}' involved are too sm a ll to be detected. On the 
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other hand, as tlie evaporation of the solid proceeds at constant tempera- 
ture, the amount of heat admitted becomes a macroscopic quantity, 
capable of calorimetric measurement; from an experimental point of view, 
therefore, not only this process but any other similar process is worthy 
of study. Whenever we liave a number of particles partially distribute 
through two alternative sets of levels, a large quantity of matter may be 
transferred from one phase to the other at constant temperature bj 
allo\ving heat to enter or leave. In this way we have latent heats of melting, 
heats of transition from one modiheatton to another, heats of molecular 
dissociation, heats of solution, and so on. 

79. Consider, for example, the two sets of levels depicted in I7g. 20c; 
in the group A the energy per particle is Ea/tia, represented by the position 
of the broken line on the left, while in group B nt the same temperature 
the energy per particle is Es/na, represented in Fig. 20 by the other broken 
line. Suppose now* that a certain number of particles are removed from 
A without changing its temperature (and without causing any modification 
of the set of levels for the particles left In A); in this contingent of particles 
(removed) the average cnei®* per particle must bo EaItia. Similarly, if a 
contingent of particles is to be added to B without altering its temperature 
(and without causing any modification of the set of levels in B), the 
average energy per particle in the contingent must be Ea/ns. Thus when 
particles are transferred from the group A to the group B at constant 
temperature, this is equivalent, in Fig. 20, to transferring particles from 
one broken lino to the other and the amount of energy added per particle 


is evidently 


Wb Ua 


(167) 


The same quantity can be wTilten in the form 


/aE„\ 


1 

\i 

l\ 


From the point of view of quantum theory', the value of (167) for any 
tw'O sets of levels A and B is in no sense a fundamental quantity; the 
value depends on various factors and changes continuously with tempera- 
ture. Nevertheless, such amounts of energy, being susceptible to meas- 
urement, played a part in nineteenth-century physics. The science of 
thermodynamics is, in fact, laigely concerned with a system whereby the 
behavior of matter may be deduced from an empirical mass of such calori- 
metric data. It is of interest to examine the relation between thermo- 


dynamics and statistical mechanics. For this discussion two courses are 
open to us. It would, on the whole, be more satisfactory to postpone this 
discusrion until after Chapters 8, 9, and 10. From another point of view, 
however, it is more convenient to open the question here, with reference 
to our problem of a number of particles partially distributed through 
two sets of levels. 
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80. Changes at Constant Volume and at Constant Pressure. It \vill 
be recalled that, in writing down (121), we took both sets of energy levels 
as fixed and considered only a rearrangement of the particles among the 
given levels. If this is to remain so during a bulk transfer of matter, this 
transfer must be carried out in such a way as not to distort- the energy 
levels, which means that the volume in which each particle moves must 
remain unchanged. This may sound, at first, as if it were equivalent to 
the requirement that the process be carried out “at constant volume.” 
In the case of a solid, however, this is obviously not so. If the number 
of particles in a solid be increased from n to (n -r m) at constant volume v, 
this means that the m additional particles are crammed into the volume 
that initially held only n particles. As a result, the volume available to 
each particle is smaller than before and the set of energj* levels tends 
to be distorted. It is when the particles are added or removed at con- 
stant pressure that the set of energj* levels for each particle remains un- 
changed. 

In the case of a perfect gas, however, the statement must be reversed. 
If n particles are moxing in a vessel of volume the energj* levels remain 
rmchanged so long as the volume of the vessel is constant. On the other 
hand, if particles are added to the gas at constant pressure, the volume 
will increase and the set of energj* levels for each particle will be pro- 
gressivelj* modified. 

When a crj*stal at temperature T, containing n particles, is subject 
to an external pressiure p, let its volume be t’. If particles are added to 
the ciystal at constant pressure and temperature, work is done against 
the external pressure. The increment in the volume of the ciystal per 
particle added is v/n, which is the same as {dv/dn)p,T. The conversion 
of a solid from one modification to another usually involves external work. 
Consider, for example, rhombic and monoclinic sulfur. The densitj* of the 
latter is some 6 per cent less than that of the former; that is to say, the 
monoclinic crystal occupies a volume about 6 per cent larger. In such 
cases, however, if the external pressure does not axceed a few atmospheres, 
the numerical magnitude of the work done is negligible in comparison 
with the total change of energy. If we can neglect the external work 
done, we can substitute (167) in (42). When dm particles are transferred 
from -4 to B, we have dm = dus = — dnj., and (42) may thus be written 
in the following forms, which are equivalent: 

(169) 

[il ■ [s 

{^[(S^-f£'B)-/;rinlF^TrB]}^^ =0 (1^1) 
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Theses expressions, ns mentioned above, apply to a process where the energy 
levels remain unchanged and where the work done is either zero or small 
enough to bo neglected; that is to say, the expressions apply to a gas at 
constant volume, or to a solid or Uquid at constant pressure, when the 
external work is small cnougli to be neglected. 

For a gas at constant pressure, tlic increment in volume and the work 
done must be included in (109), as in (110). With the extra terms, (170) 
and (171) take the form 

[(fi/ + £d) - fcr In ir^II'j + v(.u + ^ - 0 (173) 

81. On either side of (170) we have the quantity hT In IF differentiated 
with respect to the number of particles in tlic group. From (115) and 
(116), respectively, u’O at once obtain tlie following expressions: 
for a solid 

and for a gas or vapor 

Substituting in (170), it is evident that (170) and (171) aro alternative 
forms for the conditions that we found in Sees. GO and 01 for equilibrium, 
namely, if both /I and D arc solids 

Pa = Pb (175) 

and, if A is solid and B is gaseous, 

(17C) 

The basic idea in See. 78 w’as that, with a slowly moving piston, the 
vapor would not depart appreciably from the saturation value. As far 
as the cquilibri\im is concerned, it obviously can make no difference if this 
piston is firmly locked instead of being mobile; it can make no difference 
U’liether we consi<lcr the system at constant volume or at constant pres- 
sure. That is to say, we should be able to recover (175) and (176) as 
readily from (172) as wo did from (170). For this purpose, we have to 
difTerentiate kT In TF at constant pressure; tins means that we have to in- 
clude an extra term, to allow for the fact that the change in volume 
causes a change in the partition function. Thus, from (70), 
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If the second term on the right-hand side is compared -svith (109),. it ^viU 
be seen that the term contains the pr^snre p. In fact, when we substitute 
the right-hand ade of (177) into (172). with negative sign, the term pr 
is c-anceled; thus for two solids we again recover the relation = Pg. 
Similarly, if (lOl) is diSerentiated with respect to n at constant presure. 
the additional term is the same as the second term in (177). When sub- 
stitution in (172) or (173) is made, the same cancellation tak^ place 
and we obtain the condition (176), as before. 

In deriving the conditions for any equ3ibrimn, it is clearly more con- 
venient to use (170) than (172), for when we use (172) we merely burden 
ourselvK with two evtra terms that cancel each other. 

82. Entropy and Free Energy. In thermodynamics it is to some estent 
recognized that when a system spontaneously approaches and adopts a 
state of equilibrium, this is because in so doing the grstem adopts the 
stat^ that can arise in the greatet number of ways. Althou^ no attempt 
is made to say anything about the molecular character of these states, 
the concept of entropy, tending toward its maximum value, expresses the 
same idea as the tendency for a population to adopt the form with the 
greatest value of Z. Entropy has the same dimensions as those of Boltz- 
mann’s constant namely, “energy per degree of temperature.” We have 
seen in Sec. 59 that when we are dealing with any change involving a large 
group of particles, the difference between the numerical value of o In Z and 
that of 6 ha IT is negligible. Since only cJiances in entropy are discussed in 
themodynamics, we need not distinguish between I: In Z and I: In TT. If in 
(170). (171), (172), and (173) we write S for I: hi IT, we obtain the four 
equations 



this substitution being based on the fundamental expression for any change 


of entropy 



o In TF 


(1S2) 


When this identification of .S with /: In TF is made, it is clear that (ISO) 
and (181) express the condition that when particles are transferred from 
grout) A to group B. or vice versa, at constant temperature and pressure. 
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there shall be no change in the Gibbs free energy G, which is defined as 
E-TS+pt; (183) 

Similarly, (178) and (179) express the condition that when particles are 
transferred at constant temperature and volume, there shall be no change 
in the Helmholtz free energy F, which is defined as 

F = E~TS (184) 

Through a discussion of IT we have been led to a consideration of the 
free energy. For a solid containing n particles^ we have from (115) 

E-TS^E~l:Tla W = - nkT In P (lS5a) 

Similarly, for a gas or vapor, from (116) 

E-TS = E-kTlnW- - nkT (in ^ + l) (1855) 


For one mole of substance, RT will be written for nkT in these expressions. 
In the isothermal compression or expansion of any substance (gas, liquid, 
or solid) the change in the Ilelmholtz free cnergj' is equal to the work done 
on the substance. If the identifications made in (178) and (179) are 
correct, this change in F should be equal in both cases to M, as given by 
(108). Either from (185a) or (1856) we obtain 

(186) 


in agreement with (108). 

■\^Tien the number of particles in the group is changed at constant 
temperature, we have, per particle, from (183) and (185), in the case of 
a solid 



and in the case o! a gas or vapor 


(i), 



= - kT In P (187n) 

= - tr In - (1875) 

n 


It will be recalled that the quantities on the right-hand sides of (187o) 
and (1876) were the quantities that were equated in Sec. 01, to prescribe 
the condition for equilibrium between a solid and its vapor. 

At the end of Sec. SI it w’as pointed out that in prescribing the condi- 
tions in any equilibrium problem it is more convenient to use the Helm- 
holtz than the Gibbs free energy. In the following chapters we shall use 
the term free energy to mean the Helmholtz free energy unless otherwise 
stated. 

We often have to deal with the free energy of two or more independent 
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populatioDs in contact. Tlie additivity of the free enei^es mar either be 
derived from a study of the partition function, as described in Sec. 138, 
or it may be simply regarded as arising from the fact that the value of IF 
is equal to the product of TF^, TFs, IFc . . . belonging to the component 

parts; as a consequence the value of In IF is the sum of In TF.<, In TF^ 

while the total energy E is the sum of hJj, Es .... Hence we have the 
result that has already emerged in (171) 

H - 7 :r In IF = (£■. -b Hs -b - - - ) ' ^:T(ln TF.TFb ■ ■ ■ ) (188) 


When, for example, a solid is in contact with its own vapor at tempera- 
ture T, the free energy of the whole is equal to the free energy F, of the 
solid and the free energy F- of the vapor. 

F* -b F- = tiJ:T In P, -b nJ:T ^In — -b 1^ (189) 

When dm particles are transferred from solid to vapor, we have 

dm = diu = — drii 
or 

6 _ d d 

dm 8n- drtt 


For equilibrium according to (179), we write 

= (~) =A-rinP,-;:FIn^ = 0 

\dm/T,P Tir 

which leads to the result obtained in Chapter 3 

P. 



(190) 


This expression will be discussed in Sec. 91. 

83. The expressions (185a) and (1856) assign to F a numerical value 
depending on the zero of energy that has been chosen for the energy levels. 
In a thermodvnamic treatment, the free energy of a body is measured 
from some arbitrarily chosen zero of energy. When dealing with a set 
of energy levels, we choose, whenever possible, the ground level as our zero 
of energ}-. Provided that this ground level consists of a single energy 
state, the value of P tends to unity at the absolute zero of temperature 
and the value of F giren by (185) goes to zero. At other temperatures 
In P is positive: thus according to (185) F is a negative quantity and takes 
larger negative valu^ as the temperature rises. This is depicted by the 
lower curve in Fig. 28. The slope of such a curve depends on the character 
of the spacing between the energy levels: when the spacing is narrow, the 
value of P at any temperatiue is relativeh- large, and hence the curve for 
F will fall more rapidly than for a set of levels with wide spacing. 
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The negative value of F can also be ascribed to the [act that when the 
ground level is chosen as the zero of energy, the term TS in (184) is always 
greater than F, except at zero temperature when F and TS are both equal 


to zero. 

When we are dealing with two alternative sets of levels, like those of 
Fig. 20, where tj is the difference in energy between the two ground levels, 
we usually choose the ground level of the lower set ns the zero of energ>% 
In this case the partition function for the upper set of levels tends to the 
value of at the absolute zero of temperature; the value of F therefore 
reaches the value of + n??, as shoun in the 
upper curv'c of Fig. 28. This quantity nrj 
is of course the total energj' of the particles 
at this temperature, since E and F become 
identical at the absolute zero. 

84. We can now give to the free energy 
an interpretation based on the discussion 
of Sec. 58. We saw there that when a 
particle is added to a group, the increase 
in In IF ustmlly consists of two terms, one 
arising from the Ihonnal energy and the 
other, an intrinsic term, arising from the 
fact that the number of particles has been 
increased by unity. I^'hen a particle is 
added to the ground level, there is no 
increase in thermal energj’. If from In Tl'" 
we subtract the term E/kT and express the difference in thermodynamic 
notation, we obtain 



A 

' kT 


S 

k 


_E 

kT 


F_ 

kT 


Thus the quantity — F/kT is seen to correspond to the first term on the 
right-hand side of (115) or to the first term on the right-hand side of (116). 
It is these terms that are used in prescribing a state of equilibrium. The 
. 1 dF , 

quantity — ^ is that part of the change in In ^V which accompanies 

the increase or decrease in the number of particles in a group, irrespective 
of the change in thermal energy. The term E/kT plays no part; it is sub- 
tracted from In W ; hence the minus sign that occurs in the expressions 
(TiS - E) or {E - TS). 

In any phase containing either one or several species, the chemical 
potential of the fth species (per mole) may be defined^ as 




^E. A. Guggenheim, “ Modem Thetmodymunics," p. 10. Methuen, 1933. 


( 191 ) 
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question of the additional entropy may be approached from a different 
point of view. Figure 29a is intended to depict a vessel divided into two 
unequal compartments having volumes vi 
and tJj. Let the first contain a certain 
amount of a perfect gas A, while the other 
contains an amount of another perfect gas 
B at the same pressure and temperature. 
Suppose now that we remove the thin di- 
viding wall and allow the gases to mix. 
It is of interest to ask whether there is a 
change in the entropy and the free energy. 
Let BaVi denote the partition function for 
a particle of species A when confined in 
the volume vi of Fig. 29, and let BbV 2 be 
the partition function for a particle of 
species B confined in the volume vt. Ac- 
cording to (159) and (143), when each 
particle is free to move through the whole 
vessel, the partition functions will be 
Ba{vi + vj) and Do(vi + v^). Initially, we have from (IIC) 

In - n^(ln ^ + l) + ns(l'' ^ + l) + 

Since for any perfect gas the energy E is independent of the volume, there 
will be no change in the last terra. Wc find then that (194) will be in- 
creased by an amount 


Vi 



Ca.} 



(b) 


rio. 20 


nx In 






Since the gases in the two corapartments were initially at the same pres- 
sure, their densities must have lx«n such that nx/na = Vif\h. Accordingly, 
095) may bo uTitten in the form 



frtA + naX 

\ nA J 

[ na ) 


In any mixture, the quantities riAlinA. + ns) and na/inA + na) are kno^\'n 
as the “mole fractions" of the components A and B of the mixture and 
may be denoted by xa and xb, respectively. The change of entropy, on 
removing the dividing wall, is thus 

S' S — (nx In XX + ns In xa)h 097) 

Since both of the logarithms are n^ative, (197) represents an increase in 
entropy. 

Returning to a perfect gas consisting of isotopes, it can readily be 
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shown that for a ndxtiire of two isotopes, A and B, which are present in 
the ratio n^/nB, the axpressions (196) and (197) give the amounts by 
which the values of In IT and 5 for the mixture are greater than those 
for a single isotope. The corresponding decrease in the free energy is 

F' — F = (n^ In Si -r ns In XB)hT (198) 

A solid or liquid consisting of two or more isotopes will be discussed in 
Chapter 7. 

86. Partial Dissociation of a Diatomic Gas. ITe can go on now to 
discuss an equilibrium inrohung three sets of energy levels. Consider a 
vessel containing a diatomic gas AB, which is partialli' dissociated into 

AB^AAB (199) 

In the vessel let the number of diatomic molecules be n ab, while the number 
of atoms of species A is nj, and the number of atoms of species B is ns. 
If we break up one diatomic molecule into atoms, we diminish nxe by 
imitv' and at the same time add one particle to nj, and one particle to ns. 
Suppose that the pressure of the whole is so low that each species may be 
treated as a perfect gas. Each species of particle has its own set of energy 
levels in the vessel, depending on the mass of the particle in accordance 
with (1-36) and (159) : let the three partition functions referred to the same 
zero of energj’ be Pas, Pa, and Pb- The value of TF is the product of 
IFab, Tr. 4 , and TTb. To predict the equilibrium, the method of Sec. 61 
could be used; here we shall write down the free energj* of the whole: 

F =^FabAFaAFb (200) 


If dm molecules are dissociated into atoms, we have 

dm = — dnAB = driA = dns 

Hence we write 



This is satisfied by 

tiaUb _ PaPb 
^ab P ab 


( 201 ) 

( 202 ) 

(203) 


where the three partition functions are referred to the same zero of energy. 
We discuss the significance of (203) in Chapter 6. 

87. Treatment of Free Energy in Physical Chemistry. In studying 
reactions between elements and compounds, chemists find it convenient 
to select at each temperature a “standard reference state” for each re- 
acting species. Thus for any gas a pressure of 1 atmosphere is U5uall3 
chosen. To illustrate this procedure in relation to the discussions given 
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in this book, let us consider again a partially dissociated gas AB contained 
in a vessel of volume v; if each species behaves as a perfect gas, the equi- 
librium condition is given by (203). Suppose that, for the species A, 
we have selected the standard state such that at the temperature considered 
the volume v will contain particles. The Helmholtz free energy of 
these n5i particles will be 

n = -nitr(ta^+l) (204) 


Similarly, for the species B and AB, let the standard states at the same 
temperature be such that the volume » will contain and particles. 
Consider now the ratios n^/n® , na/n^, and n^fl/n®,^. There is no reason 
why these three quantities should bear any simple relation to each other. 
Using (203), we obtain 

■ ‘ = In^ 

^AB 


In - 




- — In - 


“ AB 




(205) 


(206) 


1 £1^ (207) 


From (187) in Sec. 82 we know that when a vessel contains n particles 
of a perfect gas, ^ 

The first term on the right-hand side of (207) is therefore equal to the 
value that — J will have when there happen to be n\ particles 

fil \ dnA/p,T 

of species A in the vessel, that is, when this species is in its arbitrarily 
chosen standard state. Similarly for the other two terms on the right- 
hand side of (207). Because the chemist prefers to deal wth moles rather 
than with particles, the numerator and denominator of (208) may each be 
multiplied by Avogadro’s constant L, thereby converting kT to RT. 

If, for each species, p and p® denote the pressures when n and n® parti- 
cles of the perfect gas, respectively, occupy the given volume, we have 
p/p® - n/n® for each species, and consequently 






(20S) 


(Pa/Pj)(i’b/A) _ . ("^/ni)(%/n^) 


Pab/ Ab 


Pab/A, 


■ RT\ driA 


+ Lp + Lf^) 

OUb onAB/v.T 

dnA drtB driAB/p.T 


(209) 

( 210 ) 



Szc. SSJ 


INTRODUCTION' TO STATISTICAL MECHANICS 


113 


where each term in the parentheses is L times the change in the free energy 
per particle, when the species is in its standard state at temperature T. 
A notation such as AG® is sometimes used for the whole parenthetical 
expression in (210).^ At the same time the standard pressures 
and are sometimes set equal to imity and are omitted. This omission 
has the disadvantage that it removes from the expression on the left-hand 
side the arbitrarj" factors while the terms on the right-hand side still 
refer to arbitrarily chosen standard reference states. For imperfect gases 
see Secs. 90 and 142. 

88. We saw that an 3 ’ change in volume usuallj* distorts the set of 
energj’- levels and causes a change in the population of these levels. An 
adiabatic process, however, has the special property that this change in 
population is not accompanied bj"^ an 3 ' change in the value of TF. In an 
isothermal process, on the other hand, there will be a change in IF; we 
can obtain an e.xpression for this from (109). The first step is to differen- 
tiate (109) vith respect to the temperature; using (78), we obtain 


dT 




dv 


BT Bv 




( 211 ) 


Now, whether we take the e.xpression (116) for a gas or the expression 
(115) for a solid, in either case, on differentiating with respect to the 
volume at constant temperature, we obtain the bracketed expression in 
(211). Thus we have 


\ Bv Jt kx^BT/r 


( 212 ) 


In the same wa 3 ' we can find an expression for the change in TF that 
accompanies a change in pressure p at constant temperature 


fB In TF \ / Bhi TF \ / 3v\ _ 1 / 3p\ f Bv\ 

\ Br jT \ Bv /T\5p/r kxBTjXBp/T 



(213) 


If we differentiate F with respect to the pressure, at constant T, we have 



(214) 


iL. E. Steiner, "Introduction to Chemical Thermodynamics,” Chapter 13, hlcGraw- 
HiU, 1941. 
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Hence, if we do the same for the Gibbs free energy, we obtain 



= V (215) 

We shall conclude this chapter with some expressions for an isothermal 
process carried out at constant pressure. If AHo denotes the change in 
the value of (E + pv) at some standard temperatures To, then the value 
for the same process at any other temperature T will be 

+ frC^dT 

Similarly 

AS-A&, + f^_^dT 

Hence 

Aa = AI/,-TAS, + fJCr<lT-TfJ^dT mi) 

Now 

Hence, integrating 

AG = AH, - TA&, - C. dT, (217) 

JTt 1 JTt 
Problems 

1. When an evacuated vessel containing a little metallic sodium is heated, it becomes 
filled with sodium vapor, which consbts of Na atoms, together with some diatomic mole- 
cules Na, in equilibrium with the free atoms. Derive an expression for the conditions 
for the equiUbrium 2Na pi Naj in terms of ttie partition functions of the atoms and 
molecules, assuming that the sodium consbts of a single isotope. 

2- A certain vessel contains n particles of a gas at low pressure. A thin dividing 
wall b now inserted, to separate the vessel into two unequal compartments. If Pi = Bvi 
denotes the partition function for a particle in one of these compartments, and Pj = Bv, 
for a particle in the other compartment, compare the Helmholtz free energy of the n 
particles before and after the introduction of the dividing wall, and discuss the result. 

3. When a piece of ice is subjected to a sufficiently high e.vteriial pressure, it melts. 
Let V, and vi denote the volumes ocenpied by a pven mass of HjO in the solid and liquid 
states, at the same temperature. Use (215) to find an e.Tpression for the lowering of the 
freezing point as a function of the nppfied pressure. 
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ConditwJis of Equilibriitm for a Parlially Di-s-socialed Diatomic 
Ga-s — For a Saturated Vapor — For Alternative Modifications of a 


Solid 


89. Molecular Dissociation. We obtained in Sec. 86 an expression (203) 
for prescribing the equilibriuna betvreen the atoms and molecules of a 
partial!}' dissociated gas. Consider a diatomic molecule AB in a vacuum: 
a certain amount of v.'ork is required to break up the molecule into its 
component atoms and B. When the molecule is in its lowest \'ibration- 
rotational state,, the work required to separate the two atoms from each 
other and to leave them at rest in the vacuum is called the “dissociation 

TiBtE 1. Dissocl-.tton' ENrEoms or Du.xoiac Moixcclzs 


Molecule 

^ Z>, electron- | 

i 1 

j Z), kciil/mole 

1 

1 

H: 

1 4.455 1 

1 102.7 

HD 

4.491 1 

1 las.o 

Di 

4.533 1 

i 104.5 



i 1 .^O i 

1 169.4 

0: 

1 5.0-5 

14S.S 

X.'i. 

i 0.7G 

17.5 

E: 

1 0.51 

11.S 

CS; 

0.45 

10.4 

LiH 

1 2.54 

5S.5 

Q: 

j 2.47 

57 

Btz 

i 2.95 

46 

I: 

t I. .55 

1 35 


energ}'” of the molecule. This is likewise the amoimt of mutual potential 
energ}' that will be lost when the atoms unite to form a molecule in its 
groimd state. If the distance between the atomic nuclei is taken as 
abscissa and their mutual potential energy is plotted,, the curve has the 
form shown in Fig. 30. For large separations the curt'e is a horizontal 
straiaht line, but as the separation is diminished there is an attraction 
that changes over, at small distances, to an intense repulsion. The length 
of the vertical arrow in Fig. 30 corresponds to the dissociation energy, 
which will be denoted by D: this will have a characteristic value for each 
species of diatomic molecule. Some valuK are ^ven in Table 1. 
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We can now discuss the expression that was obtained in the last chapter 
for a partially dissociated gas, namely, 

riAriB ^ PaPb 
fixB Pad 

Here the three partition functions are to be referred to the same zero 
of energy, and the expression is correct whatever choice is made for this 
zero. As mentioned in Sec. 75, we shall use the symbol P to denote the 
partition function for any set of levels, referred to the ground level of the 
set. Thus we shall use Paa for the par- 
tition function of AB at the tempera- 
ture T considered, referred to the energy 
of an A £ molecule at rest in a vacuum 
and witliout internal energy. If we in- 
sert the mass of the atom A or the atom 
B in (142) in Sec. 71, we obtain the 
values of Pa or Pa. Suppose that we 
have an atom of A and a distant atom 
of B at rest in a vacuum and that we 
choose this state as our zero of energy. 
The ground state of the molecule AB lies 
lower than this by an amount Z); hence the partition function Paa referred 
to the chosen zero of energy n-ill be given, in accordance nith (76), by 

= (21S) 

We find then that (203) takes the form 

f210) 

fiAB Pad 

In comparing different diatomic gases, since J? occurs in the avponent, the 
degree of dissociation will be very sensitive to the value of the dissociation 
energy. It is convenient to remember that at room temperature the value 
of kT is 3*5 electron-volt; if then, for e.xamplc, for a certain molecule D is 
1 electron-volt, the value of the axponential factor is c-^ = 10~”. Al- 
though the values of the partition functions in (21 9) do not vary rapidly with 
temperature, the degree of dissociation is sensitive to temperature through 
the exponential factor. 

90. The expression (219) can be put into terms of concentrations. If 
for each species wo divide n by Avogadro’s number L, wc obtain the num- 
ber of moles of each species in the vessel; if further we divide each by the 
volume t), we obtain the number of moles per cubic centimeter. 

(nA/v)(nB/v) _ 2 PaPa (220) 
tiab/v L vPab 
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at this temperature the vapor pressure is greater than that of magnesium 
at 700“K. 

In the familiar concept of evaporation, it is held that an atom can 
leave the surface of a solid only when it happens to acquire an unusually 
large amount of thermal energy. In order to remove a particle from the 
surface of the solid, a certain amount of work must be done against the 
forces of attraction that hold it in place. 
We have Uvo sets of energy levels, like 
those of Fig- 20, the solid possessing levels 
lower than those of the vapor. It was 
pointed out in the footnote to Sec. 46 that 
for a particle on the surface of a solid we 
cannot expect the energy levels to be the 
same as for a particle in the interior. When 
a p.article is transferred from the vapor to 
the solid, it ^snll take up a position on the 
surface; at the same time, however, it ^^ll 
convert a surface atom into an interior 
atom. If on one surface an additional 
monatomic layer of n atoms is built up, 
the result will be that the number of in- 
ternal atoms is increased by n while the 
number of surface atoms is (almost) un- 
changed. Therefore the set of levels with 
which we are concerned is the set of levels 
belonging to a particle in the interior. The 
work per atom required to break up the 
crystal into its constituent atoms wll play 
a role similar to that played in See. 89 by D, the w'ork required to break 
up a molecule. 

In Fig. 31a the three arrows point to three surface atoms; these atoms 
are in different situations and the amount of work required for removal 
from the crystal will have a different value for each of the three. We wish 
to know the amount of work to remove a rtpresentative atom, so that the 
work done will be equal to the work per particle required to break up the 
crystal. For this purpose we consider one of the crystal faces and imagine 
one layer of atoms stripped off systematically, row by row and atom by 
atom. Figure 316 is intended to illustrate a stage in the process; from the 
upper half of the crystal face the rows of atoms have been removed, and 
the left-hand half of the next row. The position of the atom that is due 
for removal is indicated by the arrow. The important point is that when 
this atom has been taken away, the next atom will find itself in a precisely 
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similar situation, that is, ^\^th the same number of adjacent atoms, in the 
same relative positions; and when tliis next atom has been removed, it 
in turn nill leave still another atom in the same situation. The work to 
remove each of these atoms is thus the same until we get to the end of 
the row. The atoms at the ends of the rows are so few in number that 
they may be neglected. For each of the other atoms, the amount of work 
will be the same; this is likewise the amount of potential energy lost by 
an atom that in the re^'erse process approaches and adlieres to the surface 
at the appropriate point. When this potential energj’' is plotted against 
the distance from the surface, the curve has the same form as that of 
Fig. 30 above; the horizontal part of the curve corresponds to an atom 
at rest in the vacuum; as the atom approaches the surface, the curve 
falls, but finally the attraction gives place to an intense repulsion and the 
curve rises steeply. The dcj^th of the potential minimum will have a 
characteristic value for each substance. 

In the expression = PvfP„ the two partition functions must be 
referred to the same zero of energ>'. Introducing partition functions, each 
referred to its own ground level, and making use of (142), we may write, 
in accordance Avith (76), 



where s is the difference in energ}' between the two ground levels. 

The work per particle required to break up a solid at the absolute zero 
of temperature and to leave the separate particles at rest in a Amcuum is 
known as the “sublimation energ 5 ^” of the solid (see also Sec. 144). Some 
values for different elements are given in Table 2; the majority have been 
taken from Landolt and Bornstein’s tables. 


T.A-BLE 2. SUBLIAtATIOX ExEKGIES 


Element 

Electron-volts 

Cal/raole 



Cal/mole 

Li 

1.56 

35.96 

& 

0.110 

2.54 

Ne 

0.0194 

0.446* 

Rb 

0.893 

20.58 

Xa 

1.14 

26.3 

Ag 

3.01 

69.38 

Mg 

1.49 

34.44 

Cd 

1.17 

27.01 

A1 

2.93 

67.58 

Xe 

0.167 

3.85 

A 

0.0816 

1.8S 

Cs 

0.813 

18.74 

K 

0.948 

21.83 

N 

8.81 

202.90 

Cr 

3.88 

89.44 

Pt 

5.41 

124.70 

Fe 

4.19 

96.52 

Au 

3.94 

90.74 

Xi 

4.26 

98.13 

Hg 

0.671 

15.45 

Cu 

3.55 

81.73 

T1 

1.87 

43.05 

Zn 

1.36 

31.39 

Pb 

2.03 

46.72 


* W. H. Keesom and J. Haantjes, Phvsica, 2, 462 (1933). 
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92. The mass of the hydr<^en atom being 1.67 X 10“^^ gram, we can 
evaluate Ptr for any gas of molecular weight M as follows; 


Pt,= 


r25r X 1.67 X 10-« X 1.38 X lO' 


I (6.62 X 10'”)* 

= 1.96 X 10*HWr)*fft» 




(223) 


At 273®Iv for a volume of I cubic centimeter, this takes the form 
Ptr = 8.7 X 

Thus at room temperature in a vessel having a volume of a few cubic 
centimeters, we have for most gases and vapors values ranging between 
10*^ and 10*1 This is the value of taken over the enormous num- 

ber of energy states available to a particle of the gas or vapor. 

At normal temperature and pressure, 1 cubic centimeter of a gas or 
vapor contains 2.7 X 10^* molecules. Thus, to obtain a pressure of, for 
e.\'amplc, atmosphere, \vhich is equivalent to 0.76 millimeters of 
mercury, we need at this temperature 2.7 X 10'* molecules per cubic centi- 
meter. From (223) we can see now under what circumstances the ex- 
pression (218) will, in a volume of 1 cubic centimeter, give values of n, 
corresponding to measurable pressures. 'IVhen, for example, the value 
of Pt/P» is 10”, the value of the sublimation energy s could be as large 
as \5kT, for in this case we should liave n, *» =• 10**10"^ * 10” 

molecules per cubic centimeter. Similar <^timates at other temperatures, 
made with the v’arious values of s given in Table 2, will show that it is, 
for example, reasonable that the vapor pressure of neon should be easily 
measurable within 20 degrees of the absolute zero, while that of magnesium 
has similar values above 700'*K. 

Making use of (143) in Sec. 71, we obtain from Boyle’s law 


P 


nkT 

V 


P, 




(224) 


In (222) and (224) the sublimation energy plays a role similar to that 
played by the dissociation enei^ in (219). However, a small dilTerence 
may be pointed out. If we consider a diatomic molecule in a vacuum, 
the ground level of this molecule is strictly independent of temperature. 
Consider, however, an atom in a crystal at room temperature; we say that 
this atom vibrates in a little volume in which it has a set of levels, of 
which the lowest is denoted by «o. The quantity cp is not strictly inde- 
pendent of temperature. If we start ivith the crystal at the absolute zero 
and raise its temperature, the lattice spacing of the crj’stal increases 
slightly; in the process a small amount of energy goes into the form of 
potential energy as the distance between adjacent atoms increases (see 
Secs. 130 and 153). There is no need to discuss this question here, since 
we shall treat the vapor pressure in detail, for both monatomic and di- 
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atomic vapors, in Chapter 11. In the treatment given there the partition 
function will be referred unambiguously to the state of the crystal at the 
absolute zero of temperature. 

93. High- and Low-temperature Modifications of a Solid. It was 
mentioned in Sec. 60 that manj^ pure substances in solid form can exist 
in two different modifications; we gave a preliminary' discussion to the 
eqiuhbrium between two such forms A and B. The lowest level €o of one 
set of levels will be lower than the ground level of the other set of levels; 
let us denote the former set of levels by A and the other by B; and let us 
take the ground level of A as our zero of energy'. The partition fxmctions 
Pa and Ps, which occur in (122) and (132), vill both be measured from 
tliis zero of energy. Xow let us denote by' Pb the partition function of B 
referred to its own ground level. From (76) we have Pb = 
if u is the amount by' which the ground level of B lies higher than the 
groimd level of From (122) we find that the condition for equihbrimn 
between the two modifications of the sohd is 

Pa = PBe-“/^r (225) 

We notice that this expression, in contrast to (219), does not contain 
either tia or tts; the equilibrium is of a different kind. iiTiereas in (219) 
equilibrium was possible at every temperature, here equilibrium is possible 
only' at that temperature which makes the right-hand side of (225) equal 
to the left-hand side, namely, 


k In (Pb/Pj) 


(226) 


This is the sharp transition temperature; below this temperatme one 
modification is stable, above it the other. The modification for which to 
is the lower is ofix-iously the low-temperature modification, since at the 
absolute zero aU the particles will congregate in this level. 

It will be noticed also that if m in (225) is positive, (226) can only' be 
satisfied if Pb is greater than P^; otherwise a transition from one modifica- 
tion to the other will not occur. 

94. Diagrams lUustratmg Natmre of Equilibrium. The various ty'pes 
of equilibrium may' be illustrated in greater detail by' means of diagrams. 
Let us take first the case of a solid in contact with its monatomic vapor, 
which fills a fixed volume v. Let Pr denote, as usual, the partition function 
for a particle of vapor in this volume. Let the distance 00' in Fig. 32 
represent the total number of particles considered and let abscissas, 
measured from 0, represent n„ the number of these atoms that are in 
the solid. Then, at the same time, reading from right to left, from 0' 
toward 0, abscissas will represent the number of atoms in the vapor, 
since = 7i - n*. If against n, we plot 
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F. - - nJiT In P, 

we obtain a straight line, such as OQ in Fig. 32. If against n, we plot 

we obtain, falling from O', a line which is curved, becoming less steep as 
the value of n, increases, as slio^vn in Fig. 32. For very small values of 
n the slope will be steeper than that of the straight line OQ. Thus, when 
the ordinates are added, there arc two possibilities; either the resultant 
curve has a minimum, as in Fig. 32a, or it has no minimum, as in Fig. 326. 



o o' 



A vertical line draum through the minimum in Fig. 32a divides the line 
00' into two parts, the left-hand part repr^enting the equilibrium value 
of n„ the number of atoms that remain in the solid state, and the right- 
hand part representing tic, the number of atoms that are sufficient to fill 
the given vessel with saturated vapor at the temperature considered. 

In Fig. 326 the total number of particles is so small that at the same 
temperature they are insufficient to fill the vessel with saturated vapor; 
we have then the vessel filled with unsaturated vapor, and no solid present. 
If, however, we consider a sufficiently small vessel, we would again obtain 
a curve with a minimum. 

Fig. 32a shows that the value of the saturated vapor pressure is in- 
dependent of n. If we had a lai^er number of particles, we should draw 
a wider diagram, with O' lying farther from 0. The diagram shows that 
in this case the minimum would correspond to a larger value of n, but the 
value of n„ would be the same. 

In the same way we can illustrate the problem of the two alternative 
modifications of a solid substance. As before, we take the line 00' of 
Fig. 33a to represent the total number of particles and we take abscissas 
measured from the left to represent nj, the number of particles belonging 
to the solid in its first modification, and abscissas measured from the right 
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to represent n^, the number of particles belonging to that part of the sub- 
stance which is in its second modification. If now against iii we plot 
111 In Pi and against Us plot In P«, we obtain two straight lines O'R and 
OQ, of which the relative slopes will depend on the temperature. On 
adding the ordinates, the resulting curve is the straight fine RQ. In 
Fig. 33ci the point R represents the state of lowest free energj^. In Fig. 336, 
on the other hand, coi-responding to a higher tem- 
pera tm-e, the point Q represents the state of lowest 
free energ}' and the second modification is the 
stable form. At some intermediate temperatmre 
the line PQ vtU be horizontal, as shown in Fig. 33c. 

At this transition temperature both forms can be 
present together, no matter how the 7i atoms are 
divided among ?ii and 722 . 

If the values of the partition function of the 
two modifications were plotted against the tem- 
perature, we would obtain curves rising with in- 
creasing slope. If the values plotted are for the 
two partition fimctions referred to the same zero 
of energj- , the cun'es will intersect at a tempera- 
ture that is the transition temperature. In this 
region the curve for the low-temperature modi- 
fication has the steeper slope. 

A diagram analogous to Figs. 32 and 33 can 
be constructed to illustrate the partial dissocia- 
tion of a diatomic gas of the tjTie A«^2A. In 
this case, since both components are gaseous, the 
lines OQ and O'R will both be cur\'ed and wiU 
resemble the cur\m O'R in Fig. 32 above. The re- 
sultant cunm, obtained b 3 ' adding the ordinates, 
wiU possess a minimum under all circumstances. The higher the tempera- 
ture, the more will the minimum be shifted in the dhection of greater dis- 
sociation. 

95. We saw in Sec. 11 that when we deal with an exponential popula- 
tion, we are reaUj’’ interested in all those distributions which show a close 
approximation to the stricth^ exponential population. UTien deahng with 
the wa}' in which particles distribute themselves between two alteinative 
sets of levels, an analogous question arises. In Fig. 32a, for example, 
points on the lower cuiwe RQ correspond to various possible values of 72^. 
The position of the minimum of this cun'e, we have said, corresponds 
to the value of 72 ^ required for the satm-ated vapor. Yet the curre does 
not show at aU a sharp minimum. 

In the line RQ obtained in Fig. 33c, there is no minimum at all; points 
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on tins horizontal line correspond, of course, to situations where the n 
particles share different values of E. Suppose that we have n particles 
of such a solid at its transition temperature, a certain portion being in 
the form of the low-temperature modification A and, in contact with this, 
a portion in the high-temperature modification B, the whole possessing 
a total energy E. This state of affairs, according to (225), is stable so long 
as E remains constant. If we allow additional energy to enter, the boundary 
between A and B will move so that some of the losv-temperature modifica- 
tion is converted into the other form; or rather, w'c should say that after 
the admission of the heat the state with the greatest value of w W’ill be 
one in which there is more of the high and less of the low’-temperature 
modification. Conversely, if we allow some heat to flow out, we can say 
that the state corresponding to tVtaax will be one in which there is more 
of the low and less of the high-temperature modification. States with to 
less than lOms, will certainly occur, but w'e have not yet investigated this 
question either for the case of thermal isolation or for contact with a 
thermal reservoir. 

In the following discussion we shall anticipate some results that will 
be obtained in Chapters 9 and 10. Some solids that have very high melting 
points undergo a phase transition at a high temperature. It will be con- 
venient to discuss such a case, since at high temperatures w’e may with 
sufficient accuracy take the two partition functions to be of the form 

lnpA = 3Inafcr InPB=31n(Sfcr (227) 

where a and j3 are constants; see Secs. 152 and 154. Let us take the ground 
level of the low'-temperaturc modification A as the zero of energy for both 
partition functions. Then we have, in accordance with (76) and (227), 

If the transition temperature is denoted by To, the total energy at this 
temperature, according to (78), \vill be 

E = 3(nA + nolfeTo + nsw (228) 

Suppose now that the whole is thermally isolated and that we transfer 
m additional particles from A to B. In doing so we use up a certain amount 
of the thermal energy, namely, an amount equal to mu. The temperature 
therefore falls from To to a sli^tly lower value T, and the total energy is 

E — 3(?ia "b n^kT *1- (fia *{■ m)u 
Equating this to (228), we find 
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= 1 


mu 


To ^ ZnhTo 

Further, from (226) and (227), we have 

It 




3/: ln(5 a) 


(229) 


(230) 


e can now write down the expressions for ir before and after the particles 
are transferred. Initiallv we have 


In = 7J.1 In P., -b nn In Pb -b 


l:To 


= 3n.. In a/.To -f In SkTo - ^ -h 

/. i 0 A i Q 

= 3n.i In a}:To -r 3ns ha 3hTo -r 3n 
cUter the transfer of m particles we shall have 

In tr = 3(n.i — m) In a}:T -f- S(ji 3 -r tn) In SJ:T -f- 3n 
Subtracting (231) from (232), 

In = 3n In -r 3m hi - 

If =iix i •: a 

^^laking use of (229) and (230) and expanding the logarithm as in (30), 
we obtain 

\ 3n/.To lSnV:-rc= ‘ J ‘ l:To 

We see that the first term in the bracket wiU be canceled by the last term. 
Hence for values of m comparable with v'Tj, we finally obtain 


(231) 

(232) 

(233) 


1C 


= c— >-Vr. 


where 


7 = 


6/:-ro= 


(234) 


(235) 


We may expect 7 to have a value comparable with unity. We have thus 
reached a result quite similar to the expression (32) that we obtained for 
deidations from an e.xponential population. If, for e-xample, we are dis- 
cussing 10^’ particles, thermally isolated, a spontaneous transfer of more 
than 10’’ particles in either direction may frequently occur, but this is 
much smaller than could be detected. 

In the problem of vapor pressure, a similar discussion mai' be given 
for a solid or liquid in contact with its own saturated vapor and thermally 
isolated. If we ask what is the total number of different states available 



126 


INTROmCTION TO STATISTICAL MECHANICS [CiiAt. 6 


to the particles, this evidently includes not only the most probable state 
corresponding to but also states where the particles in the vapor 
are more or less numerous than the n, given by (222). To obtain the value 
of Z, we must sum o\'er all possible values of n,. But the difference be- 
tween the numerical value of In Z and that of iQ(tPmai) ''"ill be negligible 
when n is large. 

96. A Chemical Reaction. As a further example, let us examine a 
chemical gaseous equilibrium of the type 

At + Bi^2AB (236) 


Let Daa, Dbb, and Dab be the dissoci.ation energies of the three diatomic 
molecules, and let the quantity (Daa + Ddb) — 2Dab be denoted by D. 
This is the work required to form two AB molecules each in its lowest 
state bj’ the process (236) ; it may have a positive or negative value. If 
we consider a range of temperature such that kT is small compared with 
any of the three dissociation energies, the diatomic molecules will not be 
accompanied by an appreciable number of free atoms. The free energj* F 
of the mixture will then be given by 


_r 

kT 



l+nB,(ln^+ l' 

|+2n.s(ia^+l) 

\ «AA J 

' \ ^BB ; 

' \ nAB J 


(237) 


Since the dissociation of one AA molecule and one BB molecule yields 
two AB molecules, the condition for equilibrium is 


Or 


_ln^il-ln??5 + 21n£t? = 0 
nBB umb 


(238) 


n.4B* ^ Pab^ 
IKiAnBD PaaPbb 


(239) 


In (239) we may introduce the factor in the usual way. 

Por comparison with a problem to be treated later, we may express (239) 
in terms of ua and ns, the number of atoms of A and B. Since ka = nxs 
+ 2nAA, we have Haa = 5(^.4 — tiab), and similarly nsB ~ i(nB — njji). De- 
noting tiab by y, (239) takes the fom 


4»^ 

(n.4 — r)(nB — r) 


PaaPbb 


g-D/kT 


(240) 


As mentioned above, the quantity D may be positive or negative. In 
either case, with rise of temperature the equilibrium moves tow'ard that 
state which W’ould arise from a random distribution of the atoms among 
the three types of molecules. At lower temperatures, the quantity D is 
important, since the characteristic interatomic forces prevent the equi- 
librium from resembling a random distribution. 
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Problems 

1. From a modified form of (201), plot diagrams analogoas to Fig. 32 to illustrate 
the degree of dis.sociation of a homonuclear ga.s at various temperature and pressure. 

2. The foUorring table give the obsen’cd saturated vapor presure of solid neon 
at liquid hydrogen tempera-tures. Plotting log p against 1 /T and setting the multiplicity 
g in (223) equal to unity, deduce from (224) the value of ?, for neon at 15Tv. 


r,'K 

P, cm. 

15 

0.039 

17 

0.292 

19 

1.44 

20.4 

3.67 



CHAPTER 7 


Solid and Liquid Solutions — Attoys — Solid Solutions tn Alpha and 
Gamma Iron 


97. Solutions. In recent years, ivith the de^'elopment of metallurgj’, 
solid solutions have become as important as the more familiar liquid solu- 
tions. At the Same time, it has come to be recognized that at temperatures 
near its freezing point the internal character of a liquid has a much greater 
resemblance to that of a solid than had previously been supposed; in the 
liquid the relation between a particle and its immediate neighbors is very 
similar to that in the solid state; each particle vibrates in a little volume 
that is determined by the positions occupied by the adjacent particles 
at the moment. In most liquids near the freezing point the volume 
available to a particle is only a little larger than in the solid; the principal 
difference between a liquid and the corresponding solid is that there is no 
long-range order. 

At its critical point, on the other hand, there is no distinction betn’een 
a liquid and a dense vapor. There arc thus two lines of approach to the 
study of liquids, according as we are more interested in the liquid near its 
critical point or near its freezing point. Near the critical point one might 
attempt to describe the liquid as a very imperfect gas, but the density 
is very great. Near the critical point of water, for example, both the 
vapor and liquid water have a density greater than 0.3 gram per cubic 
centimeter, which is comparable with the density at room temperature. 
It is recognized that in a gas or vapor of high density a particle is to be 
regarded as confined for most of the time in a small volume between its 
neighbors and that the average environment of each particle is not very 
different from that in a solid.* In this chapter, however, for comparison 
with solid solutions, we shall discuss only liquids near the freezing point, 
recognizing that here the liquid differs little from the corresponding solid. 
For a particle in the liquid the sp»acing of the energy levels will be somewhat 
narrower than in the solid, since the volume in w’hich the particle vibrates 
is a little larger. As a resxdt of this narrower spacing, the value of the 
partition function for a particle in the liquid will be a little greater than 
it would be in the solid at the same temperature. Near the freezing point, 


*J, E. Lennafd Jones and A. F. Devonshire, Proc, Boj/- Soc. A., 163, 54 (1937). 
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the relation bet^reen a liquid and its solid is similar to the relation between 
the two modifications of a solid. The liquid will correspond, of course, 
to the high-temperature modification.' K we introduce the partition 
functions P , and P; into (226). we find that the solid and the liquid can 
be in equilibrium only at a certain temperature mven by 


P = 


u 

h In (Pi/ P,) 


(241) 


This is the normal melting point of the solid and the freezing point of the 
liquid. Under a high pressure the melting point of the solid will be al- 
tered; this is because the values of the quantities on the right-hand side 
of (241) are changed. 

98. When two pure substances A and B are placed in contact with, 
each other, there is a tendency for particles of B to eater substance J., 
and at the same time a tendency for particles of 4. to enter substance B. 
Although from a theoretical point of view both tendencies are present, 
it happens that in ven* many cases one of these is quite negligible in com- 
parison with the other: we then call one substance the “solute" and the 
other the “solvent.” In such cases we shall in this chapter use the letter 4 
to refer to the particles that are behaving as solvent, and the letters B 
and C, and so on, to refer to the species that are behaving as solutes. In 
the study of simple dilute solutions the problems of first interest are 
problems of equilibrium between the solution and one of its components 
in the pure state. It is well known, for example, that when an aqueous 
solution is cooled, pure ice begias to crystallize out. In this problem we 
are interested in the equilibrium between ice and the solution, that is, 
between the solution and the solvent in its pure form. We must discuss 
the problem by considering the transfer of dms particles from solvent 
to solution, or ■vice versa. Again, when we ■wish to know the solubility 
of some solid in a liquid at temperature T. we are asking what the condi- 
tion is for equilibrium between the pure solid and its saturated solution. 
Here we shrill consider the transfer of dms particles from pure solute to 
the solution, or "vice versa. In the case oi a liquid solution, we may nx 
attention on a temperat'ure that is a little above the melting point oi either 
comnonent : we are then discussing the mixture of two fiquids. which may 
or ma y not be completely miscible. We may fix attention on a temperature 
that lies between the melting point of one component and the melting 
point of the other; in this case we have the familiar solution or a solid 
solute in a liouid solvent. Alternatively, if we fix attention on a tempera- 
ture that is suSciently far below the melting point of either component, 
the resulting solution will be solid. 

^ For a ciscassoa of melting, see F. Seitr. “Tne iloiera Theorv of SoEds,-' Coapter 
14, ilcGrafr-HilL 1940; A- F. Devonshire, Free. Roy. Soc. A., 170, 464 (1939). 
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The simplest kind of solution will be a mixture of two isotopes. For 
example, ordinary n-ater or ice ctmtains a small number of deuterons, 
which replace protons to form HDO molecules instead of H 2 O molecules. 
The structure of the ice or water is the same whether HDO molecules are 
present or not. It will be useful to introduce a terminology that is ap- 
plicable to both solid and liquid solutions. Consider a mixture of two 
isotopes A and yl* of any clement. Since the two particles differ only 
in the mass of the nucleus, the structure of the solid or liquid will be the 
same for A and A* and for any mixture of A with A*) the number of sites 
per unit volume will be the same, and likewise the relative positions of 
these sites. If there are altogetlicr N particles, there are for each particle 
N possible sites. In counting the possible positions for the particles of 
either species, the procedure is the same as that used in Sec. 05, namely, 
there will bo N choices for the position of the first, {N — 1) choices for 
the second, and so on. Tlic total number of possible arrangements is 
quite independent of the amount of ener©' E shared by the particles; it 
is a configurational W and will Ijc denoted by Wti, as in Sec. 67. Both in 
a solid and In a liquid each particle will vibrate in a little volume, or cage, 
determined by the positions of its neighbors. In the solid, these positions 
occur at fixed points in space, the lattice points. Wien the solid melts, 
the number of particles is unchanged and the answer is again N choices 
for the first solute particle, {N - I) choices for the second, and so on, 
although in the liquid the possible positions no longer occupy fixed positions 
in space. We are interested in the number of alternative positions available 
at any moment in an instantaneous sample of the liquid. In the solid 
the possible sites are at lattice points, in the liquid they are not; but it 
will be convenient to use the term site in both cases. 

We turn next to solutions containing atoms of different elements. 
X-ray measurements shoNv tliat in many alloys and mixed crystals the 
solution is of the kind just described, that is, each solute particle occupies 
a site that would normally be occupied by a particle of the original crystal; 
the solution is formed by a process of simple one-for-one substitution. 
Such a solution is kno^vn as a “substitutional solution.” The other 
principal type of solution is one in which the solute particles occupy 
positions in the interstices between the particles of the original substance. 
Only relatively small solute particles can be accommodated in this way. 
The most important examples of interstitial solutions are the solutions of 
carbon atoms in metallic iron; these form the basis of steel and are dis- 
cussed in Sec. 119. In a solution of this kind, the number of interstitial 
sites u'ill of course be proportional to the number of particles of the solvent, 
in contrast to substitutional solutions, where the number of available sites 
is equal to the total number of particles, including both solvent and 
solute. 
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99. We have mentioned in Sec. 98 some of the equilibrium problems 
that vre shall vish to solve. Before discussing the methods of approach 
to these problems, since tne number ot alternative configurations 
of the particles, is independent of the amount of energy- E that the.v share, 
it will ite convenient to obtain first the appropriate e-vpressions for Wc- 
for the principal types of solutions. We shall postpone until Sec. 101 in- 
quiry as to how Wc.f is to ite combined with the other relevant factors in 
order to prescrite conditions of equilibrium. 

Taking a solvent consisting of iij. particles of species A, let us first 
discuss the situation vrhen this solute contains onhj tiro solute particles. 
If in the solution there are altogether .V sites, we have A' choices for the 
position of the first and (.V — Ij choices for the position of the second. 
There are two cases to be considered: (1) where the two solute particles 
are of the same species, and (2) where the%' are of difierent species. Con- 
sider a solution where one particle momentarily occupies a site at a point P 
while the other particle occupies a site at a point Q. If the particles are 
of difierent species, this situation is distinguishable from that where the 
former occupies the site at the point Q and the latter occupies the site at 
the point P. On the other hand, if the two solute particles are of the same 
species, we cannot distinguish the two situations. Since this is true for 
ever^' pair of points P and Q. the value of TTcj for a solution containing 
two similar particles is just half the value for a solution containing two 
dissimilar particles; the value is, in fact, — 1). In a solution con- 

taining three similar particles we shall have the product of three factors, 
namely, A*(.V — 1)(-V — 2) to be di^fided b}- 3!. In general, for a solution 
containing n similar solute particles, we shall have the product of n factors 
to be divided by n !. These considerations can be applied both to substi- 
tutional and interstitial solutions. 

Let the solvent consist of uj. particles of spedes .-i and let if contain a 
single solute, namely, ns particles ot species B. In a substitutional solution 
the total number of sites available to each solute particle is A = {nj. ns). 
We require the product of ns factors di%'ided by ns'., thus 


{nA -r ns)(nA -r ns — 1) — (jia -t- i) ^ n 


J = 


(n.i A ns)! . 




i-nsl (242) 


(riA -r ns) I 
Tii! nsl 


(243) 


This is the number of different ways in which the ns solute particles can 
be distributed among the available site;, leaving p.a sites vacant tO accom- 
modate the Ua solvent particles. Since the allocation of these solvent 
particles to the vacant sites can be made in only one way, this adds 
nothing to the value of IT. Consequently, (243) gives the number of 
different wavs in which the solvent and soluio particles can be assigned 
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to the sites available in the substitutional solution. We shall now gen- 
eralize (243) to cover any number of solute species. 

It was pointed out in Sec. 7 that the nl which occurs in the numerator of 
(1) may be taken to refer either to the number of particles or to the number 
of sites. In the latter case n© of these sites are destined to be occupied by 
particles that are momentarily in the level €o, and so on. We use the same 
approach here to deal with a mixed crystal containing several species of 

particles, A,B,C . . . . The total number of sites is (nx + na + nc d ) ; 

and of these sites nx are destined to be occupied momentarily by particles 
of the species A , and likewise jib by particles of the species B, and so on. 
The correct expression for has the same form as (1), namely, 




inA+ns+nc+ • • •)! 
njlfiBlnci ■ • ‘ 


(244) 


Using Stirling’s approximation, 


In TFet = (nx+nfl+nc+- ') ln(nx+na+nc+—) — nx In nx ~ fia In fia— • 

= - f «-> In + «« In +•••') (2-15) 

\ rtx+nff+nc+"’ nx+na+nH— • / 


Now the quantity nx/(«.4 d-na + n<’+ • • •) is the mole fraction of the 
component A, and in the next term occurs the mole fraction of the com- 
ponent B, and so on. 

If we denote the mole fraction of w4 byxA and the other mole fractions 
by xa, xc . . . we obtain 

In Tr,f = — nx In Xx “ na In XB — • • • (246) 


As each mole fraction is less than unity, each of the logarithms is a negative 
quantity, which makes In positive. 

In investigating conditions for equilibrium, we shall need to know 
how the value of In TFci will vary with the concentration of each component. 
For the rth component, we find 


~ (In TFcf) = - In X, - 1 -t- (xx + xb + ■ • •) 
* — In X, 


(247) 


Since x, is less than unity, the value of (247) is positive. 

100. Interstitial Solutions. It was pointed out at the end of Sec. 98 
that the number of interstitial sites provided by a crystal uill be propor- 
tional to the number of partides forming the crystal. Let us consider a 
solution of .B in A ; let nx be the number of particles in the original crystal 
and let N be the total number of interstitial sites that they provide for 
particles of B. Then we may write iV =* 6nx. If nB is the number of par- 
ticles dissolved in A, the number of interstitial sites remaining vacant is 
(N — na). In writing down the expression for Wtt, this number of sites 
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must be allocated to remain vacant, just as if they vere to be occupied 
by another species of particle; the value of ITc:- is thus iY!/ 7 ?B!(iV - tib)'.. 

If various solutes are present, namelj*, tib particles of the species B, 
ric particles of the species C, and so on, and if each of the N interstitial 
sites can accommodate one particle of any of these solute species, the 
mnnber of sites assigned to remain empty will be 

lu = -iV — iiB — nc — — 

We obtain then an expression of the usual form 




m 


nAnslncl * ■ 


For the rth interstitial component we find then 


d 

dllr 


On TFcf) = - In ^ 


(248) 


(249) 


In a dilute solution tIt is less than «« and the logarithm is negative, which 
gives a positive value to (249). 

Turning now to the solvent, we have 




= — b In 




(2o0) 


(251) 


101. Now that we have obtained axpressions for TTc:, we may begin 
to discuss the simplest kinds of solution. When particles of a solid dissolve 
either in a liquid or in another solid, the process is very similar to the 
evaporation of the sohd. When a solid begins to evaporate, each particle 
with excess energy leaves the surface and enters a large region (vacuum) 
through which it can wander at random. When a solid dissolves, each 
particle with excess energj* leaves the surface and enters a large region 
(solvent) through which it wanders at random. From this point of view, 
one substance tends to di^olve in another because each solute particle, 
instead of being confined at a particular lattice site, finds in the solvent 
an enormous number of equivalent sites available to it. But the process 
of solution does not continue indefinitely. In the case of a sparingly 
soluble substance, an equilibrium is reached when the solvent contains 
few solute particles; we then have a saturated solution, quite analogous 
to a saturated vapor. In Chapter 6 we saw that when a substance has an 
unusually low saturation vapor pressure, this is because the value of the 
sublimation energy- s is unusually large compared with kT. So here, when 
a substance is sparingly soluble in a certain solvent, this is because the 
work required to take a particle from the surface into this solvent is large 
compart with kT. To account for the difi'erence between the process of 
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evaporation and the process of solution, we have to describe the role 
played by the solvent. There arc two ways of doing this; we shall intro- 
duce one method here, and later in Sec. 126 we shall describe an alternative 
method. 

In the problem of vapor pressure, we saw in (126) and (222) that the 
equilibrium depends on the character of the two sets of energy levels, the 
set of energy levels for a particle of the solid, and the set of energy levels 
for a particle of the vapor. In the vapor the environment of a particle is 
so completely different from that in the solid that nothing is to be gained 
by making a direct comparison. On the other hand, when a particle of a 
solid dissolves in a liquid or in another solid, no great change of emdron- 
ment is involved. In the ori^al solid, each particle is closely surrounded 
by other particles. MTien a particle has gone into solution, it is again 
closely surrounded by other particles; the solute particle will vibrate in 
this small volume and will have a set of energj* levels not so very’ different 
from those which it had in the pure solid. At the same time the presence 
of a solute particle %nU modify to some e.\tCDt the energ>’ levels of those 
solvent particles with which it is in contact. IITien a solute particle is 
electrically charged, as in an ionic solution, many solvent particles not 
in contact with the ion will also be affected. WTien, however, the solute 
particle is electrically neutral, those solvent molecules which, at any 
moment, are immediate neighbors of a solute particle will be chiefly af- 
fected. We may begin by discussing those solutions where the effect on 
more distant particles may be neglected. The energy levels of some solvent 
particles will be modified by the presence of solute particles. One method 
of procedure, then, is to describe a solution in terms of environments, 
paying attention to the environment of every solvent particle and every 
solute particle that the solution contains. 

Using the notation ITti,, let us recall the expression derived in.Sec. 27 
for Jocaliiod partidas 

In ir,. = nln/>+j|i (252) 

which refers to n similar particles sharing an energy' E and populating the 
set of levels to Avhich P refers. Hitherto we have thought of these n 
particles as being in contact with each other and as forming a continuous 
homogeneous solid, or else a liquid near its freezing point. But we may 
now recognize that it is not necessary that any of the n similar particles 
should be in contact with each other. The axpression is applicable to n 
similar particles that ha%'e no crmnection with each other. It is only 
necessary that each particle should have the same set of energy levels — 
the set of levels to which P refers. We may therefore use (252) for any n 
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particles that happen to hare the same environment. E being the total 
energy* that these n particles posses vhen the temperature of the solution 
has the value T. The expression (252) ^ves, for an exponential population, 
the number of different v'a 3 *s in which this eneigy E maj- be distributed 
among the n particles. We see now how to write down an expression for 
In IT for the whole solution. There will be, as described below in Sec. 102, 
a term of the form In TTih contributed b\' each enxironment present in the 
solution; and the e-xpression for In IT for the whole solution will be the 
sum of these terms together with In TTcf. 

We found in Chapter 5 that for ant* group of particles the most con- 
venient quantity for prescribing conditions of eqmlibrium is (S — I:T In TT). 
When we write doivn this expression for a solution, TTrf contributes the 
term — J:T In ITc.:. This term is contributed jointly b^' the inrious species 
of particles that comprise the solution: it cannot be split in separate terms 
for the separate species, hence the free energy- of the solution cannot be 
expressed as a sum of the free energies of solvent and solute. On the 
other hand, the thermal contributions of the form (E — !:T In TTtb) are 
additive, prortded that the energi' levels in the various environments are 
measured from a common zero of energy. 

102. Consider a solvent A containing Jts solute particles of species B. 
In a sufncienth* dilute solution it is uniikeh' that two solute particles will 
be fotmd in contact with each other: hence each solute particle may be 
treated as having the same environment, namelj*. complete enclosure by 
solvent particle. Each solute particle has the same set of energx* levels. 
According to (1S4) if Ps denotes the sum taken over this set of 

levels, the contribution that the solute particles make to the free energy 
of the solution, in x-irtue of their thermal energy Es, will be — nskT in Pb. 

Consider next the sokeni particles in this dilute solution at any mo- 
ment. These must be dix-ided into two classes, those which are completely 
surrounded bx* other solvent molecules, and those which are in contact 
xwith a solute particle. Since we must suppose that contact with a solute 
particle is likely to modify the set of levels of the solvent molecule, these 
two classes must be treated separately. Let there be nc solvent particles 
in the former class and Jii in the latter class. Let Pc be the partition 
fimction characteristic of the pure solvent and let Pi he the value of 
taken over the set of levels modified bx* the presence on one adjacent 
solute particle of species B. In a sufficiently dilute solution we may sup- 
pose that no solvent molecule is simultaneouslx' in contact xrith two solute 
particles, so that n.-, -k rn = rix. Then, so far as the solvent is concerned, 
(70) is to be replaced by 

In = n-j In P.; -r ^ -r Hi In Pi ^ (253) 
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We may make use of (253) in a more convenient form, by saying that the 
contribution to the Helmholtz free energy of the solution, made by the 
solvent in virtue of its thermal energj* Ea, amounts to 

- ngkT In A - tiikT In Pt (254) 

The expression for tlie free energj' of the whole solution is thus obtained 
by adding to (254) the term — kT In Ha and the term — nekT In Pb for 
the solute. This result applies to very dilute solutions of both the sub- 
stitutional and interstitial types. Before making use of (254), however, 
let us briefly discuss the environments of particles in a less dilute 
solution. 

103. Consider two substances A and B, with particles of nearly the 
same size, which mix by the process of one-for-one substitution. In the 
pure substance A let the structure be such that each particle has z similar 
particles in contact wth it, and let us suppose that in pure B the structure 
is such that each particle likewise has the same number of nearest neigh- 
bors. In order to discuss the various eo\ironraents that will be present 
in the solution, lot us fix attention on a particular ^-particle in the interior 
of the pure substance A, and let us suppose that, one by one, we replace 
the neighbors by B-particles. Let us consider how the energy levels of this 
A-particlo will be affected by the replacement of successive neighbors.' 
If the first substitution shifts and alters the spacing between the energy 
levels, the next substitution will cause a further change, and so on, until 
all the z neighboring sites are occupied by B-particIes. Such a progressive 
distortion of the set of energy levels will cause a progressive change in 
the value of the partition function of the particle considered. In (253) 
we used Pa to denote the partition function characteristic of the pure 
substance A at the temperature considerctl, when none of the z neighboring 
sites is occupied by a B-particle; and we used Pi to denote the partition 
function for the set of energy levels belonging to a particle when one adjacent 
particle has been replaced by a B-particle, Now let P 2 . . . Pr • ■ • Pt 
denote the values when two, or r, or 2 neighbors have been replaced by 
S-particIes. We are concerned with a progressive change from Po to F« 
consisting of z steps. 

At the temperature considered, let the I’alue of Pi bo a times that of Po, 
where a has a value not very different from unity. The simplest plausible 
way to deal with the progressive change from Po to P, is to assume that 
the z steps are similar, that is, to assume that P 2 = aPi, and that P 3 = aPi, 
and so on. In this case we shall have P- = o?Po and P, = a*Po. In general 
Pr = a'^Po, where r is to take the values 0, 1, 2 ... 2 . Turning next to the 
energy levels of a P-particIe in the solution, we introduce a factor 0 similar 

> At the same time, other A-particles are affected by the presence of the B-particles 
that we introduce; but at the moment we discuss the effect on only the one A-particle. 
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to a; and we suppose that the energy levels are modified in an analogous 
vraj', with ^ replacing a. 

Let us consider now ail the -particles in a certain solution. In (253) 
we denoted by 7ii the number of A-particles that have one 5 -neighbor and 
{z — 1 ) ^.-neighbors. Since Pi = aPo, we have 

Jii In Pi = 7 }i(In Po -f- In a) (255) 

In the same way let nr denote the number of ^.-particles that have r 
P-neighbors and (z — r) J.-neighbors. Then we have for anj' value of r 

- ?iJ:T hi Pr = - iirkTQn Po -r r In a) (256) 

The free energy" of all the *4 -particles is to be obtained bj" summation over 
all values of r from zero to z, which gives 

— I:T(Znr In Po -f 2mr In a) (257) 

J<ow 2 ??^ is simph^ the total number of -4-particles uj, while the sum 
2r72- is simply the total number of A-B contacts in the whole of the 
solution; let this number be denoted by v. 

We are attempting to calculate the quantity that must, be introduced, 
in addition to the quantity TFcf, to take into account the different environ- 
ments in which the /i -particles find themselves. If, for example, z = 12, 
there are 13 possible environments. We have just said that the first term 
in (257) is simpl}^ — In Po, which is the normal free energy of 77.4 particles 

of species .4 when their set of energv* levels is not distorted or displaced b}'’ 
the presence of P-particles. The change in the free energj* of the solution 
arising from the v A-B contacts is given b 3 ' the second term, which is to 
be written 

- vkT In a (258) 

When a similar treatment is given to the various environments in which 
the P-particles find themselves, we hav'e a basis for beginning to discuss 
mutuallv' soluble substances over the whole range of composition from 
100 per cent of -4 to 100 per cent of P. There are, however, manv* problems 
in v'erv' dilute solutions that can be discussed without making use of (258). 
We shall discuss these first and shall retmri to (258) in Sec. 109. 

104. Before attacking an 3 ' problem, we ma 3 ' take this opportunity to 
recall what was said in Sec. 56 about the difference between one set of 
levels and another, namelv', that there is usuallv* a difference in spacing 
as well as a difference in the energv’’ of the ground level. For the sake of 
illustration, Fig. 20d depicted two sets of lev^els between which the onl 3 ^ 
difference was a shift in energ 3 '. According to (76), if this shift is 17 , the 
ratio between the two partition functions will be P'/P = 

We ma 3 ' notice that the quantit 3 ’^ a, which was introduced in (255), 
viU usuali 3 ’ imply a change in spacing as well as a change in eo; and we 
may make the same remark with regard to the difference between the 
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quantities Pi and Po in (253). A small change of environment be 
accompanied by only a small change in the spacing of the levels. In 
these solid and liquid solutions the total change in spacing may cause the 
value of P to change by 40 or 50 per cent, and in some cases perhaps by 
a greater factor. But such a change in P is small compared noth that 
which may result from a shift in energy. Suppose that we are dealing 
with a temperature T such that the value of hT is equal to, say, one-third 
of the shift T], Tlien the factor us P'/P = = ^. Xo 

change in P as great as this could arise from the change in spacing alone. 

Bearing this in mind, consider a very dilute solution of a solute B in 
a solvent A. If the number of B-B contacts is small enough to be neg- 
lected, we shall have, as pointed ovit in Sec. 102, instead of (z + 1) possible 
environments, only one environment for a solute particle, namely, com- 
plete enclosure by solvent particles. We shall likewise have only two en- 
vironments for a solvent molecule, namely, one characteristic of the pure 
solvent, and secondl}' the situation wlicre one neighbor is a B-particIe. 
The number of v4-particles in the latter class is z times the number of 
solute particles, that is, zna; hence the number of .4-particles in the former 
class is (ua — zns). We have then in the solution only three partition 
functions to deal with, corresponding to the sets of energy levels in the 
three environments, one of which is the same as that characteristic of 
pure solvent. Wo may therefore use a much simpler notation than that 
of Sec. 103, writing simply Pa, Pa, and Pa, reserving Fa to denote the 
partition function for a particle in the pure solute, when required. Pro* 
ceeding as in (254), we find that the Helmholtz free energy of the solution 
will amount to 

— hT[inA — 2 nff)In Pa + zna In Pa + In Pi + In TFci] (259) 
where TF«f is to be taken from cither (243) or (248) according to the tj’pe 
of solution. 

We can use this expression to find the conditions for various equilibria, 
such as the solubility of B in 4, the lowering of the freezing point of 4, 
the change in the vapor pressure of 4 due to the presence of B, and so on. 
For example, to find the solubility of B in 4, we add to (259) an expression 
for the free energy of a certain amount of pure B, and we differentiate the 
whole expression with respect to ns. In the same way, if we wish to study 
the equilibrium between the solution and pure 4 w’e add to (259) an ex- 
pression for the free energy of a certain amount of pure 4, differentiate 
the whole with respect to tia, and set the result equal to zero;^ in this we 

* It may be pointed out here that in a systematic study of these equilibria there are 
two alternative methods of procedure. One, which has just been described, is to have 
available the expressions for the free ene^y of each of the various substances that we 
wish to put in contact. Let us denote these by Fj, F„, F„„ .uid so on. From these we 
choose the two required for the particular equilibrium to be studied. We write down 
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may use the partition function for pure A either in the solid form or in 
the vapor state, as required. 

105. The expression (259) enables us to deal with the solubility of A 
in B promded that the saturated solution is very dilute. If Pb denotes 
the partition function for pure solid B, the change in the free energy* of the 
solid for each particle removed from and transfen-ed to the solution will 
be -r I:T In Pb. We shall deal here with a substitutional solution and in 
Sec. 106 with an interstitial solution. Using (243), we find for the equi- 
libriiun between pure B and the solution of .B in si, the condition 


driB 






(260) 


Here Pa, PI, Pb, and Pb denote, of course, the values at the same tempera- 
ture T: the values depend onl 3 " on the species A and B that make up the 
solution; on the right-hand side, oal 3 ' the quantit 3 ' xb depends upon the 
concentration. From (260) we obtain 


nA-riiB Pb\Pa) 


(261) 


This expression states that, at the temperature considered, there can only 
be equilibrium between the pure solute B and the solution of B in *4, 
when the concentration of the latter has the particular value prescribed; 
this is the concentration of the saturated solution at this temperature. 

If each solute particle of species B is slighth* larger in size than a solvent 
particle, it will be somewhat cramped when introduced into the lattice 
of A and it wiU at the same time somewhat restrict the vibration of the 
z solvent particles in contact with it. As a result, the spacing of the energy 
levels is likeh' to be somewhat wider than in pure A and pure B. In 
other cases the spacing ma 3 ' become narrower. This change of spacing 


the expression for the total free energy, say, for exiunple (fj -p F^i), and we consider 
the transfer of dm particles of the required species from one set of levels to the other; 
that is, we differentiate rrith respect to either or Ug, whichever is appropriate. In 
one set of levels the number of p.articles is increased, in the other set the number is 
diminished: this introduce a minus sign, for example, 


if 

dm 




An alternative procedure for systematic study is as follows: instead of having a-tmilable 
the expression for the free energj' of each substance, we may tabulate the expressions 


for —I — . and so on. When we wish to consider the equilibrium between any 

Brlj^ orig drij^ 

two populations, it will be unnecessary- to write down the free energy of the whole system; 
we merely- choose from these tabulated expressions the two that are required and equate 
them. In the example above, we would take 


ifi _ dFpi 
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will alone ensure that the values of both PbIPb and PilPx will differ 
from unity. But, as pointed out at the beginning of Sec. 104, a small 
change in spacing cannot lead to a value differing much from unity; a 
shifting of the whole set of levels, up or down, gives a more pronounced 
effect. We Imow from (76) that if the set of levels were raised with- 
out distortion by an amount % the partition function would thereby 
be multiplied by the factor It is only in this way that the solute 

B in (261) can be sparingly soluble, the condition for wliich (261) is 
valid. We therefore find it convenient to use a notation that separates 
the alteration in spacing of the levels from the amount by which the set 
of levels is raised. In (260) the four partition functions are, of course, 
all referred to the same zero of cner®^. We shall follow the method of 
Chapter 6 and refer each partition function to its o^\Ti ground level. Con- 
sider first the ground level of a particle in pure solute. Let ijb be the 
amount by which the lowest level of the solute particle is raised when this 
particle is dissolved in the solvent, and let P* be the partition function 
for the modified set of levels when their energies arc measured from 
this lowest level. Then the Pq of (259) is equal to Similarly, 

wo may \%’rite PX “ Then, if wc denote an energy s by 


’ 93 + 


the e.xpression for equilibrium, (261), takes the form 




nA + Wfl 


Pi/^V 

PaVP^y 


c-./*r 


(262) 

(203) 


This e.'^pression is a good approximation provided that the value of s 
is large enough to ensure that the saturated solution at the temperature 
considered is e.\tremely dilute. At room temperature kT is equal to jV 
electron-volt per particle; hence, if s amounts to ^ electron-volt per solute 
particle, or 5750 cal/mole, tliis will be sufficient. 

106. Dilute Interstitial Solution. Using (248), let us consider a solution 
containing only a single solute B. The original crj’stal consisting of ua 
particles provides altogether interstitial sites for the ns solute particles. 
It does not matter how many nciglibors eaeli solvent particle has in the 
original lattice. Let z denote the number of solvent particles with wliich 
one solute particle makes contact. Then we obtain an expression that is 
identical vrith (259). The number of sites that are to remain empty is 
{briA — ub). Hence, combining (249) with (259), we can prescribe the 
condition for equilibrium between pure B and the dilute solution of B in A : 

fcrfln^ + zlnl^-In,— 22 — )- 0 (264) 

\ Pb Pa bfiA - tib/ 


Defining s as before, we obtain 
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bn A - ns Vb\Pa) 


(265) 


107. We hare discussed the equOibrium between the solution and pure 
solute. We did this by adding to (259) an expression for the free energj’^ 
of a certain amount of pure solute and differentiating with respect to ns. 
Let us now consider the possibility of equilibrium between the solute and 
pure solvent. We shall add to (259) an expression for the free energy of a 
certain amoimt of solvent, which may be in either vapor or solid form, 
according to the problem we wish to discuss. On the other hand, if we 
consider a range of temperature where both solvent and solution are 
hquids or where both are simple solids, no equihbrium with pure solvent is 
possible. When the solution is put into contact with the solvent, the solute 
will merel 3 ^ diffuse into the solvent, to form a solution at a lower concentra- 
tion. If, however, there is a range of temperature in which the solution 
is liquid while the pm-e solvent is sohd, equilibrium between the two is 
possible. The familiar “lowering of the freezing point of the solvent” 
bj’’ the presence of a solute prorides such a situation. For example, when 
the temperature of an aqueous solution is reduced, a point is reached at 
which pure ice crj’staUizes out. 

There are thus two problems to be discussed, the vapor pressure of the 
solvent, and the lowering of the freezing point. In both cases, for a dilute 
substitutional solution, we shah, have to differentiate (259) with respect 
to iiA. A ver}’- simple axpression is obtained, namelrq 


- kT In.— 
Xa 


(266) 


The simplicity of this expression arises from the fact that in the ven' 
dilute solution there are at anj' moment nsz solvent particles in contact 
with solute particles, and this ntunber is imchanged when we transfer 
oHa additional solvent particles to the solution. 

Let us first discuss the vapor pressure of the solvent in a dilute sub- 
stitutional solution. In (224) we had an e.xpression for the rapor pressure 
of a pure substance; we can now use (266) to find how (224) will be modi- 
fied b 5 ’ the presence of a small quantity of another species dissolved in 
the solid or liquid imder consideration. Taking a vessel of a certain size, 
let us first paj’’ attention to the number of particles of A that will form a 
saturated vapor in equilibrium with pure A (liquid or solid) at the tem- 
perature considered, when no B is present; this number ma}’ be denoted 
by n°A. Its value is found, as in (190), by setting the following expression 
equal to zero: 

fcTln — 
nrA 


kT hi Pa 


(267) 
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Let us take next a dilute solution contuning na solute particles of species B, 
nc solute particles of species C, and so -on. We have to transfer Bua 
particles from the solution to the vapor7*or vice versa. Using (266), we 
see that the value of n,A is to be found by setting the following expression 
equal to zero: 

irin^-trln— (268) 

n,A Xa 

Comparing (268) with (267), we find 


nA 

Pa Ka Ua + nj + • • • 


(269) 


The vapor pressure of the substance A will be lowered by the presence of 
one or more solutes dissolved in it; in sufficiently dilute solution the vapor 
pressure of the solvent at any temperature will be diminished in propor- 
tion to its mole fraction. 

A similar expression may be found for the \’apor pressure of each 
component of the solution, assuming as before that the vapor behaves as 
a perfect gas. 

108. We shall next make use of (259) to study the lowering of the 
freezing point of a liquid solvent. The e.\pression (259) was intended to 
apply to either a dilute solid solution or a dilute liquid solution. The 
symbol Pa stood for the quantity for a particle either in pure 

solid solvent or in pure liquid solvent. That is to say, it referred to the 
energy levels of a particle in a solid in which some solute particles were to 
be dissolved to form a solid solution, or alternatively it referred to the 
energy levels of a particle in a liquid in which some solute particles were 
to be dissolved to form a liquid solution. We have not yet had to use a 
notation to distinguish between tlie levels in liquid and those in solid 
solvent, but we must do so here. Let P, denote the value of 
summed over the levels of a particle in pure solid A and let Pt be the same 
Quantity for a particle in pme liquid A at the same temperature. The 
latter is likewise the value for any solvent particle in the dilute solution 
that is not in contact with a solute particle; since this is the quantity that 
occurs in (266), we shall >\Tite here PifxA. The condition for equilibrium 
between the dilute solution and pure solid A is obtained by setting the 
foUoiving expression equal to zero: 

ir In P. ~ kT In ^ (270) 


This is correct for a very dilute solution containing any number of 
solutes. When the solution contains one solute species B, we have from 
(270) 

-lnii = In(H-^j=InP.-lnP, (271) 
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Since xj. is necessaril}* less than unity, this e.xpression will represent an 
equilibrium state, provided that the right-hand side is positive, that is to 
say, at temperatures below the normal freezing point. 



The values of P, and Pi are equal at the normal freezing point: let 
these values be denoted by P] and P]; then at a temperature slightly below 
the normal freezing point, using (7S), we obtain 


lnP. = lnPJ-f 


= ]nP'i-F^jT 

(272) 

lnP, = lnF?-h^6r 

(273) 

Subtracting (273) from (272) and substituting in (271), we find that the 
lowering of the freezing point of A, when a small munber of solute particles 
is dissolved in it, is given by 

ons 

El - E, nj. 

(274) 


When the equilibrium temperature is plotted against the concentration 
of the solution, we shall find a straight line for very dilute solutions if the 
quantity (Ei — Ei) is independent of temperature. 

The lowering of the freeziag point is illustrated in Fig. 34, in terms of 
the free energj*. Let abscissas be the temperature and ordinates the free 
energ}' per particle of the solvent, or dF'drij. We have already seen in 
Fig. 2S that, for particles populating alternative sets of levels, there is the 
possibility of the curves crossing. Here the cuiwe for liquid solvent inter- 
sects the curve for solid solvent at the melting temperature P-,, the liquid 
having the lower free energy at temperatures greater than T^.- If some 
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solute is added to the liquid, the value of dF/dtix for the solvent has a 
greater negative value at any temperature, as shouTi schematically by the 
dotted curve in Fig. 34. This curve intersects the curve for the solid 
solvent at a temperature lower than the normal melting point Tm. 

109. The examples given in Secs. 107 and 108 have illustrated how the 
simple expression (259) may be used to derive the conditions for various 
cases of equilibrium in very dilute solution. We shall now return to the 
original problem outlined in Sec. 103, attempting to carry the treatment 
to high concentrations. 

We saw that this problem will not be simple except in cases where the 
particles A and B are not too different in size * and where the quantity z 
has the same value for the pure substance A, for pure B, and for all inter- 
mediate mixtures. In Sec. 104 we discussed the solution of a sparingly 
soluble substance B; in the very dilute solution each solute particle was 
surrounded by z solvent particles; the total number of A~B contacts in 
the solution was taken to be zns, and this number was independent of 
temperature. As soon as we go to high concentrations, however, we must 
be prepared to find that the number of A-B contacts depends on the 
temperature. Before we can consider an external equilibrium between 
the solution and pure B (or pure A), we have an internal equilibrium 
problem to dispose of. 

If there are n sites occupied by particles, the total number of contacts 
between particles is Jsn, the factor ^ being introduced to ensure that each 
contact is not counted twice; in the mixture the total number is thus 
is(nA + ns). In Sec. 103 we denoted the total number of A-B contacts 
by V. The number of A contacts that arc not of the type A-B is thus 
Kstia — v); these are the A-A contacts. Similarly the number of B-B 
contacts is ^(zns — v). 

110. If from any site in the solution, we take at random an A-particle 
and at the same time take from a distant site a B-particIe and interchange 
them, by so doing we usually bring about a change in the number of A-B 
contacts. For every pair of A-B contacts that is created, one A-A and 
one B-B contact disappear. This reminds us of the gaseous equilibrium 
that was briefly studied in Sec. 90. It was pointed out there that in 
equilibrium at low temperatures the characteristic interatomic forces 
cause a sorting of the atoms into the more stable diatomic forms, but that 
with rise of temperature the equilibrium tends to approach a more random 
distribution. The same tendencira ^vjll be present here in the solution, 
and we are led to ask the following preliminary question. Given 
particles of t 3 T>e A and ub of type B, how many A-B contacts would be 
expected in a perfectly random arrangement? 

‘For particulars as to the conditions under which a rigorous discussion of a liquid 
solution is possible, see R. H. Fowler and BL A, Guggenheim, "Statistical Thermody- 
namics,” Chapter 8, Cambridge, 1939. 
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Suppose that- Tve have -f ns) empt^* sites and that vre fill these 
sites -vvith the particles at oiu- disposal. Consider a site adjacent to 
an -4-particle (which has already been placed) : this site is to be occupied 
either by another .4-particle or by a 5-particIe, chosen at random. If 
the number of .4 -particles and 5-particles at our disposal were equal, the 
choice of an -4-particle or a 5-particle for this particular site would be 
equal. Since, however, there are JiA/tia times as mam- -4-particles at our 
disposal as there are 5-particles, the probability of choosing an .4 must 
be n^/ Hs times as great as the probabilitj- of choosing a 5. Since the 
smn of these two probabilities must be unity, their values are n VOu -r ns) 
and yts/inj. -r ris). the former providing the .4 -particle with an J. -neighbor, 
and the latter providing the -4-particle vith a 5-neighbor. Since there are 
particles of t\-pe -4 to be provided with neighbors, it appears that the 
number of -4--4 contacts formed in this way will be proportional to jia 
times nA/inA -r ns), while the number of A-B contacts formed in this 
way win be ;u times ns/inA -r ns). 

In the same way, if we consider a site adjacent to a 5-particle, this 
site is to be occupied either by another 5-particle or by an -4-particle. 
The total number of 5-5 contacts will be proportional to nsV(n^ -r ns), 
while the nximber of 5--4 contacts formed in this way will be proportional 
to 7i^7?B/(n.i - 7 - ns)', of course 5--4 contacts are the same as -4-5 contacts. 
We know that in an extremely dilute solution of 5 in the number of 
-4-5 contacts must tend to the value v — ziib, while in an extremely dilute 
solution of -4 in 5 the value must tend to v — zua- The required expresion 
for r in a completely random mixtvue is 


in A -r ns) 


(275) 


For a random mixture of fifix'-fifty per cent composition, for example, 
settiug 71a = ns, we find that the number of -4-5 contacts is equal to half 
the total number of contacts in the solution. In practice, the number 
win usuall 3 - be somewhat greater or smaller than this value for a random 
arrangement, according as the interatomic forces favor one type of contact 
or another. For the same reason, in a solution of any composition, the 
number will usually* be somewhat greater or less than the value given bj- 
(275). The lower the temperature, the more will the interatomic forces 
cause the equilibrium to deviate from a random mixture, as in the equi- 
librium discussed in Sec. 96. The two problems, however, are not pre- 
cisely the same; the expression (275) not consistent with (240) but with 
a slightlj- different expression. By analogy with (240), the assumption^ 
is made that v will be given an expression of the form 


^ ^fkT 

(znA — y) i^B — r) PaPa 
1-4- E. :Mmer. J. Chem. Phys., 15, 513 (1947). 


( 276 ) 
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With rise of temperature the value of the right-hand side tends to unity. 
It may easily be verified that when the right-hand side is equal to unity, v 
is given by (275). 

111. It will now be shown that we can obtain an insight into the be- 
havior of partially miscible and completely miscible substances, if we 
use (275) as a first approximation. In problems of solubility and vapor 
pressure, we need to know what happens when we add either dn^ particles 
or else driB particles to the solution. The value of y is changed by the 
following amounts, obtained from (275); 


.( Y 

^ A 

f nx y 

\nA + fiB/ 

dftB ' 

^«A + tlB/ 


Writing Pa and Pb instead of Po, we find from (257) and (258) for the free 
energy of the solution 

F = kTi— iiA In Pa — na In Pa + nA\n Xa + nahi Xb - v In X) (278) 


where In X has been written for ln(aj9) * In or + In If we divide through 
by (wa 4- nB)kT, we find, since » 1 — XAt that (278) takes the form 


(ox + 6(1 — x)] - (x In X -b (1 — x) ln(l - x)] + gx(l - x) (279) 


where g z\ti ad. The value of ad may be greater or less than unity. 
Wo shall consider first cases where g is positive. In Fig. 35 are sketch^ 
the forms of the three parts of (270), plotted against x. Tho last term, 
representing the work to form A-B contacts, has a maximum at xa » xs * 
where the number of A-D contacts is greatest. The middle term of (279), 
representing the decrease in free energy on mixing the two substances, 
has a minimum at xa * xb * Consider now the addition of the ordinates 
of curves II and III. For small values of g the resultant curve will still 
have a minimum at the center. For larger %’alues of g there is, however, 
the possibility that the resultant curv'e will have a ma.ximum instead of a 
minimum at the center. We have 


(280) 

and from curve II 

+ (281) 

which has the value 4 when x Adding (280) and (281), we find then 
that d^F/dx^ will be negative when (4 — 2^) is negative, that is, when the 
value of g is greater than 2. 

For mixtures of many sul^tances g does not exceed 2 at any accessible 
temperature. In Sec. 112 we shall study the nature of the equilibrium 
for cases where g is greater than 2, and in Sec. 113 the discussion will 
include mixtures with g less than 2. 
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112. TVe have seen that, on adding the ordinates of the three curves 
of Fig. 35, the resultant cuire will have a minimum when g = 2 In X has 
a value greater than 2. In Fig. 36 is sketched the form that the free energv 
will have when Pb is greater than Pa and when g has a value in the neigh- 
borhood of 2J. 


Consider now a straight line drawn to touch the curve at two points; 
the line QRS touches the cur\-e at Q and 5; the point Q corresponds to 



a solution of composition = OY 
and xb = O'Y, while the point S corre- 
sponds to a composition xa — OZ and 
Xb = O'Z. Since the curve is a plot 

of F against x, the slope of the curve 

- . dF dF 

at anv pomt represents -5 — = — ; — 

■ dXA dXB 

We see that this quantity has the same 
value for solutions of the compositions 
corresponding to F and Z on the dia- 
gram. If any amount of one of these 
solutions is put into contact with any 



Fig. 35 


Fig. 36 


amount of the other, they wiU not tend to mix; they will be in equihbrium 
since the transfer of dm particles of A or of B from one solution to the 
other will not be accompanied by anj* change in the free energy . They will 
not mix, because, at the temperature considered, the work required to 
form the additional A-B contacts compensates for the increase in In TFc?. 
At a different temperature, or for a pair of substances with a smaller value 
of g, additional A-B contacts can still be fonned and the points Q and S 
will lie nearer together, until for g = 2 they will coincide and the two 
substances will be miscible in all proportions. The effect of change of 
temperature on the value of X and of g will be considered in Sec. 114. 
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At the beginning of this chapter it was pointed out that when two 
substances are put into contact, there is a tendency for each to diffuse 
into the other. In many cases this is merely an academic point, since 
one of these tendencies is negligiUy small compared with the other. The 
kind of mutual solubility discussed here, however, is common among 
alloys and in mixtures of oi^anic liquids; no equilibrium is possible be- 
tween the solution and pure A or pure B; the equilibrium is between A 
containing a limited amount of B, and B containing a limited amount 
of A. The portion of the curve QifS between Q and S corresponds to 
compositions that are unstable at the temperature considered and that 
will break up into two phases with comp<^itions given by Y and Z. The 
free energy represented by a point such as if on the curve is greater than 
the free energy of the two phases into which the mixture will break up, 
which is represented by a point on the straight line QS below. 

The pairs of metals mentioned in Table 3 are miscible in all proportions 
when molten, but on solidifying they separate into A containing a certain 
amount of B, and B containing a certain amount of A, according to the 
percentages given in the table. 


Table 3. Limited Mutual Soludiutt op Metals (Solid)* 
Pb dissolves 4.5% of Sb and Sb dissolves 5% of Pb 
Cu dissolves 8.0% of Ag and Ag dissolves 8.8% of Cu 
Pb dissolves 10.5% of Sn and Sn dissolves 2.6% of Pb 
Ni dissolves 47.0% of Cr and Cr dissolves 37.0% of Ni 

* H, CsrpcBter »nd J, M. Kob«r(»OD, "LfetAb,” Oxfotd. 1939. 


In connection ivith (275), we mentioned the value that y would take 
in a very dilute solution of B and A. If this value is substituted in (278), 
and at the same time the appropriate values of a and (? from Sec. 103 
are introduced, the reader may easily verify that (278) reduces to precisely 
(259) for the dilute solution, as it should. Resuming the discussion of 
(278), we shall now derive the vapor pressure of the components of the 
mixture. 

113. To study the equilibrium betw'een the solution and the vapor 
of A, we add the free energy of n,A particles of vapor, differentiate the 
whole with respect to «a, and dinde through by kT, obtaining 


In ^ + (In a + In b ^ = In ^ + 2 

xji n,A Xa 


f— ^Yii 

VriA + riB/ 


To replace (269), we find 
Pa 


- in ^ (282) 

n,A 


pA nU riA + tiB 




( 283 ) 
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When iiB is small compared with ns, the a'qjonential term in (283) will 
differ little from unity but will de\iate more from unity as the concen- 
tration of B is increased. 

For the partial pressiu^ of the B component we find the corresponding 
e.xpression, with ua and ub interchanged. 

Before discussing this expression in detail, we may deal with a special 
case, namely, a mixture of two substances *4. and B for which the value 
of the product aS happens to be rmity; In X is zero, and the exponential 
term in (2S3) is unity. We obtain 


Pa _ ns pa riB 

Pa riA -r JIb ps ” na -r ns 


(284) 


The vapor pressure of each component is proportional to its mole fraction 
over the whole range of concentration from zero to 100 per cent; a mixture 
that shows this behaxdor is said to obey Raoult's law.* 

In the nineteenth centuiy it was found by van’t Hoff that in dilute 
aqueous solutions the solute obeyed laws ven.' similar to the gas laws, 
and the concept of an ideal solution was introduced, analogous to the 
concept of a perfect gas. A liquid solution obeying Raoult’s law was 
called an ‘‘ ideal solution.” Just- as an imperfect gas behaves like a perfect 
gas at sufficiently low pressures, so a non-ideal solution will become in- 
distinguishable from an ideal solution at sufficiently low concentrations. 
In (283) when xb is sufficienth* small, the e.xponential term does not differ 
appreciabh* from unity; thus, at sufficiently low concentrations, (284) 
ma 3 * be used instead of (283) — a result ahead}' obtained in (269) above. 

Consider the various terms on the right-hand side of (278). The first 
two terms in the large bracket together comprise the free energx' of the 
pure components before mixing; the remaining terms therefore comprise 
the change AF in the free energj’ on mixing the components. When X 
is unity the last term in (278) drops out and we obtain 

F' — F — (riA In Xa -r ns hi xb)I:T (2S5) 

On comparing this with (198) in Sec. So, it will be seen that (285) is identi- 
cal with the expression for the change in free energy on mixing two perfect 
gases imder certain conditions. The thermodynamic relations are the 
same, although the structural basis is entirel}’ different. 

Formerl}' it was not suspected that behind the thermodynamic re- 
semblance there lay a wide structural dissimilarity; liquids and gases 
were classed together as fluids and there was a persistent idea that struc- 
turally a hquid was much more like a gas than like a solid, even near the 
freezing point of the liquid. The expressions (2/S) and (285) have, how- 


ij. H. Hadebrand, "SolubOitv of Xon-dectrolytes,” Chapter 2, Reinhold, 1936; 
for partianY miscible liquids see {bid.. Chapter 9. 
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ever, been derived for a structure that is as applicable to a solid as to a 
liquid. The expression (285) applies to a mixture of localized particles 
in which the occupation of the sites has been arranged by one-for-one 
substitution; this bears no resemblance to a mixture of two perfect gases 
in which the molecules move freely throughout the vessel without inter- 
action. 

In an ideal solution at any concentration we obtain from (278), with 
X equal to unity, 


\dnB/T,f V,drtB/T.i» 


— kT In Pb + kT In xb 


This may be put in the form 


V»l^, + /:riniB (286) 

where the term yo is independent of the concentration (but varies with 
temperature). In physical chemistry the usual way of dealing with a sol- 
ute whose behavior is not in accordance with (286), that is, with a 
non-ideal solution, is to introduce an activity coefficient /, which is a 
function of the concentration, like that mentioned in Sec. 91 for an im- 
perfect gas. We can replace (286) by* 

M = t*o + Jtr In feXB (287) 

obtaining from (278) an c.vpression for the actirity coefficient /a if the 
solution is of the kind to which (278) applies. We may verify that at low 
concentrations the value of /b tends to unity as the solution approaches 
infinite dilution. 

In general there are two principal factors which udll give to / a v'alue 
different from unity, that is, which will make the solution differ from an 
ideal solution. One we have just discussed — the modification of the energy 
levels of the particles when the quantity X occurring in (278) is different 
from unity. In Sec. 122 we shall show that when the solution is not 
formed by the process of one-fo'r-one substitution, this fact alone is suf- 
ficient to give / a value different from unity, even when X = 1. 

114. In discussing the environments of solute particles, it was em- 
phasized in Sec. 104 that whereas a small change in the partition function 
can arise from the change in spacing, a large change can only be due to 
the shift of the set of levels by an amount comparable with or greater 
than kT. In using the factors a and ^8, we have not yet asked to what 
extent the modification of the levels has been a shift or a change in spacing. 
One could easily ^vrite a and ^ in a form that would express the presence 
of both kinds of modification. Here it will be sufficient to ask what form 
(283) takes when the change in sparing has an effect that is negligible 


*L. E. Steiner, “Introduction to Chemical Thermodynamics,” p. 411, McGran’-Hill, 
1941. 
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in comparison with the shift of the whole set of levels. In this case, in 
accordance with (76), we maj' write 

a = ^ 288 ) 

and 

Suppose now that we start with the pure substances A and B, and we 
take one particle from the interior of A and one from the interior of B, 
and interchange them. The A-particle acquires as neighbors z 5-particles, 
each of which acquire one A-neighbor, nameh*, the transferred particle. 
At the same time the transferred B-particle acquires as neighbors z A- 
particles, each of which acquires one 5-neighbor. The total work done, 
or the increase in potential energy- is thus 

- 2z/;7'(ln « A In d) = 2z(va. A vs) (289) 

If this quantity is denoted by 2U, we ma}* replace the factor z hi(aS) 
in (283) by U/hT when the change in the spacing of the levels is unim- 
portant compared with the shift in energy*. 

115. We will consider next a sparingl}* soluble substance BC, whose 
molecules are completely dissociated into separate particles 5 and C when 
it is dissolved in a solvent A, forming a very dilute substitutional solution 

BC-^B-^C 

In Sec. 96 we supposed that the solution was so dilute that the chance 
of finding two solute particles in contact with each other was neghgible; 
we sball make the same assumption here. In the solution we have alto- 
gether (72^ A 72 b -r nc) sites; the value of TTrf is given by (244), and the 
values of 8 In TFrf/872B and d In TFci/dTZc are given by (247). 

Using the same notation as in (259), let the partition functions be 
denoted as follows: Pa ^th the summation taken over the energy levels 
of a solvent molecule surrounded by other solvent molecules; Pb and Pc 
taken, respectively, over the levels of 5 and of C in the pure solid: Pf 
over the levels of a dissolved 5 particle completely surrounded by solvent 
molecules, and similarU Pc for a dissolved particle of C; finally Pas over 
the levels of a solvent molecule that is in contact with a dissolved 5 particle, 
and Pac for one that is in contact with a dissolved C particle. Let us 
define quantities Qs, Qc, aud s as follows: 


1 n 1 ’ 1 -Pab 

lnQB = hi^Azln 

r B r 4 . 

(290) 

- „ . Pi ,, Pac 

lnQc = hi^Azln 

re ^ r 

(291) 

5b “T Sc = 77 b "T" zvab ~r VC svac 

(292) 
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Every B-particle that goes into solution is accompanied by one C-particle 
(moving to a distant site); thus d/dns = d/Snc- From (291), proceeding 
as in Sec. 105, we obtain 

- ir(ln Qa + InQc-InXB-In Xc) (293) 

driB 

Setting this equal to zero, we obtain for the saturated solution of the 
sparingly soluble substance BC 

xb^c = QbQc = ObQcc"'''*^ (294) 

For a substance n’hose saturated solution is less dilute, the product xbZc 
must be replaced by the product SbXbJcXc, where fs and fc are activity 
coefficients of the kind introduced in Sec. 113, which tend to unity at 
extreme dilution. The quantity faxa/exe is known as the “solubility 
product” of the substance BC. 

When the solution is formed by dissolving BC only, the number of B- 
particles in the solution is necessarily equal to the number of C-particles. 
If, however, we introduce into the solvent some B-particIes or else some 
C-particles from another source, the number of B-particIcs can be unequal 
to the number of C-particles. In deriving (294) nothing was said about 
Zb being equal to xc. The expression (204) gives the composition of solu- 
lutions that can be in equilibrium with the pure substance BC at the 
temperature considered; the condition is that the solubility product must 
have the*speeificd value. If, for example, we add to the saturated solution 
some C-particles from any source, the number of B-particles must be 
reduced; that is, some B will be precipitated and vice versa. This method 
may readily be extended to find the form of the solubility product for 
substances, such as BCt or BtC, which yield three particles when they 
dissolve and dissociate ; or in general for a substance BpC, which dissociates 
into (p + 5) particles. The general axpression for a sparingly soluble 
substance is of the form 

xb^X£^ = (295) 

116. We discussed in Sec. 115 a solute that dissociates yielding two 
particles B and C, both of which are of a different species from the particles 
A of the solvent. We can likewise study a solute where one of the particles 
is of the same species as the solvent in which it dissolves, that is, we 
consider a definite compound BA that d^solves to form a solution of B 
in A. The solution may be either a solid or a liquid solution. In either 
case, when some of the compound BA dissolves, each pair of particles 
that goes into solution yields one solute particle B and at the same time 
adds one .4-partiele to the solvent. Examples of dilute solid solutions 
of this kind occur in metallurgy (see Sec. 121), while a’ familiar example 
of a liquid solution is the solution of a monohydrate (B.HsO) in water. 
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In such cases the character of the equilibrium is iuteresting at high 
concentrations. We have seen in Sec. 113 that concentrated solutions 
may be divided into two classes, solutions where the free energ%* is sensitive 
to the number of A-B contacts present at a given concentration in the 
solution, and solutions where it is insensitive. For the foimer, the treat- 
ment of Sec. Ill would have to be used but we shah not consider that 
case here. We shall briefly conrider what will be the character of the 
solution of BA in J. if the free energy is insensitive to the number of A-B 
contacts present at a given concentration. Defining suitable quantities 
Qs and Qb analogous to those of (291), we find, as in (294), that the 
character of the equilibrium between the solution and the solid is given by 

niriB 

njr -r 2n^723 -r ns- 

= QaQs = (296) 

When the value of the right-hand side is greater than 4, the equation has 
no real solution. The existence of a limiting temperature is to be expected, 
since no equihbrium between solid and liquid is possible above the melting 
point of the solid AB. Since the sum of the mole fractions has constant 
value (unity), their product has its greatest value when they are equal: 
their product is then equal to i. A liquid of this composition has the 
same composition as the solid AB: it is, in fact, molten AB and can be 
in equihbrium with sohd AB when in contact with the sohd at its melting 
temperature T~.. Setting (296) equal to x. we obtain for T„ the e.xpression 

^ in (4 /QxQe) 

Returning to (296), let the right-hand side of (296) be denoted by /(T). 
For values of f{T) less than 0.25, the equation has two solutions. When, 
for example, /(T) is equal to 0.24. we have the solution Xx = 0.6, xb = 0.4, 
and also the solution xa = 0.4, xb = 0.6. Thus at a temperature below T- 
the sohd AB may be in equihbrium with a solution when the composition 
of the latter has either of the two values appropriate to this temperatxue. 
Qearly we may regard this as a lowering of the freezing point of molten 
AB. In the molten AB we may dissolve either a certain amount of B 
or a certain amount of .4 ; in either case the temperature for equihbrium 
with the sohd is lower than the normal freezing point T-. and continues 
to fah as the excess of B or of .4 in the solution is increased. 

The same treatment may be given for a sohd that has the composition 
ABt or .4;B or AzB. and so on (compare Sec. 121 below). It should be 
noted that the expression (274) obtained for small quantities of a simple 
solute does not apply to any of these cases, .\ccording to (274), the 
lowering of the freezing point is proportional to the amount of solute and 
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this proportionality continues to hold as the concentration of solute tends 
to zero. 

117. We studied in Sec. 92 a solid that could exist in two different 
modifications, with a transition temperature below which one form is 
stable and above which tlie other is stable. Denoting the low-temperature 
modification by Ai and the high temperature modification by Aa, let us 
consider the interesting question that arises when another substance B 
is soluble in Ai or Ah, or in both. This problem is important in steel 
metallurgy', since iron can mdst in the alpha and gamma modifications, 
in which carbon and many other elements are soluble. 

Let us first consider the case where B is soluble in the form Ah but is 
not appreciably soluble in the low-tcmperature form Aj. This problem 
will be very similar to that discussed in Sec. 108. WTien, for example, 
we freeze an aqueous solution, we arc dealing with a solute that is not 
appreciably soluble in ice (which corresponds to the low-temperature 
modification) but is soluble in water (which corresponds to Ai). We saw 
that there could be a state of equilibrium between Ice and the aqueous 
solution. So hero we can consider a dilute solution oi B m An, at any 
temperature at which At is stable, and wo can ask whether there can be 
equilibrium when this solution is placed in contact with At. For this 
purpose we have to consider the transference of Sua particles from pure Aj 
to the solution of A* containing ns dissolved particles of B. 

The difference between A* and Ai will play the same role as the dif- 
ference between solid and liquid solvent in Sec. 108. The diagram for 
the free energies will be similar to Fig. 34; the presence of solute in Aa 
will cause a “lowering of the transition temperature"; that is, the high- 
temperature modification, containing solute particles, will be stable at 
temperatures below the normal transition temperature. If we denote 
the partition functions for a particle of pure solvent by Pi and Ps, the 
e.xpression (271) will apply for a substitutional solution if an appropriate 
change is made in the subscripts; and the axpression f274) w’ill apply to 
the interstitial solutions as well. 

We have discussed the case where the substance B is soluble in the 
high-temperature form of A only. Conversely, when B is soluble only 
in the low-temperature form A, this leads to a raising of the transition 
temperature; that is, the low-temperature modification, containing solute 
particles, will be stable at temperatures above the normal transition 
temperature for the pure substance A. This effect is analogous to the 
raising of the boiling point of a liquid when a substance is dissolved in it. 

118, Let us pass on now to the situation that commonly occurs, 
where the solute is appreciably soluble in both the high- and low-tem- 
perature forms. There are four cas^, all of which are important in the 
alloys of iron that form the basis of steel: there are (1) interstitial and 
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of B in A I at the same temperature. In Fig, 34 the intersection of the free- 
energy curves denoted a state of stable equilibrium, but not so here. 
In Fig. 34 the curves verc a plot of the free energy per particle against 
the temperature, but here they are a plot against the concentration. 
At the point of intersection 12, the curves differ in slope, the curve for 
the solution in Ak being the steeper. If the two solutions at the same 
concentration are put into contact, particles will spontaneously be trans- 
ferred from Ai to A/,, that is to say, the 
boundary’ between Ai and A* will move 
in such a way that A\ grows at the expense 
of At, since thereby the free energy of the 
whole can fall to a lower value. During 
this process the free energy of one solution 
is given by a point that moves from R 
toward <?, while the free energj' of the 
other solution is given by a point that 
moves along the cur\’e from R toward S. 
This process will continue until points are 
reached where the slopes of the cun’cs are 
equal. In Fig. 38 the state of equilibrium 
can be found, as was done in Fig. 36, by 
drawing the straight line that will touch 
the two curv'es. The points of contact in 
Fig. 38 correspond to a solution of 5 in 
At with the concentration given by the point Y, and a solution of B in A* 
with the concentration given by the point Z. 

If we consider temperatures intermediate between those of Fig. 37 
and Fig. 38, it is clear that in Fig. 38 the point of intersection R, which 
lies on the axis at the normal transition temperature, moves away from 
the axis as the temperature is reduced. At the same time the points of 
contact and the corresponding points Y and Z move to the right and be- 
come more widely separated. If W'e take the temperature as ordinates 
and the concentration, as before, as abscissas, we may obtain tw’o diverging 
curves, as in Fig. 39, w’here one curve corresponds to the concentration 
Y while the other curv'e corresponds to the concentration Z. Any point 
lying between the two curves corresponds to an unstable composition 
that will break up into a solution of B in Ah and a W’eaker solution of B 
in At; in this range of temperature a horizontal line will cut both curves, 
and the points of intersection will give the concentrations of the two 
solutions that can be in equilibrium with each other at this temperature- 
119. Solutions in Alpha and Gamma Iron. Below 910°C the crystal 
structure of iron that is stable is body-centered cubic; this is known as 
“alpha iron.” At 910° this undergoes a transition to a face-centered 
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have seen that for carbon in iron bdow 910'’C the value of h/bi is 
From (251), writing iib/iia — c, we fimLihnt when solvent particles are 
transferred from Ai to the change in In IFrf is equal to 

[b,ln(l-g)-6»ln(l-g)J (298) 

In very dilute solution this reduces to (c* — Cj) hmA. Writing down the 
change in the free energy as in (260) and equating to zero, we find that 
this leads to 

CA-c, = !n^ (299) 

In a very dilute solution the number of empty lattice sites n, in (249) 

docs not differ appreciably from btiA. We find then that, when solute 
particles are transferred, the change in In Tl^i is equal to 

(liij^-lng)jmi, (300) 

wluch leads to the second condition for equilibrium, of the form 

S = ^ Qc-./*r (301) 

Ct Ot 

where Q depends on the energy levels of the solute. 

Tills expression together with (209) determines the forms of the curves 
of Fig. 39 in dilute solution. The quantity (c* — cj) given by (299) is the 
horizontal distance between the two curves at the temperature considered. 
In this range of temperature At is the stable form, and hence the value 
of Pa', is greater than Pa,. Tlic right-liand side of (299) is therefore 
positive, which is consistent with the situation discussed in wliich the 
solute is more soluble in the high-temperature form. The same would 
be found if we iiTote domi the expressions for substitutional solutions. 

Many substances, such as tin, tungsten, and silicon, are more soluble 
in the body-centered alpha structure than in the face-centered gamma 
iron. In these cases there is no lowering of the transition tempera- 
ture below 910®C; instead the diagram replacing Fig. 39 consists of a pair 
of cur\'es rising from 910®C. As before, any point lying between the 
two curves corresponds to an unstable composition, which breaks up; 
but in this case, at each temperature, C| is greater than ca. For each solute 
the slopes of the curves will be different, since each solute has its oism 
characteristic solubility in iron. Furthermore, the form of the curv'cs 
can only be predicted at very low concentrations; at higher concentra- 
tions each solute is likely to show its own deviations. 

120. In discussing two modifications of a solid, it was pointed out in 
Sec. 94 that if the partition functions, plotted against the temperature, 
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Further, the symmetry of Fig. 41 is not to be expected except at the 
lowest concentrations, since each curve is likely to exhibit characteristic 
behavior of the solute, as already pointed out in Sec. 119. 

121. In addition to dissoKdng in the alpha and gamma phases of iron, 
carbon also forms a definite compound, a carbide with the composition 
FcjC; this is known as “cemcntitc.” A problem important in steel 
metallurgy betu’cen 800 and )200'’C is the equilibrium between cementite, 
on the one hand, and the solution of carbon in gamma iron, on the other. 

In Sec. 116 the equilibrium between a compound AB and a solution 
of B in A was considered, and it was stated that the results could be ex- 
tended to compounds such as ABi or AfB. Here we have to deal with the 
equilibrium between the compound FcjC and the saturated solution of 
carbon in gamma iron, in which the carbon atoms are scattered at random 
through the available interstitial sites. We arc not interested in the 
structure of the solid FcjC, but only in the fact that, when some FcsC 
dissolves, each carbon atom is accompanied by three iron atoms. Each 
carbon atom \vill occupy an interstitial site, while the iron atoms, occupy- 
ing lattice sites, will build up additional solvent; by doing so, the iron 
atoms provide thereby additional interstitial sites and this must bo taken 
into account. The problem is to find the concentration of the saturated 
solution of carbon in gamma iron that can bo in equilibrium with cementite, 
as a function of temperature. 

If we denote the compound by A^B, the v.aluo of m u*ill be 3 in the 
cose of cementite. In any case wlien ino particles of J5 are transferred 
from the compo\md to the solution, wo have Biia “ ni tns, and the ex- 
pression for equilibrium will have the form 

^In Qi + 6 In j; — -) Sna - 0 (302) 

Hence 

At temperatures above 910*C, the stable stnjcturc of iron, as mentioned 
in Sec. 120, is a face-ccntcrcd structure, in which the number of inter- 
stitial positions that may be occupied by a carbon atom is one-fourth 
the number of lattice sites, that is, b = The value of (6m — 1) in (304) 
will therefore be (| — 1) = — J. The solubility of carbon in gamma iron 
is small; tid/jia is small compared \rith unity and may be omitted from 
the bracket. Thus (304) reduces to 
ns 1 
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This gives the composition of the interstitial solution that may be in 
equihbrimn "with cementite. Figure 42 shows the experimental results, 
which may be represented by the formula 


— = 0.54e-25'o/r 
riA 


(306) 


In Fig. 42 the line AB is a plot of (306), forming one boundary for gamma 
iron in the phase diagram. The pair of cur\-es diverging from 910°C 
and the other pair of curves 
diverging from 1400° C wiU 
be recognized as correspond- 
ing to the four theoretical 
curves shown schematicaU}' 
in Fig. 416. 

In discussing the dilute 
interstitial solutions of car- 
bon in either alpha or in 
gamma iron, we have been 
Eupposmg that the few car- 
bon atoms will be distributed 
at random among the many 
interstitial positions. Under 
normal circumstances this 
will be the case. But if the 
piece of iron is stretched in 
one direction, say the x- 
direction, the volume avail- 
able to a carbon atom is no 
longer the same at aU sites in a imit cell of the lattice. At any tempera- 
ture where the carbon atoms have an appreciable chance of jumping from 
one site to another, a redistribution of the carbon atoms will take place; 
when the stress is removed, they will again adopt a random distribution. 
Snoek^ has suggested that the elastic aftereffect, which is observed at room 
temperature in alpha iron containing carbon, is to be explained in this 
way: more than 1 second is required for the majoritj' of the relevant 
carbon atoms to move to a neighboring interstitial site. 

122. In dealing with substitutional solutions, we have so far discussed 
only cases where the solute and solvent particles are of nearly the same 
size, so that the solution is formed by a process of one-for-one substitution. 
We can likewise discuss cases where the solute particle is the larger, for 
example, where it has the same size as tico solvent particles and conse- 
quently occupies sites which, in the pme solvent, would be occupied by 

ij. L. Snoek, PhyHoj, 8, 731 (1941); 9, S62 (1942). 



Fig. 42. Phase diagram of the iron^:arbon sj'stem. 
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two solvent particles, A simpler problem is the ease where the solute 
particle has nearly the same size as {z+ 1) solvent particles, where z is 
the coordiniition number of the solvent, as used in Sec. 103. Consider 
ns solvent a solid or lifiuid who-sc structure is such that each particle has 
z similar particles as nearest neighlwre in contact with it and symmetrically 
placed. In ice, for example, each lUO has four molecules in contact with 
it, placed approximately at the comers of a tetrahedron. We can consider 
a solute particle tljat 1ms the same size and shape as five of these particles, 
namely, a central particle and its four nciglibors, and w'c can suppose that 
in the solution each solute particle occupies sites that, in pure solvent, 
would bo occupied by five solvent particles. We can suppose that the 
solute particle is similar to the molecule of carbon tctrafluoridc, CF^, 
that is to say, when the central particle Ijas been placed on a site, no new 
connKtirntion.s can be obtainwl by rotating the wliolo, as would be the 
ease if any of the fovir fluorine particles were distinguishable from the other. 

In goncrnl we discu8.s a solute particle with approximately the same size 
and shape as (z 4- 1) solvent particles. We shall use the w'ord sties to 
refer to sites that can he occupied by a solvent particle; in the solution 
the numher of such sites will bo 


W** nx+ (2+ I)nfi 


(307) 


Wo proceed to ask in how many different ways the no solute particles can 
be distributed among the availaldc 8itc.s. When the solute particles have 
been placed, the remaining ixa sites arc to l>c filled in with solvent particles. 

In the problem of See. 08 wlierc we were dealing with onc-for-onc 
substitution, we had N choices for the position of the first particle and 
{N - 1) choices for the position of the second particle, since this second 
particle could occupy any vacant site, including those immediately adjacent 
to the first particle. In the problem considered hero, we fix our attention 
on the site that the center of each solute particle is to occupy, bearing in 
mind the footnote to See. 40. For llio center of the first particle there are 
N sites available; but the center of tlic second particle cannot occupy a 
site adjacent to that occvipicd by tlic center of the first particle, nor can it 
occupy a site that is the next-nearest neighbor of the first site. Thus, 
instead of {N — 1) choices, there will be {N — r) choices for the second 
particle, where the value of r depends on tlic value of z. If we consider a 
sufficiently dilute solution, it is unlikely that throe solute particles will 
be in contact; there will thus be {N — 2r) choices for the third particle, 
(N — 3r) for the fourth, and so on. Tho product of these tin terms must, 
ns usual, ho divided by %! to remove duplicate configurations. We have 
then 


Wet 


(iV/r — no)lnol 


(308) 
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In the quartz or ice structure, for example, r appears to be 17. Eveiy 
molecule has four neighbors; each of these has four neighbors, namely, 
the central molecule and three others, none of which are duplicates; thus 

r=(l-f4-hl2) = 17 (309) 

The solution contains altogether sites occupied bj’ solvent particles 
and (z-r 1)ub sites occupied by the tib solute particles; thus, writing p 
for {z -r 1), we have iY = tza -f pus', from (308) we obtain 


d In TTcf 

dns 



riB / 

rriB -r pnB\ 


riA - niB-r- PUb V^^' 
n j. -r pns / 


r 


In r 


(310) 


It maj' be eadl}' verified that this expression reduces to (247) in the normal 
case, where p and r are both unity. The term In r is small and may be 
neglected. TTe are interested in the degree to which the right-hand side 
of (310) differs from — In xb. For direct comparison with (237) we may 
write (310) in the form 


3 In TTcf ^ , r riA-rns I f tib \ i-v 

dUB L(ni — J'Ub - r -r W ^ 

where the last bracketed expression is the mole fraction of the solute, xb. 

It will be recalled that the expression (259) was derived from (244) 
and (247). In the present problem (244) and (247) must be replaced b 3 ’' 
(308) and (310); we could proceed as in (256) by introducing quantities 
a and If, however, we assume a. and S equal to imity, we obtain from 
(311) 

1^ = = % -h tT In f^Xs (312) 


where — In Jbxb is the right-hand side of (311). The fact that the solution 
imder discu^on is not obtained bj' one-for-one substitution is, in itself, 
sufficient to make the solution non-ideal; that is to say, it provides an 
acthity coefficient / whose value is different from unity. 

The expression (311), as pointed out above, is valid only when jib 
is very gmall compared with : the expression for fs in (311) may there- 
fore be simplified by using the usual approximation for the logarithm of 
each factor. We find in this way for very dilute solutions 


injs = (1-r r- 2p)^ 


(313) 


In the numerical example we had r = 17 and p = 5; hence in this case 


we obtain 



(314) 


Consider, for example, water as the solvent; 1 liter of water at room 
temperature contains 55.5 moles. If 0.1 mole of solute is added to 1 mole 
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of water, the expression (314) ^ves / = 1 + - 1.014 at this con- 

centration- 

123. We were able in Sec. 122 to fix attention on the position of the 
cenier of the large solute particle and to disregard different orientations 
owing to the high degree of symmetry. This is no longer true if we con- 
sider a simple diatomic molecule, which has roughly the same size and 
shape as two solvent particles. Let us denote the solute molecule by BC 
and the solvent particle as usual by d ; we can discuss later the case where 
the diatomic molecule is homonuclear, of the type Bg, both halves of the 
molecule being identical. In either case let us denote the number of 
solute diatomic molecules by jib. Ih the whole solution the total number 
of sites is N — (n^ + 2nfl). 

When a particular site is occupied by the B half of a BC molecule, 
there are z adjacent sites, any one of which may be occupied by its C 
half. To obtain an expression for we have to decide what is to re- 
place the usual formula “W choices for the position of the first particle, 
{N — 1) choices for the second, and so on.” Wc have N choices for the 
position of the B half of the first molecule, together with z choices for 
the position of its C half. Wc have (N — 2) choices for the position of 
the B half of the second molecule, with again (in very dilute solution) z 
choices for the position of its C half. These lead to the expression 

mN - 2)iN - 4) • • • (W - (315) 

from which we have to remove duplicate configurations. WTien the mole- 
cule is of the heteronuclear type BC, we have only to remove permuta- 
tions of the TiB molecules by dividing by nsl When the solute molecule 
is homonuclear, of the tj^pe Dz, wc have also to remove redundant orienta- 
tions of the molecule by dividing by 2"®- Wc may therefore introduce a 
symmetry factor c (which will be used again in Sec. 160), having the value 
2 for a homonuclear and unity for a heteronuclear molecule. Thus in 
extremely dilute solution we find the expression 

= (316) 

This expression will be a good approximation only if the solution is so 
dilute that it is a rare event for two of these solute molecules to be in 
contact. If the B half of one molecule is in contact with the B half of 
another molecule, it is evident that the number of sites that can be oc- 
cupied by the C half is less than z for each molecule; thus the value of Wet 
falls below that given by (316) as the concentration increases. This and 
cognate problems have been investigated by Fowler and Rushbrooke' 
and others. 

*R. H. Fowler and G. S. Rushbrooke, Tnms. Faraday Soc., 33, 1272 (1937). 
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124:. The atoms B and C of the solute molecule BC discussed in Sec. 
123 remain umted to form a diatomic molecule in the solution, because 
it requires a certain amount oi work to pull the two atoms apart and leave 
them in the solution. "We may imagine the dissociation of the molecule 
carried out by a seri^ oi steps, in which the B atom is not moved. When 
the two halves of the molecule occupy adjacent sites in the solution, if 
we inter ch a n ge the C atom with an adjacent solvent particle that is not 
in contact with B. this is the Srst step and requires a certain amount of 
work. If we nevt inter ch a n ge the C atom with an adjacent solvent particle 
that lies still farther from B. we may have to do an additional amount 
of work, smaller than the previous amoimt ; and so on for succeeding steps. 
If the forces of attraction between B and C are short-range forces,, the 
work done in the third and fourth steps wiU be small or even n^ligible. 
We regard the dissociation of the molecule as complete when no further 
work is required, that is,, when the energy is independent of the distance 
between the particles (as in the horizontal portion of the curve in Fig. 30). 
If the forces of attraction are long-range forces, the disociation will not 
be complete until the distance between B and C amounts to many atomic 
diameters,: this question wiU be discussed in Sec. 125. 

In (294) we had an explosion for a solution that contained two 
species of solute particles B and C in addition to the solvent .4. By 
combining (316) with (294),. we may derive an expre^on for an uxtremely 
dilute solution containing the solute species B, C, and BC in addition to 
the solvent A, that is. we can deal with the problem of a partially dis- 
sociated solute 

BC^BAC (317) 

similar to the problem of a partially disociated gas. 

Let us discuss first a large amoimt of solvent J. containing only one 
solute molecule. We shall regard the dissociation of this molecule com- 
plete when the particle C has been removed to a distance greater than 
some value / from the particle B. Imagine a .small sphere of radius r' 
d^ribed around the site occupied by the B particle: this sphere will 
contain a number of sites X', small compared with the total number of 
sites X in the solution. To break up the molecule BC and leave the 
particle C at any site ontade this sphere requires a certain amount cf 
work (which we shaU denote by D) that is the same for any site outade 
the sphere. For the C particle there are thus (.V — 0 sites oi equal 

energy, whereas when the C particle was adjacent to the B particle, there 
were only z sites of equal energy. The value of TTcf has thus been increased 
in the ratio (.V — X'} -'z. In practice, this will not diner appreciably trom 
W /z. In the same way. when the solvent contains more than c-ne solute 
molecule of the species BC. we can derive an expression for the change 
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in In TFc/ per particle dissociated. The solute BC will be either feebly or 
highly dissociated, according to the magnitude of the work D required 
to dissociate the molecule in this solvent at the temperature considered. 

125. In this connection, for comparison with Fig. 30, let us consider 
the mutual potential energy of two particles in a liquid at temperature T 
(or in a gas at temperature T). Perhaps the most familiar example of this 
is where the two particles are electrically charged and the strength of 
their mutual attraction (or repulsion) depends on the dielectric constant 
of the liquid (or the gas). To say that between a particle bearing a posi- 
tive charge q and a particle bearing a negative charge — q there is a Cou- 
lomb attraction equal to g’/er* is equivalent to saying that their mutual 
electrostatic potential energy varies as ~5*/er, where e is the dielectric 
constant of the medium at the temperature considered. For a gas at 
ordinary pressures the value of e is not much greater than unity, while 
for a liquid it may be several times greater than unity. If the distance 
between the particles is increased from n to rj, the work done is 



"When in Fig. 30 we dealt with the mutual potential energy of two particles 
in a vacuum, the question of temperature did not arise. Here, however, 
each chained particle is supposed to be in thermal equilibrium nith the 
particles of the liquid (or gas) at temperature T; and the e in (318) de- 
notes the value of the dielectric constant at this temperature. That is 
to say, (318) gives the amount of work done in isothermal separation of 
the particles; in other words, it is a change in the free energy. If we could 
allow the p.irticles to come together under their mutual attraction, iso- 
thermally and reversibly, the potential energy could be recovered in the 
form of useful work. 

126. The method that we have used in Sec. 124 for discussing the dis- 
sociation of a molecule in solution may likewise be used for the solution 
of a solid in a solvent. Suppose that the crystal depicted in Fig. 316 in 
Sec. 91 is at temperature T and is in contact with a pure solvent (either 
solid or liqiiid) at the same temperature, in which it is sparingly soluble; 
and suppose that the particle indicated in Fig. 316 by an arrow is in con- 
tact with a solvent particle. If we interchange these two particles, we 
begin to remove the particle from the solid; in this step we have to do a 
certain amount of work. If next we interchange the solute particle wdth 
a solvent particle that occupies a ^te still farther from the surface of the 
solid, we may have to do an additional amount of work, smaller than the 
previous amount. Whether the forces of attraction between the particle 
and the surface are short- or long-range forces, the energy may be re- 
garded as independent of the distance as soon as the distance x from the 
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particles could, for example, be reduced, either by compressing the whole 
dilute solution or by other processes that are of more interest to us here. 
If the tib solute particles in a solution are, for example, transferred to a 
different solvent, which provides for them the same number of sites, the 
value of T7cf be unchanged; but if at each site the spacing of the energy 
levels for a solute particle is different, there will be a change of entropy. 

It is of greater interest to apply these ideas to the solution of a solid 
in a liquid solvent. Most solids have a compact structure so that when a 
particle goes into solution in a liquid, it finds at each site a greater freedom 
of vibration and consequently a set of levels with narrower spacing. 
This leads to an increase in entropy, which must not be confused with the 
increase in entropy arising from Wet', the latter depends on the amount 
of solvent but the former, being a change in IKth, does not depend on the 
number of sites available to a particle. When we go on to consider the 
free energy, we shall have to draw the corresponding distinction between 
the contribution from ~ kT In IKti and the contribution from — iru,. 

With this in view, let us examine the character of the potential energy 
V depicted for a particle of a sparingly soluble substance in Fig. 43. Let 
us consider a particle taken either into pure solvent or into a solvent that 
contains few other solute particles. The quantity V is the change in the 
free energy when the particle is taken to a particular distant site; wo may 
say that it is the change in F', where F' denotes the free energy excluding 
the contribution from — kT In W«f. Further, if x denotes the distance 
of the particle from the surface, the slope of the curve in Fig. 43, repre- 
senting the force of attraction between the particle and the surface, is 



where F' is once again the free energy excluding the contribution 


from Wet- 

Now this exclusion of Wet does not imply that no change in entropy has 
been included. Usually, as we have seen, there is for each particle a change 
in entropy that is included in 


V = AE~T AS' 


At the same time, we see that the force of attraction between the particle 
and the surface is partly determined by the rate of change of entropy 

(319) 

dx dx dx 


128. The species of solute particle studied in Sec. 104 was one that 
had a negligible effect on all solvent particles except those which were 
its immediate neighbors. On the other hand, when long-range forces are 
present, we have to take into account a greater number of different en- 
vironments, to include those of solvent particles not in contact with any 
solute particle. We have to use, even in very dilute solution, a method 
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similar to that used in Sec. 103 for concentrated solutions. Supposing that 
we hare labeled the various environments for both solvent and solute 
partideSj let 7z.- denote the number of particles that at any moment are 
in the fth em-ironment, to which the partition function Pi belongs. The 
free energy of the solution is 


F = F'-/;rin TTcf 

= — kTHrii In P,- — kT In TFcr (320) 

If a verA* dilute solution contains solute particles at a mole fraction xb 
and we add an additional dns particles, we have 


dF dF' a , _ 

5 — = 5 /;.F — In TFrf 

072 ^ 0720 

= V-FkThxxs 


(321) 

(322) 


The expression (239) is a special case of (320), in which the summation 
happens to contain only three terms, and we may, in conclusion, discuss 
the other expressions that were derived from (259). In (263) and else- 
where occur the ratios Pi/P^ and Pi/Ps. Since each of these four par- 
tition functions is referred to its own ground level, the values of the ratios 
are determined bj* the change in spacing of the energj* levels. The ex- 
pression (260) is a special case of (321): using (263), we may put (260) 
into the form 

-f kT In tb (323) 


dtiB 


= e - kT In 



Comparing this with (322), we see that the first two terms on the right- 
hand side of (323) are together equal to the depth V of the potential 
mmiTmim in Fig. 43. 

129. Adsorption. When particles of a species B have been adsorbed 
onto the smface of a crj-stal A, the state of affairs closely resembles the 
formation of an interstitial solution of P m the interior of A. The treat- 
ment will be so similar that a brief discussion of adsorption ma}* be in- 
cluded in this chapter. 

When a solid is in contact with its own vapor, particles of the vapor 
that adhere to the solid are incorporated into the solid. On the other 
hand, when a gas or vapor P is in contact with a solid A that is a different 
chemical substance, particles of the gas or vapor that adhere to the 
surface of the solid form an adsorbed film, which partiallj* or completeh* 
covers the surface. We shall be interested here only in cases where the 
surface is partially covered. 

Let us consider a monatomic gas P and a crj'stalline solid A. Lnit 
area of the solid surface provides a definite array of sites at which particles 
of the gas can be adsorbed: let there be W such sites per unit area. The 
problem is ver}' similar to the solutions discussed in Sec. 100, for when 
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particles are to be adsorbed, we have N choices for the first, {N — 1) choices 
for the second, and so on. It will be recalled that in the substitutional 
solution of Sec. 99, the number of sites increased when solute particles 
were added to the solution but that in an interstitial solution a fixed 
number of sites was given in advance, as it is here. In Sec. 100 in dealing 
with an interstitial solution, ^Ye thought of the available sites as being 
distributed throughout a certain volume. In deriving (249) and (250), 
however, nothing was said about the sites having a three-dimensional 
distribution. These expressions apply equally well to the array of sites 
over the surface of the solid that we are discussing. 

Let us examine the adsorption of a monatomic gas. When adsorbed 
at one of these sites, each atom has a set of vibrational levels; let the 
partition function be Pad, measured from the same zero as the partition 
function for the gas. Writing down the free energy and differentiating 
with respect to n, we find, from (249), 

In />.d - In i - In (324) 

lit 


It is customary to denote by d the fraction of the surface that is covered 
by the adsorbed particles, (I — 0) being the area left uncovered. We 
may substitute 5/(1 — 5) for «/n«. Setting (324) equal to zero, ive find 


P, 0 

"•“p.. (1-9) 


(325) 


If, for the ratio P»/P»d we ^vrite nS, (325) takes the form 


2 . Ih 

p® " nS 


0 « 


(1~5) 

P 

jp + p 


(326) 

(327) 


which is knovTi as “Langmuir’s isotherm.” 

In this treatment it has been assumed that the set of levels for an 
adsorbed particle is the same, whether an adjacent site is occupied or 
vacant; a better treatment must take into account the fact that the set 
of levels will be modified.^ 


Problems 

1. Discuss the lowering of the freezing pmnt of a solvent due to the presence of 
unequal quantities of two solute species. 

2. Figure 32 illustrates the equilibrium for a aaturated vapor; construct similar 
diagrams to show the equilibrium for a saturated solution of a sparingly soluble sub- 
stance at various temperatures. 

* A. F. Devonshire, Proc. fioy. Soc. A., 163, 132 (1937); W. Band, J. Chem. Phys., 8, 
178 (1940); T. L. Hill, J. Chem. Phys., 14, 263 (1946). 



CHAPTER 8 


The Total Energy Shared by Interacting Particles — Quantization of 
the Total Energy — A Group of Samples 


130. Thermal Expansion of a Solid. In discussing the internal energy 
of a diatomic molecule in Sec. 76, energies were not ascribed to the separate 
atoms of the molecule. The mutual potential energy of the two atoms 
cannot be split into two parts. The energy must be quantized but there 
is not a separate set of energy levels for each atom. Neither in a diatomic 
nor in a polyatomic molecule can a set of energy levels be ascribed to 
one of its component atoms. Nor, strictly, can this be done when a 
vessel contains two or more atoms that do not combine to form a molecule. 
Consider, for example, an evacuated vessel containing only two argon 
atoms, between which there are van der Waals’s forces of attraction and 
repulsion. It is the total enei^ of the pair of atoms that should be quan- 
tized. When the vessel contains n particles of any imperfect gas, their 
mutual potential energy cannot be split into separate parts; consequently, 
it is the total energy of the n particles that should be quantized. A so- 
called “perfect gas” is a group of particles between which there are sup- 
posed to be no intermolecular forces and no mutual potential energy; only 
on this assumption is it correct to ascribe quantized energies to the indi- 
vidual particles. To do so for an imperfect gas is only an approximation. 
For a liquid or a solid it is a still rougher approximation. 

In this chapter we shall pay less attention to the energies of individual 
particles and more attention to the total energy E shared by the group. 
As a beginning, let us discuss the free energy of a solid, as determined by 
the mutual interaction of the particles. Consider a simple crystal at the 
absolute zero of temperature. The distance between the atoms in the lat- 
tice is determined by the forces of attraction and repulsion between the 
atoms; the crystal adopts that value of the interatomic distance for which 
the total potential energy is a minimum. If the interatomic distance in 
the lattice were taken as abscissa and the energy of the crystal as ordinate, 
a curve like Fig. 30 in Sec. 89 would be obtained. At this temperature 
the energy of the crystal containing n atoms is n€o; thus «o, referred to a 
fixed zero of energy, has a minimum value at a certain value of the lattice 
172 
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interval^ tiiat is, at that distance at ■which the interatomic forces of at- 
traction and repulsion are iu equilibrium -with each other, let this miniTniTTn 
value of eo be denoted by eo> 

At higher temperatures the particles of the crystal adopt a progressivelv 
■wider separation. (In this section we shall always discuss solids subjected 
to a pressure that has a neglimble effect on the volume that is, 1 atmos- 
phere or less.) We shall find that this thermal expansion takes place 
because it enables the value of IT to reach higher values. For each particle 
the expansion pro^rides a slightly larger 
volume in which to '^'ibrate. If we use 
the simple model discussed in Chapters 
1 and 2, this means that the spacing of 
the energy levels for each particle is 
slightly narrower. 

We must, now ask what determines 
the value of the volume adopted by the 
crystal at any temperature T. The 
answer that we must give is that at 
each temperature T the crystal adopts 
that volume which ^ves to the parti- 
tion function P its maximum value at 
this temperature. At any temperature 
T we must ima^e the interatomic dis- 
tance as capable of variation; this varia- 
tion will be accompanied by changes 
in the values of ej, ei . . . e,- - . - and con- 
sequently will be accompanied by a change in the partition function 
referred to a fixed zero of energy. Let P denote, as usual, the same 
partition function referred to the level eo, which is now taken as variable. 
From (76), we may ■write 

p = (32S) 

Taking eos as our fixed zero of energy, we have 

- /.-r In P = - /:r In P -b ea (329) 

We are interested in how these terms vary with the volume of the crystal. 
A plot of ^ against- the interatomic distance (lattice spacing) wiU, as al- 
ready mentioned, have the form of Fig. 30 in Sec. 89. A curve of this 
form has been dra'wn in Fig. 44 (the upper curve); its minimum corre- 
sponds to the lattice spacing adopted at the absolute zero of temperature. 

Consider now the value of P at some higher temperature T. An in- 
crease in volume ■will be accompanied by a narrower spacing of the energy 
levels, as described in Sec. 28. Hence the value of P increases with volume 
at constant temperature. If the broken line in Fig. 44 is taken to be a 



Fig. 44. Ahscissas are the interatomic 
distance. 
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plot of — kTlnV at temperature T, it is clear that, on adding the ordinates 
to the ordinates of the upper curve, the resultant curve (which will repre~ 
sent the free energy of the crystal) will have a minimum, and that this 
minimum must lie slightly to the right of the minimum at the absolute 
zero of temperature, indicating a certain thermal expansion of the crystal.^ 
When the solid, or liquid, at temperature T is subject to a negligible 
external pressure, the familiar tendency for the entropy to increase with 
increasing volume is in this case exactly compensated by the tendency 
for E to increase owing to the work done against the forces of interatomic 
attraction; 

dE TdS_^ 
dp dv ^ 


131. Fluctuations in Energy. In Chapter 1 we considered two bodies 
in thermal contact and asked what the condition was that gives the 
product ZaZb its maximum value. We found that strict equality of in 
and HB in the exponential term c”*** was the required condition. In the 
case of a single body we had previously found that it is the strictly ex- 
ponential form for the population that gives w its maximum value, and 
that deviations from the strictly exponential form cause w to fall below 
Wasx. Small deviations of this kind occur all the time and their frequency 
of occurrence was discussed in connection with Fig. 10. In the same way 
a deviation from strict equality of ma and mb will cause the value of ZaZb 
to fall below its maximum ralue, and a curve depicting this relation would 
closely resemble that of Fig. 10. For largo groups of particles we shall 
expect the fluctuations to be exceedingly small, and we shall inquire now 
whether this fact can be verified. For this purpose we may ask how great 
a deviation from strict equality of ma and iib is sufficient to cause the product 
ZaZb to fall to, say, one-thousandth of its maximum value. 

For simplicity let us consider two equal quantities of the same chemical 
substance, occupying equal volumes, that is, containing the same number 
of particles and possessing the same set of energy levels. Let the initial 
temperature of each body be To and let the heat capacity of each body 
at this temperature be C^. If an amount of heat dQ is transferred from 
one body to the other, we may write for each body dQ = C, dT. Now let 
an amount of heat be transferred sufficient to bring the temperature of the 
body d- to a value Ta, appreciably different from To. For this body we 
find from (110) 


In Wi — In Wa 


1 

fc/ro T 


C, 

k /ro T 



(330) 


^For a detailed discussion of metallic sodium, see J. C. Slater, "Introduction to 
Chemical Physics,” Chapter 13, McGraw-Hill, 1939; for solid argon see O. K. Rice, 
J. Ckem. Phy$., 12, 290 (1944). 
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Before going further it 1011 be convenient to notice the numerical magni- 
tude of the quantity Cc/k. We see from (150) that for a gas Cr/k "will be 
greater than n and this vill likewise be true for a solid. This is because 
Cr is the heat capacity of the whole body, while the heat capacity of a 
single particle has a value in the neighborhood of k. 

The transfer of heat that brin^ the temperature of the bodj'- A from 
To to Ta brings at the same time the body B from To to Ts. When the 
change in In is given b}’’ (328) there is at the same time a change in 
In Wb for which we obtain a s imil ar expression containing ln(!rB/!ro). 
We now write 

Ta = To + AT = To{iA^ 

Tb = To-AT=To(i-|0 

To (330) we add the analogous expression for the bod 5 ’’ B and use the ex- 
pansion In (1 -r a:) = X — -f • • • ; we obtain 


hi(TF.iT7s)* - In(TF^TFB) 


k ^ Tb 
k LTo 




To 2\To) ^ 


(331) 


Writing AT = x and Ct/kTo- — y, we obtain 

jZAZsr _ mwsr _ 

ZaZb WaWb 


(332) 


The result is simil ar to (32) in Sec. 19; hence, if we take the temperature 
as abscissa, we shah, obtain a diagram similar to Fig. 10. We wish to 
know the width of this diagram, that is, to find the value of T that is 
sufficient to reduce ZaZb, say, to one-thousandth of its ma x i m um value. 
If, for example, we consider a group containing between 10^^ and 10” 
particles, setting Cv/k equal to 10- and To equal to 300°, since logelOOO 
= 6.9, we obtain 

AT = 300x^6.9 X KF- 

= 8 X 10~® degree centigrade 

This value is extremelj^ small, and fluctuations in temperature greater 
than this will be rare. 

According to (145) in Sec. 72, E is proportional to T; hence for two 
vessels containing equal portions of a perfect monatomic gas in thermal 
contact with each other, we maj'' substitute AEIE for AT/T in (331); 
the same will be approximately true for most solids and liquids at room 
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temperature. We can plot In(WxWfi) against E and obtain the curve 
with the maximum mentioned in Sec. 69. Alternatively, using (332), 
we can plot WaWb against E and obtain a curve like that of Fig. 10, 
which will show the probability that for cither body the value of E will 
differ from the central value by the amount AE when the energy of the 
other similar body differs from the central value by the opposite amount 
— AE. If the energy shared by the two bodies is 2E®, we have 

where 7 » CtfkB^. Wc sec from (332) that if, for example, is 3 cal- 
ories, the energy of cither body will rarely differ from the central value 
by as much as 10“'“ calorie, which is equivalent to 4 X 10~* erg. 

132. Quantization of the Energy of a Group of Particles. The above 
preliminary discussion of the total energy E will serN'C as an introduction 
to the problem that forms the main subject of this chapter. It was 
pointed out in Sec. ISO that, in treating a crj'stal, it is the total energy 
of the crystal that should be quantized. Throughout this book, on the 
other hand, in discussing a solid, wo have assigned to each particle a set 
of allowed energies «i, <j . To use for a solid this simple model, 
in which each particle is treated as independent, is clearly to uso a model 
that needs to be replaced by something nearer to the Inie state of affairs. 
In the foregoing chapters wc have found the quantity to be the 

most convenient instrument for handling the problems of a solid, and we 
have expressed the behavior of solids in terms of this quantity. To aban- 
don the energies of indi^ddual particles < 0 , < 1 . . , means tliat we abandon 
the partition function whose summation w{« taken over these energies e, 
and that we render meaningless all the equations containing In P, unless 
a new interpretation can be found for these equations. But we shall find 
here, as so often happens in physical theories, that the replacement of a 
simple model by an improved and more corQ.piicai.cd model is accompanied 
by an interpretation that allow’s one to use the old equations with little 
or no modification. 

Quantizing the total energy of the solid, let us say that the total 
energy E can take only certain discrete values Eq, Ex, E 2 . . . Et . . . , 
where Eo is the energy of the solid at the absolute zero of temperature. 
Attention is now to be focused on the possible modes of vibration of the 
solid body, that is, in a crystal, on the modes of vibration of the crystal 
lattice. The different modes of vibration are very numerous, and the energy 
Et can be shared among the various nsodes in a large number of alternative 
ways. If we denote the number of different ways by Z,, we see that the 
relation between Z, and E, will be the same as the relation between Z 
and E in Chapter 1. There will, however, be only a discrete set of values 
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Z:, Zi. Z; . . . Zr, corresponding to the allowed values of E. i;re can now 
begin to speak of rhe energies . . . Er as forming a set of energy levels 
for the body, just as formerly we spoke of the energy levels co . . ' e.- of a 
single particle. For any level fr the multiplicity is Z^. The muItipKcity 
of the lowest level Ez will be discussed in Chapter 10. When, there is a 
unique state of the crystal for the energy- Ez, we have Zo = 1. For the 
higher energy- levels the values of Zi, Zs . . . increase rapidly. 

Before considering the details of these energy levels, we may broaden 
the discu^on. Although we have been speaking of a solid body, we should 
recognize that these concepts apply to all forms of matter. It is true 
that in a perfect gas the particles are treated as completely independent 
but in a real gas they are not independent. It is the energy of the whole 
gas, E, which ought to be quantized: in an imperfect gas one cannot as- 
cribe allowed energies to the individual particles. Since this is also true 
of liquids, we have embarked on a discu^on that is applicable to aU 
forms of matter. 

133. We come now to the problem that is to occupy the remainder 
of this chapter, a reconsideration of the whole basis of statistical me- 
chanics. The treatment given in Chapter 2 was a quantized form of the 
classical treatment asociated mainly with the names of Boltzmann and 
Alaxwell. The discussion that we shall now give will be a quantized 
treatment nearer to the classical conceptions introduced by Gibbs. Al- 
though we shall often refer to the procedures followed and the results 
obtained in Chapter 2, it should be understood that such references are 
merely for the sake of illustration and that the development of statistical 
mechanics to be given here is self-contained and is independent of any 
results obtained in earlier chapters. 

Let us consider the general problem of a large nmnber of similar 
bodies aU of the same size and composition, sharing a certain amount of 
energy. Although there is no need to restrict the problem to solid bodies, 
we may first think of them as 17 similar crystals, sharing a total energy 
L We -ghaTl use the letter E, as usual, to denote the energy of any one 
crystal. When a uniform temperature T prevails, we may regard each of 
the 17 bodies as being in contact with a heat reservoir, consisting of the 
other (N — 1) bodies.^ Let us suppose then that interchange of energy 
may takp. place freely between the 17 bodies, imtil any differences in tem- 
perature are equalized and a certain uniform temperature T prevails 
throughout. By a imiform temperature we mean that the sharing of 
energy among the bodies is as imiform as it ever will be. At any moment 
it is possible that each crystal in the group has exactly the same energy 
as every other crystal; but this is, of course, extremelj* improbable. It is 

^See E. Schroedinger, “Statistical Thermodynamics,” Chapter 2, Cambridge, 
1941. 
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analogous to the case where every molecule in a gas has exactly the same 
energy as every other molecule. In both cases the state is so improbable 
that it does not occur; we have to inquire how the energy is likely to be 
distributed; in both cases we do this by asking what state can arise in 
the greatest number of ways. We can describe the problem by saying 
that we wish to find the distribution that has the greatest value of w con- 
sistent with the total energy E. If at any moment Nr is the number of 
crystals that have energy Er, the total enei^ of the group is E = XNrEr. 

For each crystal the allowed energy states are extremely numerous 
and we may follow a procedure similar to that used in Sec. 40 for the 
particles of a gas. We divide the enei^' states into batches, and we 
number the batches, starting from the bottom, the 1st, 2d, 3d . . . rth . . . 
batch. Each batch is to include only a narrow range of energj’. Let the 
rth batch include p, different aUowed values of the energj'; by a slight 
change of notation, let E, now denote the average energy of a level in this 
rth batch and let Z, denote the average multiplicity of a level in this 
batch. The total number of energy states included in this batch is clearly 
given by the product prZr. If Nr denotes the number of crystals having 
an energy within this range when a uniform temperature prevails, we have 
to ask first how the N, crj'stals may be distributed among the prZr avail- 
able states. This is not given by the expression (81) in Sec. 40 that was 
used for the particles of a gas. In the gas the particles were indistinguish- 
able, whereas here we can distinguish the crystal at the point P from the 
crystal at the point Q. There will thus be different ways in which 

the Nr crystals may bo distributed among the p,Zr states. The same 
treatment is to be applied to the particles Avithin each batch of levels. 

The number of Avays in Avhich one batch of levels may be populated is 
independent of the other batches of levels; hence, for the Avhole popula- 
tion, the Aralue of w aa'IU be given by the product 


„ - Nl (p,Zl)^'‘ (PrZr)-''' 

No! N,l Nrl ”■ 


(333) 


To find the most probable distribution of energy among the crystals, 
we use the familiar requirement that any small rearrangement leaves the 
value of w unchanged. Suppose, for example, Ave fix attention on any 
tAvo crystals in the group that happen to have energy E , — two crystals 
both of which have energy lying within the jth batch of levels — and suppose 
we transfer a small quantity of energy ^ from one crystal to the other; 
after the transfer, instead of tAvo cij^tals with energy Ej, we have one 
with energy Ek = E,- + ij, and one with energy Ei = Ej — tj. The three 
energies Ei, E,, and Eh are "equally spaced,” Avhatever the value of v- 
The whole problem is so similar to that of Sec. 41 that we may expect to 
obtain an exponential distribution of the energy. In fact, either by this 
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procedure or by the method of imdetennined multipliers, the reader can 
easily verify that we reach an expression analogous to (85), namely, 


Zr. 

PrZr 




(334) 


This is the most probable distribution of energy* among the cn'stals. 
When (334) is substituted into (333), it gives the value of Wcax, which 
will be denoted below by V/. If initially the distribution of energy- is 
different from (334), the value of te will be less than but if the inter- 
change of energy- is unrestricted, we may expect that a redistribution will 
take place, accompanied by an increase in w. 

134. Wlien the group of cn’stals is sharing a certain total energ}-, let 
us make an increment in this energy by gi^g an additional amoimt of 
energy iji to one of the cri-stals. We can show, as was done in Sec. 16, 
that the value of W is thereby* multiplied b 3 ^ If then to various 
crystals in the group we give various amounts of energy ij;, , 

so that the group thereby receives an amount of heat oQ, we shall obtain 
the relation 

5 In V/ = c- cQ (335) 

We can now consider a separate group of cn'stals belonging to a different 
chemical substance; in these crystals the relation between Z and E will 
be different from that in the first group. Denoting the two groups by 
A and B, let one group possess a total energj' Ej and the other a total 
energj’ Eb. In general, if the two groups are placed in thermal contact 
with each other, the product W^Ws will not have its maximum value 
consistent with the energy E^ -r Eb- If a quantit 3 ' of heat is transferred 
from ri. to B, we have oQb = — 5Qa, and hence from (335) 

0 In WjWb = («^B — <rA) oQ (336) 


There wiU be a spontaneous flow of heat from ri to 5 if o-j is less than as, 
and xfice xersn. Thus the two groups of cr 3 'stals (which ma 3 ’ be different 
chemical substances) will be in equilibrium when the 3 ' have the same 
value of <7. 

The total volume of the cr3'5tals in the group -4 is the sum of the volumes 
of the indixfidual cr 3 'stals, a quantity’ that depends upon the external 
pressure to which the 3 ' are subject. When we compare two groups A 
and B, the second group B need not be of a different chemical substance 
from -4: the group max* be a similar set of cr 3 'stals, subjected to a different 
external pressure and baxung in consequence a different set of allo'xed 
energies Eo . . . Er . . . ''^Tien two such groups are compared, we can con- 
struct isothermal curx’es on a p-v diagram, since all points haxing a com- 
mon x’alue of (7 correspond to thermal equilibrium; we can thus enxdsage 
an absolute scale for c. 
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Instead of placing another group of crystals in thermal contact with 
group A, suppose that we place a vessel containing a large quantity of a 
certain perfect gas in contact with group A. Let the perfect gas possess 
a total energy Eg and let the particle population be exponential with the 
appropriate value of ti. We can now investigate the relation between 
for the particles of the gas and a for the crystals of group A. ^Vhen the 
gas has a total energy E, the number of states available to the particles 
is by definition Z. The product WjWa in (336) is thus replaced by the 
product From (99) and (336), we obtain at once that, on the 

thermal contact, if an amount of heat hQ flows into the gas thermometer, 

Mn(W^Z,) = (Ma-<rx)50 (337) 

Thus, the group of ciystals is colder than the gas when oa is greater than 
Hg, and vice versa; it is clear that the undetermined multiplier a that was 
introduced into the equations leading to (334) has the same relation to 
temperature as the familiar quantity that determines the form of the 
particle population for a perfect gas. Wc may ^\Tite tr « ^ \/kT. 

In (57) and (97) the factor m described the internal distribution of energy 
within any one portion of solid, gas, or vapor. The basis of a is different. 
In Chapters 2 to 7 our idea of temperature was associated mth the form 
of the exponential particle population. But (334) and (336) evidently 
give a concept of temperature that mentions only the energies Ek, . >Et 
of the various groups. We may recall here that, although wo have been 
referring to these groups of particles as crystals, the argument applies to 
samples of any form of matter — solid, liquid or gaseous; in the case of a 
gas, we must suppose that we have N similar samples contained in vessels 
of the same size. 

136. Although the procedure followed in Sec. 133 was very similar 
to that of Sec. 38, a difference should be noted. In Sec. 38 we used pr 
to denote the number of states in a batch; hero p, has been used for the 
number of showed values of the energy in a batch of levels, each of which 
has a high multiplicity. In Sec. 38, when u'e let pr take the value unity, 
Ur became the number of particles in a particular state, which had been 
given the label r. In (334), on the other hand, if we let pr take the value 
unity, Nr will denote the average number of samples that occupy a mul- 
tiple level, namely, the rth level that has multiplicity Zf. 

The device of dividing the allowed energies into batches was used in 
Sec. 133, in order that each of the quantities Nr should be large compared 
with unity. There is no longer any objection to iV, being less than unity. 
The quantity p,, which was the number of allowed energies in the rth 
batch, has served its purpose. If pr is set equal to unity, the notation 
reverts to the original form proposed at the beginning of this chapter, 
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in which Eo, Ei, ... Er .. . denote the successive allowed values of the 
energy. Remembering that SAv = N, we obtain with this notation 


where 


P = 


p 

XZre-^r/hT 


(338) 

(339) 


The expression (338) gives the degree to which the levels are populated. 
A'tIZt is the average number of samples in an}" state that has energj’- Er, 
when the uniform temperature T prevails throughout the group. 

It will be noticed that from this discussion a quantit}^ (339) had 
emerged, which has the same form as the partition functions of Chapter 2 
except that it mentions only the allowed values of the total energj" E. 
We shall show below that the quantity P is as useful in prescribing equi- 
librium conditions, and so on, as was the quantity P in earlier chaptem. 
In the case of a perfect gas both the quantities P and P exist, and we can 
examine the relation between the two. 

Let us first discuss the meaning of (338). When a number of bodies 
of the same size and composition share a total energ}" E and a imiform 
temperature prevails, we expect to find that each body has, so far as an 
ordinary calorimetric measurement can detect, the same energj" as the 
others, nameh', E/R. At the same time, it was pointed out pre\dously 
that an equal sharing of energ}* is comparable to the improbable state of 
gas where every molecule has the same energj*. In this connection, con- 
sider now the e.xpression (338) in which r takes the values 0, 1, 2 ... r ... ; 
the expression states that when a unif orm temperature T prevails, the 
niunber of bodies that have any allowed energy Er is given by AV; that is 
to sa}", (338) assigns values to Ah for ever}" Er, even down to the lowest 
energ}" Eo. If this is to be in agreement with observ^ation, the truth must 
be that aU values of AL are negligibly small except in a narrow range of 
energ}" in the neighborhood of the value E/R, the value for equal sharing. 
The factor in (338) decreases very rapidly for all values of E. If 

then (338) is to show a sharp maximum, this must be due to a very rapid 
rise in the value of Z over a certain range of energ}". The position of this 
sharp maximum must be correlated with the prevailing temperature T. 
In Sec. 131 we discussed the sharing of energy between two samples of the 
same size and composition and we found that only small deidations from 
equal sharing were probable. We shall show in Chapter 10 that this is 
also true in the case of N samples, and in the meantime we shall continue 
to discus (338) as if this had already been proved. 

In Chapter 1 we mentioned in Sec. 3 the concept of an ensemble of N 
independent s}"stems. In the example discussed there, to each member 
was allotted the same fixed amount of energy E. We can also imagine 
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an ensemble in which the total energy E is not distributed uniformly 
among the members; we can allot fixed amounts of energj’ to the inde- 
pendent members according to any chosen scheme. For example, if 
Eo, El . . . Et . . . are the allowed energies for each member, we could 
allot energies in accordance with (338). Now the importance of this en- 
semble is that it apparently does not matter whether the members are 
independent or not. If wc were to put the members into thermal contact 
^vith each other (as we supposed in Sec. 133), the distribution of energj' 
among the members would not depart from (338) and a stable and uniform 
temperature would prevail. Tljcrc is no distribution of E that has a 
greater value of w than (338), and consequently no tendency for a re- 
distribution of the energj’ to fake place. 

136. The discussion above has been founded on the fact that substitu- 
tion of (334) into (333) will give the maximum value of w consistent ndth 
the total energy E. Making this substitution and using (338), we obtain 
for In iCnu* 

InW-NInP + J, (310) 

which is quite analogous to (70). 

It was shown in Soc. 5S that when the level «» b chosen os the zen of energy, the 
term n In P is n times tho increment in In H' when a particle is added to the ground level 
Here likewise we may imagine the addition of a s.amplc to the group of samples. This 
may be carried out in two steps; we may first include an additional sample mth energy 
j^o and then add tho requisite amount of cnerg>*. If we have taken Et as the sero of 
energ>% it may be easily shonm from (332) tliat the first of these tn^o steps b accomp.'inied 
by an increment in In W tLat b equ.al to In P. Thus the interpretation of the two terms 
on the right-hand side of (340) b similar to tkat of the two terms in (70). 

Both terms on the right-hand side arc proportional to N, the number 
of samples. If we identify the quantity k In W with the entropy of the 
whole group of samples of equal size, then one Nth part of tins will be the 
entropy of one sample. Di\nding (340) by N, wo obtain the expression 

ilnW-lnP+^ (341) 

•where E = E/N. 

Carrying the same process further, we can consider the subdivision 
of one sample and the entropy of the parts so obtained. Now we know 
from the study of Figs. 27a and 276 that when a vessel containing a gas 
is subdivided, the results are not simple because the unlocalized particles 
become localized to a greater degree. In a solid this effect does not enter; 
if a pure solid is divided into a few portions (the number of surface atoms 
in each portion being negligible in comparison with the internal atoms), 
the entropy of each portion is proportional to its size. If this is to be so 
in (341), not only the term E/kT but also the term In P must be proper- 
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tional to n, the ntmiber of particles (all of the same species) that share 
the energy E in one sample. That is to say, the quantity In P must be 
of the form nx, where x is independent of u. In place of x vre may define a 
number (? such that 

a In (? = In P (342) 

From (341) we can now obtain the Helmholtz free energy {E — TS) of one 
sample, in the form 

F-^ln\V=-/:rinP (343) 

= - nJ:T In <? (344) 

In earlier chapters we used for a solid the expression — nkT Ip P. Thtis, 
the new quantity (? will play the same role as P in aU expressions involving 
the free energy of a sohcL 

In Fig. 44, for example, the upper curve can be taken to be a plot of 
Es/n, while the lower curve represents — I:T In P. 

137. In order to make use of (339), we have to know the allowed values 
of Er to be inserted. The problem of an imperfect gas wiU be discussed in 
Chapter 9 and that of a solid in Chapter 10. Since in a perfect gas each 
particle has its own set of energj* levels, it is Intimate to speak of the 
partition function P = as well as of P: and we can axamine the 

relation between P and P. As an approach to this problem, let us first 
consider a vessel containing only two gas molecules, one molecule of 
species -4 and the other of spedes B. The allowed values of E for the pair 
are the possible values of the sum of the energies of the two particles. 
The A-particle wiU have levels e.-, while for the P-particIe the set of levels 
may be denoted by . . . e'. The combination of any with any ej gives 
a possible value of E. We find now that the required summation 
can be simply obtained as a product of Vg^../ir and If we write 

r € 

down 

a a g-^,UrT a ) 4 1- 4 ) (345) 

the resulting product will contain a term for every possible com- 

bination of an with an e,. For the pair of particles we thus find P = PaPb. 
Let us consider next a pair of particles of the same species. If, in (345), 
we write e. — et for each value of r, the energies occurring in the result- 
ant product wiU again be the possible levels Er for this pair of particles. 
The question aris^ as to the multiplicity of these levels. In discussing 
Fig. 15 we saw that for a pair of particles moving in the same volume, 
there is only one state for any value of (c. -r e,), whereas there would be 
two states for a similar pair of localized particles. Examimng the quan- 
tity P\ we find that this would pve correctly for a pair of 

localized particles: and, further, that would give ZZ,€~^'^ for a group 
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of n localized particles (for example, in the situation depicted in Fig. 27&). 
For n particles moving in the same vessel, as in the communal volume of 
Fig. 27a, the v'alue of will be considerabl}’ smaller than P’', be- 

cause man}’ redundant tenns in (345) must be discarded; that is to saj’, 
the multiplicity of the levels E, will be smaller. In order that (341) and 
(343) shall agree with (185b), we must have 



0- 

(346) 




(347) 


This quantity is smaller than In P* in agreement with expectation; the 
magnitude of the difference may be understood from Sec. 77. 

138. We saw in Sec. 134 that, for the N samples, we could take N 
equal vessels each containing n particles in the form of vapor. We can 
likewise consider the case where each of the N vessels contains more than 
enough particles to form a saturated vapor at the prevailing temperature. 
In this group many vessels (but not necessarily all) wUl contain a certain 
amount of liquid or solid in equilibrium with tho vapor, and (338) should 
provide a solution of the vapor pressure problem. 

Each vessel contains the same total number of particles n «» ti, + n,, 
but n’e cannot expect the number of particles n, in the form of ^Tipor 
to be the same in the various vessels. We could not axpect this, even if 
each sample possessed the same amount of energy E; and according to 
(338) different samples will possess different amounts of energy Er. We 
should therefore have to take into account all possible values of n, and 
n, consistent with the total energy possessed by the sample. 

This problem must be contrasted with the problem of a mixture of 
perfect gases, A and B; here not only is the total number of particles 
(ux + na) fixed, but also the separate values of tia and ria are to be the 
same in each sample; the value of for the mixture is given by 

p=(vr(vr 

We have, as a matter of fact, already made use of the relation contained 
in this expression, although we did not derive it in this way. In \'iew of 
(343), the relation expressed in (348) is, in fact, the additivity of the free 
energies that we derived in Sec. 82 from the properties of In IF. We 
made use of this additivity in Secs. 85 and 86, and for localized particles 
in Sec. 102. 

There are still many different choices that we can make for the samples 
to which (338) refers. If, for example, N vessels contain N similar speci- 
mens of a gas, we do not have to dedde in advance that the gas is a dia- 
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tomic gas or that it is a monatomic gas. Each vessel may contain a 
partially dissociated gas, ha-cing an equihbrium da ^ 2d. Although the 
total number of atoms of d is to be the same in each sample, the number 
of atoms that remain unattached will be different in different vessels. 
This number would be different even if everj’- sample possessed the same 
amount of energj- E; and according to (338) different samples will possess 
different amoimts of energ 3 ^ The summation in is to be taken 

over aU possible states of the n atoms consistent with the energy* possessed 
by the sample, that is to say, over all possible degrees of dissociation. 
The same wffl, of course, be true for the dissociation of the heteronuclear 
molecule AB studied m Sec. 91. 

If — }:T In P in these problems is identified with the free energv of thermodynamics, 
since this quantity involves a summation over aU po^ble degrees of dissociation, it is 
not the same as that quantity which was identified with the free energy in Chapter 5. 
In Fig. 32a, for example, any point on the lower cxuve gives the value of (E — kT In TT) 
for that particular situation where a certain fraction of the n particles is in the form of 
vapor. The position of the lowest point on this curve is taken as giving the equilibrium 
value of Ut for the saturated vapor, and larger and smaller values of tJt are disregarded. 
We shall return to the discussion of (338) in Chapter 10. 

Problems 

1. DlscxiK the thermal expansion of a solid while it is subject to a constant high 
presure, describing the state of equilibrium at different temperatures. 

2. Derive (334) from (333) by each of the methods suggested in Sec. 133. 
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Classical Mechanics — Phase Space — Imperfect Gases — The Con- 
densation of a Vapor 


139. Classical Mechanics. In the days before the introduction of the 
quantum theory, the description of a perfect gas differed in two respects 
from that outlined in Chapter 2: first, the energy of a particle could take 
any value, instead of a set of discrete values; and secondly, to describe the 
state of the gas at any moment it ivas thought to be necessary to assign 
to each particle a position and a velocity.* In the quantum description 
of a gas in equilibrium, values are assigned to the probabilities of finding 
a particle in the various energy states and no attempt is made to say 
anything further about the velocity or position. In the absence of any ex- 
ternal field, for a particle of given energy the wave function has an ampli- 
tude that will be uniform throughout the volume of the containing vess^; 
hence there is an equal probability of finding the particle anyrs’here in 
the vessel. The fact that the gas fills the vessel uniformly follo\vs from 
this. 

In classical mechanics the argument is quite different.* Consider the 
whole volume as being the sum of a lai^e number of equal portions labeled 
1, 2, 3 . . . and at any moment let there be ni, n?, nj . . . particles in these 
several portions. If there are s such portions, the number of different 
ways in which this state of the gas can arise is taken to be 
/ly n\ 

\s/ nil nj! Wj! - • • n,! 

Completely uniform distribution would correspond to ni == nj = nj and 
so on; in fact, it can easily be shown that this gives to v> its greatest value. 
Other distributions will occur with a frequency depending on the value of 

W/Wnai’ 

To describe the translational motion of a particle, we must assign 
values to six coordinates, namely, to x, y, and z for position, and to the 

^In this chapter only a very brief discussion of classical mechanics will be given; 
for a thorough comparison between clasacal and quantum statistics, see R. C. Tolman, 
“The Principles of Statistical Mechanics,” Chapter 9, Oxford, 1938. 

*See, for example, K. T. Herzf^, “Kinetische Theorie der Wtoae,” in MiiUer- 
Pouillet, “L?hrbuch der Physik,” p. 122, Braunschweig, 1925. 
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three components oi the velocity, n. r. and tc. But nrst. as a sunnier an- 
proach to the problem, we can imagine a one-dimensional monatomic gas 
m which each particle has only the x-coordinate and the z-eomponent 
of the velocit}', u: the volume of the “vessel'" will be the length l of the 
line along which the particle mov^. In Kg. 45 let u be taken as ordinate 
and X as abscissa; then the motion of a particle at any moment can be 
represented by a point on this diagram. It is more usual to take the mo- 
mentum mii, instead of u, as one of the coordinates. In either case, a 
particle moving with uniform velocit}* will be represented in Fig. 45 by 
a point moving along a horizontal line, either 
from left to right or from right to left. When 
there are n particles, the condition of the gas 
at any moment wili be represented by n points 
scattered over the diagram. Xow consider the 
points that happen to fall within the little rec- » 
tangle R in the diagram; the particles repre- i 
seated by these points have at the moment a 
position lying between x and (z-i-dx) and a 
momentum lying between mii and miii 4- dii). 

If we go on to consider a two-dimensional 
gas, we shall need, instead of a rectangle of area 
m dx dll, a volume m- dx dy du dv in four-dimen- 
sional space. Finally, when we consider an ordi- 
nary three-dimensional monatomic gas, we shall Fig. 4S 

need a volume 

rrd dx du dz du dc die (349) 

in siv-dimensional space; this space is known as the “phase space" for a 
single moving particle. The motion of a particle will be represented by 
the motion of a representative point in this phase space. The n particles 
of a gas will be repr^ented by a swarm of n such points. 

140. In order to make a comparison between these classical ideas and 
the Quantum treatment, we may draw attention once more to the two 
forms of Quantum statistics with which we have dealt, namely, that of 
Chanter 8. in which we consider only the values of the total energy E. 
and the earlier treatment of Chapter 2, in which we consider the energies 
of the individual particles. In Sec. 142 we shall discuss the classical 
phase space to which the states of Chapter S are the quantum analogue. 
Here we use (349) to discus the individual particles of a perfect 
gas: the kinetic energy of any particle is 

^772 (y- -r -r vx) (350) 

W^e wish now to find the most probable state of the ga^. In equation 
(1) the quantities ni, n^, nz .. - Hr .. .si the deno min ator were the numbers 
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of particles in the various quantized states. But in classical mechanics 
there are no discrete states on which we can fix our attention; for each 
particle an infinite number of values of u, v, and w are available. The 
postulate is introduced that equal portions of phase space have equal 
a priori probability. In Fig. 45, for example, we can imagine the entire 
surface ruled out into small rectangles of equal size and each rectangle 
labeled by means of a letter or number, such as 0, 1, 2 ... r ... . We have 
already referred to the n representative points lying scattered over the 
diagram; we can denote by n, the number of representative points that 
at the moment lie within the rectangle that has been called the rth. In 
the same way, using (349), we can imagine the whole of phase space di- 
vided into equal volumes, each lai^e enough to contain many representa- 
tive points; these volumes are often called “cells" of phase space. In 
Chapter 1 we assigned a number to each quantized state, irrespective of 
whether there were other states of the same energj-. So here, we shall 
assign a number or a letter to each cell of phase space, disregarding the 
fact that there are other cells corresponding to the same energy. Let the 
number of particles in the various cells at any moment be n©, ni, . . . 
nr ; then the assumption is made that this condition of the gas can 
arise in w different ways, given by the familiar e.\pression 
n! 

^ n«! nil nj! • • • 

Let us consider now n particles of a monatomic gas, sharing a total energy 
E. I\Tien the cells are small, all the points in a cell will have sensibly 
the same energy. Let us consider a cell where each particle has an energy 
e,; let there be n, representative points in this cell, representing n, particles 
in the gas. If we take two of these particles and allow one to communicate 
a certain amount 7 of its energy to the other, we shall now have one particle 
with energy + 7 and the other with energy €, — 7 ; let us denote these 
resulting amounts of energy by <* and respectively. The number of 
representative points in the jth cell has been diminished from n,- to (n, — 2). 
At the same time the number of representative points in the ith cell has 
been increased from n, to (n, + 1), and in the fcth cell the number has been 
increased from njt to (n* -f 1). The questiou is whether, as a result of this 
change, the value of w for the gas has been changed. The argument is 
evidently the same as was used in Chapter 1 except that the particles are 
now populating cells of phase space instead of quantized states. Alter- 
natively, by the method of undetermined multipliers, we would arrive 
at the expression for the rth cell 

In n, — X — /le, = 0 

By either method, we reach the expression 
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This does not give the total number of partides which have energv e-. 
but only those whose representative points lie in the rth cell. 

In classical mechanics there is no reason why the cells of phase space 
should be allotted any particular size. When we allow the cells to be- 
come sufnciently small, the stmimation in the denominator of (Sol) mav 
be replaced by an integral and we may write 

dn _ dr ay dz du dr dir 

J J J .n J ndt dx dy dz d u dr d ic 


141, TlTiereas the sum in the denominator of (351) is a pare number, 
the integral in (352) is not dimensionless. If, however, we multiply both 
numerator and denominator in (352) by any quantity b, the equation is 
unchanged: we may then choose for b a quantity whose dimensions are 
the reciprocal of those of the integral. The denominator containing b, 
now dimensionless, will have the usual properties of the partition function, 
since it only differs from the usual sum-over-states in that the summation 
has been replaced by an integral. We shall obtain expressions corre- 
sponding to those of Chapter 2. For example, in a change of volume, 
the external work done, corresponding to (lOS), will be 

od = — ^ o[ In (b7?d/ J / jf dll dr die dx dy dr)] (353) 

= - 2 0 In P (351) 

The absolute scale of temperature will be introduced as in Chapter 2, 
and we shall write ;: = 1 hT. IMhen the molecules of the gas are not 
subject to any external field (such as a gravitational neld), the energy e 
is not a function of x. y. z. and the integral J/f dx dy dz jdelds only the 
volume of the vessel c. Using (350), the partition function takes the form 

p.’hh du dr j dw (355) 


Using for this integral the result obtained in Xote 2 of the Appendix, 
we obtain 

. , . /2xl:T 


\ m \ m \ m 


which is equal to 


b(2-m/:r)h' 


Like (142), this is proportional to the volume of the vessel. Classical 
mechanics did not assign to the partition function a definite numencal 
magnitude, since the expression contains the arbitran quantity b. 
sphe of this, if we take (357) to be the partition function, we find from (jS) 


E = nl:T- 


fd In P 
t dT~ 


yn,r-- 


(In r^) = I nl:T 
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in agreement with (145). If we look to see how the factor f has arisen, 
we see that each of the integrals in (355) contributed Vr to (356), and 
hence each contributed ^nhT to (358). In the problem of Fig. 44, where 
there was only one degree of freedom, we should have had only ^nkT\ 
when we deal with a rotating and vibrating molecule with more degrees 
of freedom, w’e shall have a contribution from each and hence a contribu- 
tion to the energy of ^nhT from each. This is the familiar classical law 
of the equipartition of energy, that for each particle \kT is associated 
Vidth each degree of freedom.* This arises because the classical partition 
function, unlike that of quantum thcorj', necessarily contains T* for each 
degree of freedom. 

The dimensions that we chose for b are the same as the dimensions of 
hr^, where h is the constant introduced by Planck; in fact, if we^vTite 
b *= 1/A^ we obtain from (357) 

- Bo (359) 

which is the same as (141) in Sec. 70, the partition function for the trans- 
lational motion of a quantized perfect gas. The method of procedure 
using phase space thus leads to results in agreement uith quantum theory 
if for a system u'ith three degrees of freedom the elementary volume of 
phase space, instead of being taken inhniteb’ small, is taken to be of Unite 
size equal to A*. In the one-dimensional problem of Fig. 45, where there 
was one degree of freedom, the area of each elementary rectangle must be 
taken equal to A. Similarly w'hen dealing with a molecule that has s 
degrees of freedom, the elementary volume of phase space must be taken 
equal to A*. 

For a monatomic gas subject to a gravitational or other external field, 
a term F(x, y, 2 ) for the potential energy of a particle must be added to 
(350). In this case the integration over x, y, and 2 , instead of giving 
simpiy the volume of the vessel v, as in (357), gives the integrai 
dx dy dz, which must be substituted for v in (357). If throughout any ele- 
mentary volume dv the value of V is zero, this will clearly make the con- 
tribution dv, as before; on the other hand, where V differs from zero, the 
element of volume uill be weighted according to the appropriate value of 
; any volume where V has a po^tive value large compared udth kT 
will make a negligible contribution. We shall find below that a similar 
weighting according to the value of must be introduced when, in 

dealing with an imperfect gas, V denotes the mutual potential energy of 
two particles. 

'See L. Landau and E. Lifschitz, ‘‘Statistical Physics," Oxford, 193S, which deals 
exclusively with classical mechanics. 
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142. Interacting Particles. It rras pointed out at the end of Sec. 132 
that vrhen a vessel contains n particles of an imperfect gas. their mutual 
potential energy cannot be split into separate parts: vhen an imperfect 
gas is in eouihbnum at temperature T, it possesses a definite amount of 
potential energy, which belongs to the gas as a whole. TTe have then to 
consider how (352) and (355) may be replaced by a treatment that re- 
gards the group of n particles as a single unit. As an introduction to 
this problem, we may ask how to treat tiro particles as a single system, 
that is, how to deal only with the energy of the pair, instead of a separate 
amount of energy for each. TTe shah 
suppose that each particle has spheri- 
cal symmetry and that the mutual 
potential energy of the two particles 
depends only on the distance between 
their centers. Let us first discuss two 
such particles constramed, as in Fig. 45, 
to move along a line of length Z. de- 
noting their positions at any moment 
by and z;, respectively. If in Fig.46 
we take xi as abscissa, xt as ordinate, 
and OA = OB = I, any point within 
the square corresponds to a possible 
position for the pair of particles. The 
point Q. for example, denotes the situa- 
tion where Xi = 6c and x; = OD. If denotes the mutual potential 

energv. this will have large values near the diagonal OP. since all points 
near the diagonal denote situations where the particles are near to each 
other. If the two particles have the same mass tu, the energy will be 
e = -T- imu-r -r r(zi. z;). If we take a four-dimensional phase space 

for Zi. Z;. WAh. and rauj. the motion oi the pair oi interacting parti cl e^ 
may be represented by the motion of a single point in this phase space. 
In obtainins the partition function, we shall require the integral 

J r/ f d III dut dxi dxt (369) 



which wiU be equal to 


m- \e 




(361) 


The last integral in (351) 


to be taken over the area of the square in 


Fig. 46. 

in the problem of Fig. 46 we needed in ( 
dimensions. For a pair of atoms moving in 
we need a phase space of 12 dimensions : 
we shall need a 6n-dimeiisionai phase space. 


350) a phase space of four 
a three-dimensional vessel, 
and for a group of n atoms 
The motion of the whole 
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group of n particles may be represented by the motion of a single repre- 
sentative point in tliis phase space.^ 

At the beginning of this book, we studied in Chapter 1 a group of 
particles sharing a fixed total energy E. In the classical phase space for 
such a group of particles, if the total energy has a value lying between E 
and {E + dE), the representative point for the group will move only through 
cells of phase space corresponding to energies between E and (E -f dE). 

If we go on to consider an ensemble of independent systems of the 
same kind, the ensemble will be represented by a swarm of representative 
points. If each group in the ensemble possesses the same energy, all the 
representative points in the swarm will have a motion confined to that 
shell of phase space corresponding to enci^ies between E and {E + dE)‘, 
traditionally such an ensemble is called a “raicrocanonical ensemble.” 

In order to derive the partition function for a group of particles, let 
us first raise a question with reference to the pair of particles of Fig. 46. 
Our interest in constructing any partition function lies in its relation to 
the value of In IF, which determines the physical behavior of the particles 
considered. In this connection consider the point Q' in Fig. 46, the point 
that is symmetrically placed with respect to the diagonal, corresponding 
to the point Q. Tlie point Q' denotes the situation where xi « OD and 
Zi « OC. If the two particles arc of different species this situation is of 
course distinguishable from the situation where xj * OC and xt - OD. But 
if they are of the same species, we cannot, according to quantum theory, 
obtain a new situation by interchanging the particles. This vieuisoint 
was an innovation of quantum mechanics; in the days of classical me- 
chanics it had not been grasped that the particles must be treated as 
indistinguishable.* Consider then an element of area dxi dxi at the point Q 
and a similar element of area at the point Q'\ the contribution from one 
of these must be discarded. Hence when we are dealing with two par- 
ticles the last integral in (361) must be divided by 2, 

When we go on to consider a pair of atoms moving in an ordinary 
three-dimensional vessel, the function c~*V*r i,vill have to be integrated 
over the six coordinates Xi, y\, zi, xj, jfe, and Zj. (In any problem, the space 

^In their development of statistical mechanics, both Boltzmann and Maxwell 
hoped that something better might be done than merely to make the assumption of 
equal a priori probabilities for equal volumes of phase space. They hoped that it might 
be possible to prove the truth of a hypothecs, which was called by Boltzmann the 
"ergodic hypothesis.'-’ Consider the representative point for an isolated system having 
a certain energy; the suggestion was that this point, moving in phase space, would pass 
in succession through every point compatible with the energy of the system before 
finally returning to its original position in phase ^)ace. The hypothesis is not true in 
general and is mentioned here only for its historical interest. See Tolman, op. cit.. 
Chapter 3. 

*See Herzfeld, op. cit., pp. 149-150, 
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over -vrhich has to be integrated is called “configuration space/’ 

in contrast to the phase space that includes the momentum coordinates.) 
When one of these two atoms is at the point Xi, yi, zi, and the other is at 
^2, y^, zc, the representative point Q will fall in a certain cell of configmation 
space. There will also be a point Q' representing the situation where the 
two particles have been interchanged. If the two particles are indis- 
tingmshable, this contribution and all similar contributions must be elimi- 
nated; the integral must- be diidded bv 2. Likewise, when we treat three 
interacting particles, the corresponding integral must be dimded b}^ 3!, 
and when we deal with ?i interacting particles, it wiU have to be divided 
by 72 1. This necessity of dimding by 2 or by 3! or b}' 7i! is quite similar 
to that which in Sec. 92 was introduced for the same purpose, namel}^ 
to ensure that aU redundant configurations have been removed. 

When the method of (361) is applied to a group of ti interacting par- 
ticles, we treat the whole group as a single sj'stem having 3«. degrees of 
freedom. We are concerned onl3' with the values of the total energy- E of 
the whole group, and thus we atm at obtaining a partition function analo- 
gous to the P of Chapter 8. This energy' B is partly kinetic and partly 
potential; the potential energj^ belong to the group as a whole and is a 
function of the positions of all the particles. The integrals over ui and 
t/e in (360) are now replaced by integrals over v, and xc for each of the 
71 particles. Since each integral is similar to (355), their product, if we 
introduce Planck’s constant h, will be simph* equal to S", where B is 
given by (359). The partition function is thus 

dxi dyidzi - • • dxr. dyr. dzr, (362) 

143. The e.vpres5ion (362) applies to matter in any state of aggregation, 
gaseous, solid, or liquid, and is the general expression for anj’ group of n 
particles of the same kind. We began in connection with Fig. 46 to inquire 
how a pair of particles could be treated as a single xmit; and we went on 
later to inquire how a group of 7i particles could be treated as a single 
xmit. We did not impose any restrictions on the form of the potential 
energy F. Thus (362) is applicable to anj* aggregate of n particles, such 
as a solid or a liqxiid, as well as to an imperfect gas or vapor. 

If we consider, for example, a vessel containing ti atoms of the same 
species, between which the interaction is such that thej" tend to form 
diatomic molecules according to the reaction 2.4 4:^ A;, the integral in 
(362), being taken over all possible configurations of the particles, will 
include aU possible degrees of dissociation consistent with the total energy 
E of the group of particles. The partition fimction (362) thus has the 
same character as the examples of P discussed in Sec. 13S, which invoh e 
a sxnn over all possible states. In both cases the free energy will be — kT In P. 



194 


INTRODUCTION TO STATISTICAL MECHANICS (Chap. 9 


In Chapter 6 we saw that the tendency for atoms to form diatomic 
molecules is small or large according as the characteristic dissociation 
energy D has a small or a laige value. In the configuration space of (362) 
there will be small regions whore, according to Fig. 30, the quantity V /kT 
will have a large negative value. Although these portions of configuration 
space may comprise a small fraction of the total, nevertheless they may re- 
ceive from the factor an enormous weighting, so that they become 

important or even predominant, according to the magnitude of the disso- 
ciation energy D. 

We have already noticed in Sec. 137 tliat — kTlaP differs somewhat 
from the quantity identified with the free energy in Chapter 5. For a 
vessel containing «i atoms and homonuclear molecules, the free energy 
F, according to (201), would be given bj' 




\ ni j 

' \ ih J 


(363) 


In (362) the quantity B is the reciprocal of a volume, wliile the integral 
has the dimensions of a volume to the nth power. In treating a perfect 
monatomic gas, we should set the potential energy V equal to zero every- 
where ; in this case the whole integral is simply e’*. Since B'r" is, according 
to (143), equal to Ptt", we see that (362) yields for F/kT a value in agree- 
ment with (1856). ^^^lcn we treat an imperfect gas or a partially disso- 
ciated diatomic gas, the integral will have the same dimensions but will 
differ numerically from v". 


If (363) is to be equivalent to the log.'uithm of (362) in this problem, it should be 
a simple matter to aliotr that (363) contains the quantily B" multiplied by a quantity 
having the dimensions of (volume)*. Since the B in (362) refers to the free atoms, we 
have Pi => Bv; and the translational part of Pt, according to (142), mil be 2^Bi!, since 
the mass of the molecule is twice that of the free atom. These terms together nill give 
(fii + nO In B, wliich will not yield B", since the total number of atoms is n = (ni + 2ni). 
We can, however, define a molecular volume ru> related to the internal partition function 
Pin of Sec. 75, by ^>'riting 

2*Pi« 

Then we obtain 

n« In Pj =* n» In (2lBi‘P,a) 




"■"■r - 2i ; 

= nilln B* + ln(rt’,n)l 

Thus in (363) the atoms and molecules together yield the product 
B*I»t'M+"*J(ri.)"*l 


which has the required form; the quanti^ in the large bracket has the dimensions of 
(volume)* and has a value smaller than p*. 
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- Va)(v - 2fo)(i; - 3i'c) • • • (365) 

to n terms. DiA-iding (365) by ij", we find that, since the factor B’' cancels, 
the ratio between the partition function P of an imperfect gas and Ptr 
for a perfect gas will be given b 3 ' 


Pix \v V V V ) 


(366) 


where j takes the iategral values from imity to (n - 1). If the density 
of the gas is not too high, the value of jvo/v will be small compared with 
nnitj’ even when j has the value (n — 1); in this case we maj' write —jva/v 
instead of ln(l — jvjv) and the sum on the right-hand side of (366) to 
7! terms is equal to 


71 (n - 1) 

2 V 


(367) 


The magnitude of Va depends on the size of the molecule considered. If 
we define, for anj’’ species, a volume h b}' writing ^{n — l)i'a == 5, we see 
that (367) takes the value — nh/v, which may be put back into the form 
ln(l — nh/v) since nh/v is taken to be small. For the translational par- 
tition function in this imperfect gas to replace (143), we have from (366) 


Bv{l — 7ib/v) = B{v — nh) 


(368) 


The gas behaves as if it were a perfect gas contained in a volume (« — nb) 
instead of v. Thus, to this appro.ximation, the term (v — nb) in the ^’^an 
der Waals equation (364) is justified. 

146. TJnsaturated and Saturated Vapor. In discussing vapor pressure 
in Chapter 6, we considered a vessel of fixed volume v and inquired how 
man}’’ particles would be required to fill it uith saturated vapor at tem- 
perature T. In order to explore the relation between unsaturated and 
saturated vapors, it will be convenient to repeat the argument in a dif- 
ferent form. We take a variable voliune containing a fixed number of 
particles ti, all of the same land. Starting nith a sufficiently large volume, 
we may begin ■ndth an unsaturated vapor at temperature T; if we reduce 
the volume at constant temperatiue, the pressure rises until a certain 
volume Vsat is reached. Up to this point, the greatest value of w is when 
aU the n particles are in the form of vapor; bej’^ond this point, the greatest 
value of w is when some of the ii particles have condensed to form either 
solid or liquid, according as the temperature T is below or above the 
freezing point of the liquid. Let ps^t denote the pressure exerted b}’’ the 
vapor when the volume reaches the value v^at- 

If. in accordance with (143), we ■write in (222) Pu = Bv, we see that 
(222) gives tns condicion that Bv is equal to Sunilarly, for a liauid 
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at low temperatures, where the vapor may be treated as a perfect gas, If 
P{ denotes the partition function for a particle in the liquid that will be 
formed by condensation, we have the expression analogous to (222) 


When the volume of the vessel is reduced below the value Vgat, the pr^sure 



Fio, 47. Pressure-volume relations for carbon dioxide between 29 and 32*’C. 


does not continue to rise but remains constant at whatever value p,at has 
already been reached. 

At higher temperatures and pressures the phenomena are similar. 
Figure 47 gives some experimental curves in a small portion of the pressure- 
volume diagram of carbon dio,xide.^ The ordinates run only between 70 
and 76 atmospheres; the isothennals are for temperatures between 29 and 
33°C. A curve such as JL represents the relation between p and v for 
the unsaturated vapor, while the straight line LM' corresponds to the 
constant ^'opor pressure during progressive formation of liquid at the 
same temperature.^ For an unsaturated vapor at a higher temperature, 
the volume can be reduced to a smaller value before condensation takes 

>A. Michels, B. Blaisse, and C. Michels, Proc. Roy. Soc. A., 160, 367 (1937). 

* Curves of the same shape are obtained for monomolecular films that behave like 
two-dimensional vapors. N. K. Adam, “Pbymcs and Chemistryof Surfaces,” 3d ed., 
Oxford, 1941; W. Band, J. Chem. Phya., 8, 178 (1940). 
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place, as in tlie curve J'L' . The curve KLL' is a plot of against r^it- 
In this diagram the curve iYJ/J/' refers to the liquid and shows the in- 
crease in volume that takes place with rise in temperature, in spite of the 
increase in pressure to which the hquid is subject. For any horizontal line 
such as LM or L'2I\ the liquid of density corresponding to the point M 
can be in equilibrium with vapor in the state represented by the point L. 
In this range of temperature, the van der Waals equation (364), as is 
well known, gives continuous isothermals having the form shown by the 
dotted line in Fig. 47, For high temperatures (364) gives isothermals in 
which dp/dv is everj-where negative: at a certain temperature (364) gives 
an isothermal that has dp/dv equal to zero at one point, identified with the 
critical point. 

147. In Fig. 36 the abscissas were the values of ni_i(nx-T ns). If vre 
take a fixed value for the total number of particles (?: 4- 113 ) and consider 
the case where the T-particles and the S-particles are of the same size, 
the total volume occupied by the particles is constant. The abscissas in 
Fig. 36 may be taken to be ns./v, the number of T-particles per imit volume. 
Then, disregarding the 5-particles, we may say that the point F in Fig. 36 
giv^ the value of nj.. v for a certain smail number of T-particIes that, at 
the temperature considered, can be in equilibrium with a certain large 
number of T-particles per unit volume represented by the point Z. From 
this point of view the scheme is analogous to that shown in Fig. 47, where 
the point L represents a certain small number of particles per unit volume 
(vapor), which, at the temperature considered, can be in equilibrium with 
a certain large number of particles per unit volume (liquid) represented 
by the point Tf. K we could make the necessary calculations, we could, 
in fact, construct for the vapor and liquid a diagram similar to Fig. 36, 
plotting the free energy against n/'r, and we could find from the diagram 
the value of n/v for the saturated vapor and the value of a /v corresponding 
to the density of the liqmd (or solid) at the temperatme considered. 

From (2S9) it can be shown that with rise of temperature the points 
Q and S in Fig. 36 approach one another and at a certain temperature 
coincide; above this critical temperature no separation occurs. Similarly, 
in the condensation problem, with rise of temperature the points L and Jf 
in Fig. 47 approach one another, as at L'3I'. Above a certain temperature, 
no visible formation of liquid occurs if the volume of the vapor is reduced, 
however far the reduction in volume is carried. 

Yext- let us consider Fig. 44. The discussion of Fig. 44 that was given 
in Sec. 130 appHes to both solids and liquids. The most elementarv* fact 
about a solid or a liquid is that, when placed in a large vessel, the materia! 
does not fill the vessel like a gas. but at any temperature T retains a 
characteristic volume, namely, the volume tor which the free energy’ is a 
Tninimnm at this temperature. The purpose of the diagram was to show 
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the factors that determine the value of the characteristic volume. From 
Fig. 44 the existence of a critical temperature above which the liquid 
cannot exist seems quite reasonable. In the upper cur\'c of Fig. 44 the 
minimum had a certain depth below the horizontal line. At any higher 
temperature the middle cun*e, obtained by adding the ordinates, will 
clearly have a shallower minimum. With a further rise of temperature, 
the broken curve becomes progressively steeper and there must come a 
temperature at which the resultant curve has no minimum at all; that is, 
there is no characteristic volume for which the free energy of the n particles 
is a minimum, so the material will fill the whole vessel, as a gas.^ Return- 
ing to Fig. 47, we have seen that with rise of temperature no separation 
occurs; instead, we obtain only an imperfect gas with a density comparable 
to that of a liquid. 

148. Condensation of a Vapor. The mutual potential energy between 
two atoms or between two simple molecules, which we considered in Sec. 
144, is independent of temperature. The vcr>’ diverse phenomena to which 
the forces of attraction give rise, above and below the critical temperature, 
are the result of other factors. First consider any gas above its critical 
temperature; if we diminish the volume, the mean distance between 
particles is progressively diminished until the particles form a single ag- 
gregate or cluster. Before this final stage is reached, smaller clusters will 
be present; their presence is due to the fact that the vessel is so small 
that many particles are inevitably near together. 

If we discuss the condensation of the same vapor at a much lower 
temperature, the situation is different. The volumes that we deal with 
are large enough even at saturation for the vapor to consist entirely of 
separate atoms. If clusters arc present, this is because their presence 
yields a greater value of w than would be possible without them, when the 
particles share the same total energy E. Let us consider the nature of a 
supersaturated vapor in contact with a thermal reser\’oir at temperature T. 
Suppose we are given a volume v containing n particles of the same kind, 
no large clusters being present. In order to test whether the vapor is 
supersaturated, we have to compare the given situation with an alternative 
situation where some particles have combined to form one or more large 
clusters. We may take into account the possibility of clusters of all sizes, 
from those consisting of two, three, or four particles, up to clusters con- 
taining many particles. 

It is clear that, if our aim is to explain the existence and the character 
of the critical phenomena, we must consider clustering that may or may 

^Using the model of a dense gas mentioned in Sec. 07, theoretical values of the 
critical temperature were calculated for certmn gases and gave rather good agreement 
with the experimental values. J. E. Lennard Jones and A. F. Devonshire, Proc. Roy. 
Soc. A., 163, 54 (1937). 
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not lead to the formation of liquid. The discover}- of a mathematical 
de^dce for handling the integral (362) in this problem was made by J. E. 
jNIayerh; all possible configurations of clusters are considered. It is found 
that critical phenomena are to be expected over a certain range of tem- 
perature rather than at one critical temperatiu-e. The theory has been 
extended by Bom and Fuchs.- An adequate accoimt of this work un- 
fortunateh- cannot be given in less than 30 or 40 pages. In this book we 
shall not add am-thing further to the discussion of the critical point 
given in Sec. 147; instead, we shall examine the simpler problem of con- 
densation at lower temperatures. 

149. It may well be that during condensation the structure of any 
duster is initially far from regular, that is, it is more full of holes than 
a portion of normal liquid (or soHd) at the same temperature. With 
transient stnictures, however, we are not concerned. In discussing 
at fairly low temperatures, we are interested only in possible equilibrium 
states and we must suppose that in the interior of a large cluster the 
situation for a particle is not appreciably different from the situation of 
the same particle in the interior of a droplet of liqifid, or else in a crystallite, 
according as the temperature is above or below the freezing point of the 
liquid. If for the vibration of such a particle in the interior we use the 
usual partition function P = the partition function of the whole 

aggregate, consisting of g particles, according to (342) will be P«, prodded 
that the number of surface particles is small compared with the number 
in the interior of the cluster. 

In discussing (219), we noticed that since Pa, Pb, and Pab each con- 
tains the volume of the vessel, this leaves the volmne in the numerator 
of (219) to influence the equilibrium. If we steadily reduce the volume, 
a progressive combination of atoms to form additional molecules takes 
place. But the ratio of the number of molecules to free atoms is not very 
sensitive to changes in volmne. If we write down the analogous expres- 
sions for the dissociation of a triatomic molecule into free atoms, we find 
that the equilibrium depends on instead of r: that is to say, this equi- 
hbrium is rather more sensitive to changes in volume. In general, let A 5 
denote an aggregate or cluster of g atoms, all of the same species, which 
mav dissociate into a free atoms 

A^r=±qA (3/0) 

Then, if P5 denotes the partition function of the polyatomic cluster, it 
follows from Sec. 86 that the expression for equilibrimn wiU be 



iJ. E. Maver and S. F. Harrison, J. Chem. Phys.. 6, S7 (19381; J- E. ilayer and 
Jkl. G, Maver, “Statistical Mechanics,” pp. 265-315, Wiley, 1940. 

= Bom and K. Fuchs, Proc. Roy. Soc. A., 166, 391 (1938). 
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If the vapor contains clusters of different sizes, the most probable state 

is that in which the ratios 7is/ni, fij/ni njni are in accordance uith 

(371). We may, for example, write down the expression for a cluster 
containing more than q particles, say, for a cluster containing (g + r) 
particles 




(372) 


Di^’iding (371) by (372), we obtain an expression for the number of clusters 
of size (g + r) which, at the temperature considered, \rill be in equilibrium 
with clusters of size q 


»9 Pt \P,) 


(373) 


In a monatomic vapor, the Ui in (371) and (373) denotes the number of 
free atoms; in a substance consisting of diatomic or polyatomic molecules, 
fii denotes the number of single molecules. 

lEO. It was shoum by Band' that the expression (373) is extremely 
sensitive to changes in the volume of the vessel and, in fact, leads us to 
expect condensation at a particular volume that we shall identify with 
t'Mf At low temperatures and pressures, it leads to results that in this 
respect arc similar to those obtained by Mayer’s rigorous treatment. 

We shall find that under appropriate conditions a small change of 
volume of the vessel may cause the value of (373) to change by a factor 
of 1 million or more; thus, we shall be only interested in orders of magni- 
tude, and shall need only a cursoty examination of the partition functions 
in (373). For brevity we sliall write down expressions for clusters that 
are sufficiently large that the difference between surface atoms and internal 
atoms may be neglected. For such clusters we have already decided in 
Sec. 149 to use for the contribution from the vibration of each 

particle among its neighbors. The moments of inertia of a nearly spherical 
c]usteraboutthrpepriDcjp.alaxcswj]J be nearly eg uaJ; in clusters of unifonn 
density each will be proportional to q^; the value of the rotational partition 
function of the cluster (regarded as a polyatomic molecffie) will be ap- 
proximately proportional to q^. Extending what was said in Sec. 143, 
the translational partition function of the cluster will be q^Bv. Hence 
it will be sufficient if ive take for the ratio 


= (374) 

Substituting in (373), 


I W. Band, J. Chem. Phys., 7, 324 and 927 (1939). 
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For clusters that are not too small, tliis is true for an y positive value of r. 
Let us. as usual, start vrith our vapor in a large volume r and ask hov 
(375) changes vchen ve diminish the volume at constant temperarure. 
We are discussing a vapor for which the pressure-volume relation scarcelv 
diSeic from that ot a perfect gas, even up to the saturation point; at thi= 
point rii in (375) differs only slightly from the constant value n, and all 
the other factors in the large bracket are constant except v. If the ini Hpl 
value of r is sufnciently large, the quantity in the large bracket will be 
less than unit}* and will increase as we diniinish the volume. TTe shnll 
show below that, at low temperature, this quantity wiU reach and pass 
through the value unity when v reaches a certain value, which we may 
denote by n. Let us examine the variation of (375) in the neighborhood 
of this value r:., say, when the volume of the vessel is reduced from a 
value that is greater than fj by one part in a million to a value that is 
less than v-j by one part in a milli on- Taking logarithms, the value of 
ln(r:/r )3 with the usual appro.ximation. will go from 

ln(l - 10-^) = - 10^: to ln(l -b 10--) = F 10-* 

Hence, the value of (r./r)' wiU go from exp(— lO^r) to exp(10~'r). in 
(375) let us take, for example, both q and r equal to lOh In this case we 
find that when the volume of the vessel is reduced by two parts in a million, 
the value of the o^uantirf* in the large bracket in (375) increases from 
to (P, that is to say, from 10~* to 10% 

It remains to be shown that at low temperatures there wiU necessarily 
be a volume that makes the quantity in the large bracket equal to unity, 
and secondly, that there is an additional reason for identifying this volume 
with Tr-t. As soon as we equate the quantity from (375) to unity, writing 

Be ^ 

and recall that the factor P denotes the value of for a parficie 

in the interior of the aggregate, it is obvious that this expression is identical 
with either (222) or (369), according as the temperature is above or below 
the freezing point. We find then that under these conditions the volume 
that induces large clustering to take place is the same as that obtained 
in Sec. 92 for equilibrium between a solid (or liquid) and its vapor. The 
two methods of approach are thus shown to be consistent at temperatures 
where the saturated vapor behaves as a perfect gas.- 

A process that somewhat resembles condensation is gel formation in 
tbe polymerization of molecules. This problem bas been treated by simi la r 
statistical methods.- 

^For couditioiis nsar tiie critical point, see ilayer and ilayer, op. cii.. Chapter 1-L 
=P. J. Hoiy, J. Air.. Clem. Soc., 63, 3055 W. H. StoAmayer, J. Cr.em. 

Ph-js., 12, 125 (1544). 
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Problems 

1. Two vessels of the same size contmn equal quantities, A and B, of a certain 
perfect gas at lO^K. An amount of lieat is allowed to flow into A, sufficient to raise the 
temperature to 11®K. The specimen B is put through the following cycle: it is com- 
pressed adiabaticatly, altering the set of energy feveb, until the energy of the gas corre- 
sponds to a temperature of 20'’; the same amount of heat is now added to B as was added 
to A; finally B is allowed to expand adiabatically until it regains its original volume. 
What is the final temperature of B7 Describe how the population of the energy levels 
has changed during each of the three steps. 

2. Given n particles of the same species, in how many different ways can one form 
Bt pairs, leavdng «i of the particles unpaired? Comparing (303) with (302), e.tamine 
whether this question throws light on the occurrence of the quantity 

+ + + 

m (363) instead of ln(l/n !) in the Ir^rithm of (302). 



CHAPTER 10 


Vibration of Molecules and of Cri/stal Lattices — The Density of 
States — Em! nation of the Partition Function of a Solid 


151. Vibrational Partition Function- It -sras mentioned in Sec. 90 that 
Fig. 30 depicts the form of the mutual potential energy of t\ro atoms that 
form a molecule. Xear the potential minimum this curve is a parabola: 
as a result the spacing of the lover enei^ levels is uniform. Between 
the upper energy levels the spacing becomes progressively narrower but 
in most, molectiles these upper levels are not appreciably populated at 
terrestrial temperattues and may be neglected. 

In Chapter 2 we did not evaluate the partition function for a set of 
single levels with uniform spacing but we need this for three purposes: 
(1) for the vibrations of a diatomic molecule. (2) for the simple model of a 
solid, discussed in Chapter 1. and (3) for any one of the lattice vibrations 
of a crystal lattice, mentioned in Sec. 132 and discussed below in Sec. 154. 
For a set of energj* states with uniform spacing u. we find from (72) 
for the sum of n terms., writing ic/kT = x, 

5 = 14-e--be-^-b--*-be-f"-^= (376) 

Sfr= - -r e-- -f - • ■ -f -b e--'-= (377) 


Subtracting (377) from (376). 

S(1 - (T-) = 1 - e-- 

Thus as n tends to infinity, we obtain for the partition function 



(37S) 


When comparing different substances for which the spacing u has dif- 
ferent values, it is convenient to define for each substance a characteristic 
temnerature 0 by writing /r0 = uj thus for each substance 0 is the tempera- 
ture at which I:T becomes equal to the interval between two successive 
levels, then P = (1 - For the energy associated with this vibra- 


tion we have 


E = Jik'P 


alnP 

dT 


mi 

I f — 1 


(379) 


nke 
- 1 


(3S0) 


205 


206 


INTRODUCTION TO STATISTICAL MECHANICS (Chap. 10* 


According to (380), if values of E for different substances are plotted, 
not against T but against T/Q, the values should lie on a single curve 
when the appropriate value of 8 has been assigned to each substance. 

For comparison with (380), it is useful to 
consider a slightly different set of levels, 
namely, where all the levels have a normal 
wide spacing, except for the two lowest levels 
cq and Cl, which arc separated by a very small 
amount, as in Fig. 48a. If we take, as usual, 
the level coas the zero of energy, the term 
in (72) will be very nearly unity at ordinary 
temperatures, so that (72) is approximately 

p « 2 — — . . . 

Here the value of P varies with temperature in the normal way but, as 
the temperature falls, tends toivard the value 2 instead of toivard unity. 
At the absolute zero, however, all the particles will fall into the level co 
and P must reach the v'aluc unity. TTiis takes place as depicted in Fig. 49; 
as the temperature falls, as soon as kT 
becomes comparable with (<i — to), the 
curve, which has been tending toward 
the value 2, falls rapidly to unity. If 
(«i “■ «o) is very small, this fall may take 
place below 1®K and so may not be 
revealed by measurements made above 
1®K, The same behavior will be found 
if other levels occur in vciy narrow 
pairs, as illustrated in Fig. 486. 

162. Vibrational Heat Capacity. In 
the year 1819 two French physicists, 

Dulong and Petit, published the results 
of measurements of the specific heats 
of 13 elements in the solid state near 
room temperature. They had found 
that the values of the specific heats 
were nearly inversely proportional to 
the atomic weights, indicating that the 
heat capacity per atom was approximately the same for each of these 
elements. Later, other elements were added to the list and the law of 
Dulong and Petit was put into the following form: At room temperature 
the heat capacity of 1 gram-atom of any element in the solid state has a 
value between 6.2 and 6.6 calories, or thereabouts. 

It was mentioned in Sec. 141 that the classical law of equipartition 
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Szc. 152] 

ascribes to each degree of freedom an amount of kinetic energy equal to 
^I'T per particle. In any harmonic motion the total energy is half kinetie 
and half potential energ}*. We have two cases to consider. In a diatomic 
molecule we are concerned only with the changes in the distance between 
the nuclei, that is, the vibration is one-dimensional. Classical theory 
thus leads to the e.vpected value f:T per particle, namely, kinetic 
energy and an equal amount of potential energy. 

In a. solid a vibrating atom has three degrees of freedom, and the classical 
value for the energy is 3hT per particle. For the specific heat the classical 
value is thus 3k per particle or oR per gram-atom. 

Let us now discuss the expression (37S) for a quantized oscillator. 
For large values of T the value of in the denominator tends to 

(1 — It hT). Thus at high temperatures the partition function tends to 
the value hTfu. while the energy E will not diner appreciably from rikT. 
The 'ribrational energy per molecule, kT. is thus equal to the classical 
value at these temperatures. For a three-dimensional oscillator the par- 
tition function must be obtained by the method used in (1-5S) and (345); 
the oscillator wiU have a uniform set of levels associated with motion in 
the X-, y-, and z-directions. and the partition function will be the product 
of three factors. For an isotropic oscillator the partition function wiU be 
(37S) raised to the third power, while the partition function for a group 
of n such osciilatois will be given by 

in P = - 3n In (1 - (3S1) 

In any case, at high temperatures the value of P will tend to ZkT/u, 
while the energy' will not diS'er appreciabh* from 3kT\ the classical value. 
At these high temperatures the specific heat is independent of temperature 
and equal to 3k per panicle or oR per mole. 

By differentiating (3S0) with respect to T, we obtain an expression 
for the variarion of the heat capacity with temperature for a Linear oscil- 
lator. Writing nk = R, we find for one mole 



In Fig. 50 the curve is a plot of (3S2), the scale on the left being for a 
linear oscillator and the scale on the right for a three-dimensiQnal oscillator. 
For several of the common diatomic gases the spacing of the vibrational 
levels is known from an analysis of their emission and absorption spectra; 
the values are given in Table S in Sec. 161, together with the corresponding 
value of 0. When the heat capacity of these gases is measured it is found 
that in each case the contribution from the molecular vibrations agrees 
well with the curve of Fig. 50, when this is drawn with the value of 0 
derived from the molecular spectrum. 
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For solids, on the other hand, although the heat capacity shows a 
variation similar to that of Fig. 50, quantitative agreement cannot be ob- 
tained with any value of 6. Treating the particles of a solid as inde- 
pendent oscillators is not a good approximation. The vibrations of the 
crystal lattice, mentioned in Sec. 132, must be quantized; when this is 
done, better agreement with experiment is found (see Sec. 154). 

The steep part of the curve in Fig. 60 or Fig. 53 will give a rather rapid 
variation of heat capacity with temperature. Nevertheless, for most 
solids and diatomic gases at room temperature, the heat capacity is almost 

R 

I 

iR 


0 


independent of temperature. Recalling that, at room temperature, the 
value of kT is only ^ electron-volt, we see from Table 8 in Sec. 161 that 
for nitrogen, oxygen, and so on, the spacing of the levels is relatively wide. 
In gaseous nitrogen, for example, the value of kT will not become equal 
to the spacing u until the temperature is raised above 3000'’C; at room 
temperature the value of kT is less than one-tenth of the spacing between 
the low’est vibrational level and the next, and as a result nearly all the 
molecules remain in the lowest vibrational level. At room temperature, 
the contribution to the heat capacity "'ill be represented by a point on 
the portion AB of the curve in Fig. 50, and similarly for hydrogen, oxygen, 
and other gases. 

From Table 8 in Sec. 161 it will be seen that for the lithium, sodium, 
and potassium molecules the gracing of the vibrational energy levels is 
much closer; the force between the atoms is weaker than in nitrogen and 
oxygen. The same is true for the atomic vibrations in most solids; the 
value of 6 that gives best agreement with (382) is small, w’ith the result 
that at room temperature the value of the heat capacity of the solid is 
given by a point on the nearly horizontal portion CD of the curve in 
Fig. 50, or of the corresponding portion of the curve in Fig. 53. Thus it 
comes about that for most solids and for the common diatomic gases 
near room temperature the heat capacity is almost independent of tem- 
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pemture. but tor different reasons — ^in gaseous nitrogen, orvgen. and so on 
the \-ibrations are scarcely excited at all, while in most solids they are al- 
most fully excited. 

Ic3. In treating solids, we usually discuss a solid either under the 
pressure of its orm vapor or under atmospheric pressure. When the 
pressure is as small as this, it makes no appreciable difference what its 
value is. since the changes of volume that a solid undergoes are so small. 
Tlie difference between the specific heats and is important for both 
gases and solids, but for entirely different reasons. In the case of a gas at 
constant pressure, the e.xtemal work done is comparable with the specific 
heat itself. In the case of a solid the external work is negligibly small, 
but the cohesive forces are so strong that in thermal expansion a consid- 
erable amount of energy- is transformed into potential energy, that is, 
when the temr^erature of a solid is raised, an appreciable fraction of the 
heat supplied goes into work done against the interatomic forces of at- 
traction (see Sec. 130). 

We have seen that, at temperatures where J:T is large compared with 
the spacing between the energv* levels, the value of Cr for a solid should 
reach the classical value ZR per mole. Since R = 1.9S7 cal 'mole, the 
value of C. should be 5.96 cal mole. According to the law of Dulong 
and Petit mentioned above, the specific heat of many solids at room 
temperature, as ordinarily measured, is in the neighborhood of 6.4 cal /mole. 
This is because, when the temperature is raised at constant pressure, an 
additional amount of energx*, in the neighborhood of 7 per cent, is ab- 
sorbed and goes into work done against the cohesive forces: if the specific 
heat were measured at constant volume, the value obtained would be 
smaller by something in the neighborhood of 7 per cent: but no two 
substances show precisely* the same behavior. 

These remarks apply to room temperature. The difference between 
the specific heats at any temperature T is given by 

= _ Tidv-dT)- ^ cdrT ( 333 ^ 

(bi':dp)r TiS 

where a is the coeSdent of thermal expansion and 8 is the compressibilid' 
of the substance. At low temperatures the difference between the specific 
heats is ouite small. The way in which the difference increases at high 
temperatures is indicated in Pig. 53. 

i54. Lattice ^ubrations. We shall now make the departure suggested 
in Sec. 132: we abandon the idea that each particle in a solid has a set 
of enei^ levels, and we be^ to discxi^ the vibrations of the solid as a 
whole. Our problem is to describe how the total eneigy E will be dis- 
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tributed among the various modes of vibration of the lattice. Tlie problem 
is similar to that of Sec. 75, where we discussed how the total energy of a 
diatomic gas would be divided between the translational and internal 
forms; we considered the conversion of an amount of energy dE from one 
form to the other. So here we may fix attention on any tw’o modes of 
vibration of the lattice; consider a state of the crystal, in which energy is 
associated with these modes of vibration, and suppose that we transfer a 
certain amount of energy from one mode to the other. If such a transfer 
is accompanied by an increase in w for the crystal, the transfer \yill occur 
spontaneously. The same remark applies to any two modes of vibration 
of the lattice. The state that is adopted by the crystal may thus be de- 
scribed as one in which the transference of a small amount of energy from 
any mode of lattice vibration to any other is not accompanied by any 
change in w. 

It was pointed out in Sec. 75 that, when the internal energy of the 
molecule is subdivided into rotational and \’ibrational energies, the two 
summations in the denominator of (158) would bo replaced by three. In 
the problem of the crystal containing n atoms of the same land, there are 
not three sets of allowed ener^es but 3n, corresponding to the 3n modes 
of vibration of the lattice. Thus, the denominator corresponding to (158) 
will be the product of 3a terms, each term being summed over the allowed 
energies of one mode of vibration. Since each mode of lattice vibration 
is harmonic, its allowed energies arc “equally spaced”; the amount of 
thermal energy associated with the rth mode can take the values 0, Ur, 
2ur, 3u, .... Consequently each of the 3a terms has the simple form 
discussed in See. 151. From (378) we find at once that the partition 
function P for the whole crystal will be given by 


p - - — V ^ ^ 

ta P = = - ^(nCI - 


(384) 

( 385 ) 


The problem would now bo solved if ^vc knew the sot of values of Wr to 
be inserted in (385). Debye, who first gave this treatment for a crystal, 
made the approximation of supposing that the frequencies of vibration 
of the lattice could be obtained from those of a continuous elastic solid 
having the same elastic properties as the crystalline solid under considera- 
tion. In a solid with rectangular faces, the sides of which have lengths 
equal to a, b, and c, the normal modes are standing waves that have a 
nodal plane coinciding with each of the six faces of tlie solid; that is, where 
a is equal to an integral number of half-wavelengths in the ^-direction, 
and so on; the expression for these material waves is in fact similar to 
that of the vf-waves of Sec. 70. The single standing wave belonging to 
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the lowest- energy £"j will have the character described toward the end 
of Sec. 74. 

Adopting the Zn modes of smallest enei^* from this elastic solid and 
introducing the values of 'a. = hvr into (3S5). Debye obtained an expression 
for the heat capacity that gives much better agreement with experiment 
than (3S2j. A comparison of toSo) with (3S1) shows at once wherein the 
two treatments differ. If the 3/! modes of ■vibration, instead of havine 
different values of ?/,, had the same value ti. the expression (3S5) would 
be identical vrith (3S1). Thus, the model that regards the ciystal as con- 
sisting of n independent particles, each ha'ving the same set of equally 
spaced levels, is equivalent to replacing the set of xu in (3S5) by some 
average value of n-r. to be used for every mode of vibration of the lattice. 
This difference is especially important at very low temperatures. The 
nearly horizontal portion of the curve AB in Fig. 50 is due to the fact that 
according to (3S1) the body cannot receive any increment in energy smaller 
than n. But in the Debye model of a sohd the body can receive incre- 
ments of energy much smaller than the average value of ii~, since some 
of the modes of vibration have values of lu much smaller than the average; 
in fact, the values of «r extend from near zero up to a certain maximum 
Consequently, the solid can pick up increments of energy, even 
verv* near the absolute zero of temperature; in this region, according to 
the Debye theoiy, the heat capacity of any solid ■wiH varv- as P: for most 
substances for which data exist this is in rather good agreement "with 
experiment. 

As mentioned above, the possible amounts of energy that can be 
associated with any mode of vibration are connected "with the frequency 
of J'r of this vibration bv* the quantum relation u- = /ov, 2u- = 2hrr ■ • • . 
For any solid the whole set of allowed values tor all possible modes of 
vibration is usually referred to as the ‘‘frequency spectrum " of the solid. 
Since for each value of r the levels are equally spaced, the expression (37S) 
applies to each mode of vibration and C- is to be obtained by summing 
over all v'alues of r, that is, over the Zn modes of vibration. When this 
summation is replaced by an integral, the expression takes the following 
form- 


C.= 



(e-'-iff 


TV dx 


(3S6) 


where x = n/kT and Xo = xt=^/kT. In so far as the experimental values 
aaree with this expression, it should be possible to deal 'with all elements 
in the solid state in a manner analogous to that of tec. 151, that is, by 
ascribing to each element a characteristic temperature. For each solid 

iSee, for evample, F. Seitz, “The Modem Theory of Solids.” a22pter2, McGraw-- 
Hill, 1940. 
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this so-called Debye temperature" 0d is related to the highest frequency 
assigned to the crystal, thus 

fc02> = (387) 

If values of Cp are plotted against T/Qd, the experimental points for all 
elements should lie on the same curve. Further, the best value of On 
should agree with the theoretical value calculated from the elastic con- 
stants of the solid ; for several metals this agreement is within 1 per cent. 


Table 4 Constants Assioxed to Solids 


Solid 

Electron-volts, 
X J0» 

00. 

Ke« 

5.43 

03 

Ne** 

5.17 

60* 

A 

7.3 

85 

Ph 

7.0 

88 

T1 

8.3 

96 

Hg 

6.4 

97 

I 

9.1 

106 

Cd 

14.6 

168 

Na 

H.8 

172 

Ag 

18.5 

215 

Zn .... 

20.3 

235 

Cu 

27.1 

315 

Al 

34.3 

398 

Be 

80.3 

1000 

C (diamond).. 

100.3 

1860 

KBr 

15.3 

177 

KCl . . 

19.8 

230 

NaCl 

24.2 

281 


* W. H. Keeeom and J }Isantj«8, PApneo. t, 9S9 (193S) 

The curve for the heat capacity of metallic zinc, for which 0o is 235®K, 
is shoivn in Fig. 53 in Sec. 158. In recent years attempts have been made 
to obtain from theory the correct frequency spectrum for some elements 
and simple compounds, but there is still some doubt as to the finality 
of these calculations. For the low frequencies it is found that the simple 
spectrum assumed by Debye agrees well with the more correct spectrum; 
it is for this reason that the simple theory shows such surprisingly good 
agreement with experiment, including the T® law at low temperatures. 

166. In Chapter 8, by considering a group of N identical samples in 
thermal contact, we were able to make an approach to the problems of 
statistical mechanics different from that of Chapters 1 to 5. We were 
able to introduce the ideas of temperature and entropy without referring 
to the states of individual particles but only to the states of n interacting 
particles. We found that the value of w would be a mavimiiTn when the 
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total energy was distributed among the N samples according to the ex- 
pression 


where 


r p 

(388) 

P = XZr^^r/1-.T 

(389) 


At the beginning of Sec. 135 attention was drawn to the degree of 
similarity between the deriA-ation of (334) and that of (95) in Sec. 44. 
The expression (95) gaA’e the at’erage number of particles in a particular 
state to which the label r had been allotted and so gaA'e for a perfect 
monatomic gas what in Chapter 1 we called the shape or form of the 
population. This, as we hare seen, is not the same as giAung the number 
of particles Avith energies b'ing in the interral between e and (e -f Se) ; 
it was only in Sec. 74 that Ave asked what the number of states is Avith 
energies lying in the interA'al between e and (e -r Be). The situation Avith 
regard to (33S) is A'en* similar : the expression (33S) gives the degree to 
which any state haA-ing energA- Er is populated on the aA-erage: in (33S) 
this is expressed by the quantity jVr/Zr, Avhich may be denoted by Qr- 
Neither (334) nor (33S) says am-thing about the number of multiple leA-els 
that lie AAithin the interA-al between E and (E -r dE). Let this number be 
denoted bj- ;■(£") dE. Then, if (33S) is multiplied by i’(E) dE, the product 
Avill give the number of samples in the group that hat-e energies in the 
range betAA-een E and (E -f dE). In this interval each leA'el has multi- 
plicitA* Z, which maA* be taken as a continuous fimction of E: in the inten-al 
dE the total number of states is thus Z{E)v{E) dE. The total number of 
states per unit energA' interA'al is often called the “density' of states”; 
if this is denoted bA' p{E), we haA'e 


p{E) = Z{E)v{E) 


(390) 


The number of samples haA'ing energies lA'ing in a range dE is conA'eniently 
obtained in the form q{E)p{E) dE, Avhere g denotes A/Z from (338): 


gp = 5 — 


(391) 


The brief discussion in Sec. 131 of the sharing of energy between two 
samples made use onlA* of the relation between Z and C-; it seemed to 
show that large fluctuations were extremely improbable, although one 
could set no definite limits to the interA'al AAithin which the enei^ woxild 
fluctuate. 

In deriA'ing (338), likeAvise, the treatment has assigned no bounds to 
the possible fluctuations of E] in fact, when a uniform temperature prevails 
through the group, the expression (33S) assigns values of A'r to aU allowed 
energies Er, even doAAU to the lowest, as was pointed out in Sec. 135. 
Results obtained from (391) AviU be in agreement AAith e.xperience onlA' 
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if the values of N arc negligibly small except in a narrow range of energy. 
When a particular value has been chosen for the prevailing temperature, 
the denominator in (391) is a constant and the quantity kT in the numera- 
tor is a constant; thus the value of N{E) in (391) is proportional to the 
product of p and If the values are to be negligibly small except 

in a narrow interval, this must be because the product passes 

through a very sharp maximum at a certain value of E. In order that a 
maximum shall exist at some value of E, it is necessary that, for low 
values of E, the rate of increase of p with E shall be greater than the rate 
of decrease of 

As for the position of tlie maximum, this has to fulfil certain obvious 
requirements. Consider, for example, samples of the same composition 
but of different sizes. Clearly, at a given temperature T a large sample 
should ha^'e more energy than a small sample of the same kind. If, for 
example, the first sample is itvicc as laigc as the second, the product 
pff-^ikT should pass through its maximum at a ^-aluo of E that is tunce 
as great as in the case of the smaller sample; and similarly for samples 
of all sizes. In the second place, the product should pass through 

its maximum at a value of E tliat is correlated for each chemical sub- 
stance with the prevailing temperature in accordance \vith the heat ca- 
pacity of this substance. The position of the maximum of (391) at dif- 
ferent temperatures is sufficient to determine the specific heat. 

From the discussion of the quantity Z, which began in See. 21, we 
know that Z is intimately connected with the concept of the temperature 
and with the specific heat. If the e.xpressions (S8S) and (3D1) are to fulfil 
all the requirements that we have enumerated, tliis must be by virtue 
of the connections between Z and the quantities E, C®, and Cp of the sub- 
stance concerned. 

166. We shall discuss a group of samples w’liere each sample consists 
of n interacting particles of the same species. The expressions (338) and 
(3iO) derived in Chapter 8 are correct irrespecCive of the zero of energy 
chosen for E, the energy of a sample. As our zero of energy it is natural 
to choose £* 0 , the energy of the sample at the absolute zero of temperature; 
then E will denote the thermal energy of the sample. In this chapter 
we have discussed the variation of B with temperature for solids, and for 
monatomic and diatomic gases and vapors, and have found that over 
large ranges of temperature it is of the form 

E = ankT (392) 

where a is a small numerical factor, almost independent of temperature 
over the ranges mentioned. For a monatomic perfect gas o *= f , for a 
solid above a certain temperature a is a little more than 3, and for many 
diatomic gases over a wide range of temperature a = f . 
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Let us consider a sample consisting of n interacting particles of any 
substance whose heat capacit}’ remains constant and equal to anh down 
to a certain verv* low temperature Ti, at which temperature its entropy 
has a value to be denoted bj' Sj. Then we can show that (388) fits into 
a consistent scheme, if we take p(E) to be given by 


P ^ 

Pi {£^1/ 


(393) 


Ju this case we have from (291) 

m(pg) = hipi-b£mln^-^ + ln^ (394:) 

To find at what value of E this has its maxi- 
mum value, when a constant temperature T 
prevails through the group, we differentiate 
vith respect to E and set the result equal to 
zero. We find 

ocn _ 1 

'E~W 


(395) 


Hence (394) passes through its maximum at 
a value of E given by 

= anhT 

In this wa5* we verify* that, when we use (393) 
for p, we have the total energy of a sample 
proportional to n, that is, proportional to the 
size of the sample; and, moreover, that this 
total energj^ is appropriate to the heat ca- 
pacity' an/: of the sample. 

The maximum at E^ is SO sharp that it is Fig. 5i 

impossible to draw a quantitative diagram; 

Fig. 51, however, shows qualitatively how the variable terms of (394) lead 
to a resultant curve with a maximum. The straight line represents — trE 
or — pE, w hil e the upper curve represents an In E. On adding the ordinates, 
we obtain a curve with a maxim um at the value of E given by (395). 

We can now write down an expression for the increase in entropy of a 
sample when its temperature is raised from the low value Ti to a value T: 

1 fTl dE r 



Tan 
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Hence the entropy increases from Si at temperature Ti to the value S 
given by 


S 

k 


Si ^ , E° 


(396) 


Comparing (396) with (393), we see that the expressions arc self*consistent 
if the entropy is given by 

S = k\Qp (397) 

To find how sharp is the peak in Fig. 51, as given by (391), let us 
denote by ln(p''g°) the value of (394) belonging to the energy E° at the 
top of the peak, and let us investigate the value of qp belonging to a slightly 
different value of the energy, say, (£“ + ij). From (394) we obtain 


Expanding the logarithm, 

In ^ on/ n\* , 

p°(f'~ 2 UV 



JL 

kT 


The first and last terms cancel each other in accordance with (395), and 
to this approximation wo obtain 


( 398 ) 

where -y ■* cinf2Ef. Comparing (398) with (332), wo sec that the width 
of the peak in Fig. 51 will be of the same order of magnitude as that given 
by (332), the expression that was found in Sec. 131 for a pair of samples 
in contact. Thus, when wo arc dealing with a sample containing, say, 
10^® particles, the range of energy in which pq is appreciable will be equiva- 
lent to about 10“^® of the thermal energy of the sample. We give to (398) 
the following interpretation: when a sample is in contact wth a heat 
reservoir, which may or may not consist of (N — 1) other samples, its 
energy will fluctuate about a value E®, and the probability of the energy 
differing from JE® by an amount tj may be found from (398). 

167. The Partition Function and the Density of States. We have 
found that, although according to (389) the partition function P at any 
temperature T purports to be a summation over all allowed energies from 
the lowest level Eo upward, in practice it is only a summation over the 
allowed energies in the immediate neighborhood of the energy E® appro- 
priate to the temperature T. Suppose that we take E as abscissa and 
mark off along the axis the allowed values of Er for a sample of a certain 
size. Suppose then that for each allowed value of E, a vertical line is 
erected of length equal to The diagram will have the same 

character as Fig. 9, since the vertical lines will be large only in the neighbor- 



217 


Sec. 157] INTRODUCTION TO STATISTICAL MECHANICS 

hood of E = E^. The sixra of the lengths of all the vertical lines vriU be 
equal to P, just, as the sum of the horizontal lines in Fig. 14 was equal to 
P. The examples given below in Fig. 52 are mereh’ schematic since in 
practice there will be many millions of vertical lines within the narrow 
range of energy. 

In Sees. loS and 159 we shall discuss in detail the partition function 
for pure sohds. Let us here consider briefly some less simple cases. In 
the group of crystals discussed in See. 133 each crj'stal could, for example, 
be a piece of an alloy of the t^-pe examined in Sec. 66, and the temperatiue 
prevailing through the group could be a temperatiue where some degree of 
order is to be expected. In such a an-stal, if we count all states haidng 
an energy Er, there is TFe to be taken into account, as weU as TF-h. This 
will be included in the Z- of (3SS) and (3S9) but wiU not greatly affect the 
result. The veri* rapid decrease in the value of with increasing E 

ensures that the crystal wiU not be found to have an energj* appreciabh’ 
greater than E^. It makes no difference whether the excess energi* is 
thermal energy or potential energy due to an excess of displaced atoms, as 
discussed in Sec. 68. In both cases an excess of energi* is improbable, 
and an energy appreciably less than E^ is likewise improbable. 

Let us fix attention on the batch of levels embracing the whole narrow 
peak of Fig. 51: adapting the notation of Sec. 133, we may say that the 
batch contains jp levels each haidng a multiplicity ZP. Among the states 
that comprise this batch will be states of higher and of lower degree of 
order. But, presumably, if we were to examine Z^, we should find that 
states of a particular degree of order are predominant, and further, if we 
were to examine the batch of states appropriate to a higher temperature, 
we should find that states with a lower degree of order were pre- 
dominant. 

A simil ar point of view can be adopted in the problem of vapor pressure. 
It was suggested in Sec. 13S that the 17 samples could be 17 vessels each 
containing more than enough particles to form a saturated vapor. In this 
case the set of levels Er in (389) is the set of allowed values for the whole 
of the n particles, irrespective of what fraction of them are in the form of 
solid or liquid, and — hT In P is the free energj' of the whole sample. At 
any temperatiue T we are interested in a batch of levels embracing the 
whole of the peak of Fig. 51. If we ask what states are predominant, we 
shall presumably find that the predominant states are those in which the 
number of particles in the form of vapor is close to a certain value rir. 

In practice, in discussing the vapor pressure of different elements and 
compounds, one usually deals with (389) in a simpler way, namely, one 
replaces (189) bt* 

In e’, -r tJr^hi ^ -f 


(399) 
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where (?, is derived from P« in accordance with (344). The permissible 
use of (399) as a substitute for a summation over all possible states is 
analogous to the permissible tisc of k In IV instead of k In Z. IVe have 
already come across a similar substitution when comparing (363) nith 
(362) in Sec. 143. 

The value of P given by (389) depends on the zero of energj’ from 
wliich the energies are measured. In Sec. 155 we chose the zero of 
energy by UTiting Eo - 0. If the e.xprcssions of Sec. 156 were UTitten 
out in full, E, Ei, and £“ would be replaced by (£ — En), (Ei — Eo), and 
{E° — Eo), respectively. When we wish to compare the partition functions 



for equal groups of particles of the same species but in a different state of 
aggregation, the same zero of energy must be used for both. Let A and 
B denote two modifications of a solid. At the absolute zero of temperature 
neither v.'ill have any thermal energy but one ^^iU have more potential 
energy than the other. If, for example, we could take a piece of rhombic 
sulfur at the absolute zero and rearrange (he atoms on a monoclinic lattice, 
a certain amount of work would be required; in the notation of Chapter 6, 
for « atoms this amount of encr^’ is nu. In the two sets of levels let the 
ground levels be denoted by (Eo)a and (E<t)s, respectively. If P* denotes 
the partition function of B referred to (E»)s = 0, the same referred to 
(Eo)a - 0 will be given by 

Ps = PS€-"VfcT 

The two sets of vertical lines in Fig. 52 are intended to represent sche- 
matically the values of Pa and Pa for equal quantities of A and B at a 
certain temperature T. In the representation of Pa more vertical lines 
have been crowded into the interval, corresponding to a greater density 
of states. In this way it is possible that the greater density of states will 
compensate for the presence of the factor and so lead at a certain 

temperature to the condition 

Pa = Pjb = 
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We hare seen that, Trhen multiplied by the logarithm of the densitv of states 
p{E) may be identified Trith the entropy of the group of particles. In earlier chanters, 
■where we used the simpler and Iks satisfactory method of quantizing the energiK of 
indiridual particles, we intentionally avoided stressing the part played bj- the densitv 
of state, that is, the number of state bang in an interval between e and (e — de). This 
was avoided in order to give precedence here to the more satisfactory use of the densitv 
of states aKodated ■with the energy E of the whole group. W e may now, however, notice 
that several aspects of earlier equilibrium problems may be thought of in terms of the 
relative density of the state in the sets of levels through which the particles are dis- 
tributed. In the vapor pi^sure problem, for example, the ground level e; for a particle 
in the vapor is conaderably higher than that of the same particle in the solid. But the 
enormously greater density of state for a particle of the "rapor compensates for this 
difference in ground level Further, it was pointed out in Sec. 92 that, according to 
(226), a tra n sition ■will take place only if v and ln(Pn/P.i) are of the same sign. That 
is, it is esential that the set of levels that has the higher ground level shall contain a 
greater denffty of states; otherwise the neccKary compensation •will not occur and a 
tranation from one modification to the other •will not take place at any temperatme. 

The Eolubihty of a sparingly soluble substance may be regarded from the same 
point of view. In a solid solution there is no guarantee that the spacing of the energy 
levels for a solute particle in the interior of the solvent will be narrower than in the pure 
solute. But we must consider the density of states in the whole solution. If there are 
N atK for a solute particle in the very dilute solution, there are N places where it can 
have an energy or ei, or Thus when we include all the state In the solution, the 
level €5 has a multiplicity N; and each of the states e — er has a multiplicity .V. If i\’ 
is greater than 10^, the density of state is comparable •with that of a particle in a gas 
or ranor. Thus, a substance •will be appreciably soluble even if the work required to 
take a particle into solution is several times I:T, 

We ghflll return now to samples that are simple and homogeneous and shall study 
the details of the partition functions of solids. 


158. The Heat Capaciiy. In pre-dous chapters -when we have discussed 
a set of allo-wed enei^es eo - . . e/ . . . e.. . . . . the values iu any set all be- 
longed to the same value of the volume r. In (3SS) and (389), on the 
other hand, there is no need for us to take the values Eo . . . Ej . . . Er . . . 
as belonging to the same volmne. Suppose that •vre take a solid at the 
absolute zero of temperature and supply eneigy to it, allo'wing it to ex- 
pand imder a negligible appbed pressure: the value of in the process 
vrill pass through a series of allowed energies Ej . . . E^ . . . Er — as the 
temperature rises. In this series an aUowed energy Er " means a value 
that is allowed when the volume of the solid is the volume appropriate to 
the possession of an amount of energy E equal to Er or approximately 
equal to Er. For a ciystal of any substance we obtain in this way a 
set of quantized energies covering the whole range of temperature and 
appropriate to the crystal undergoing its usual thermal expansion under 
a negligible apphed pressure. 

We have seen that, when E is taken as abscissa, a graphical representa- 
tion of P is ven- to Fig. 9. Xow the curves of Fig. IS in Sec. 52 

have the same contour as Fig. 9; hence, if the abscissas in Fig. 18 are 
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taken to be E, this diagram may be used to illustrate the way in which 
the value of P increases with temperature. A higher temperature implies 
a larger value of that is to say, the position of the contour is shifted 
to the right and so embraces a somewhat different set of vertical lines. In 
(78), where we differentiated P with respect to T, the values of €, were 
taken as constants. So here the values of E, are constants, though for a 
different reason, and we shall obtain an expression corresponding to (78); 


Hence, integrating 





dInP 

QT 


In 


P=/o 


kT 


dT 


(400) 


In this integral the values of do not refer to a particular volume but 
are the energies of the solid, expanding as the temperature rises from zero 
to T. If measurements of the beat capacity Cp, made at low temperatures, 
are extrapolated to the absolute zero and if this extrapolation can be 
trusted, we have empirical values for and hence an empirical value 
for the partition function P: 


If we consider 1 mole of the substance so that nk ■» E, then if Cp denotes 
the heat capacity of 1 mole, we have from (344) 


( 402 ) 


169. Evaluation of the Partition Function. Since the specific heat 
cannot be measured at the absolute zero, in order to obtain a reliable value 
of the partition function from (402), it is necessary to extrapolate correctly 
to the absolute zero the values of the specific heat obtained at low tempera- 
tures. When metals are discussed in Chapter 12, it will be shown that 
there are good theoretical reasons for believing that complicating factors 
will be absent. We shall therefore illustrate the use of (402) by calculating 
the partition fxmetions of zinc and magnesium from the measured values 
of the specific heat. The specific heat of magnesium has been measured 
down to 11°K, and that for zinc down to 2°K; the values for zinc plotted 
in Fig. 53 have already been referred to in Sec. 152. If now a vertical 
line is erected at any temperature in Fig. 53, the area enclosed under the 
curve is equal to the value of B at this temperature. Let this value of E 
be divided by RT^, and, again taking the absolute temperature as abscissa, 
let this value of E/RT^ be plotted. When this procedure is carried out 
for various values of T, the upper curve in Fig. 54 is obtained for zinc 
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and the lower curve for magnesium.* If now in Fig. 54: a vertical line is 
erected at any temperature, it is clear that the area enclosed under the 
curve is precisely the integral (402) ; the area is thus numerically equal to 
In O’ at this temperature. 



Fig. 53. Tcs observed specific best Cp for merallic zinc, and valnes of C~ calculated 
from (SS6). 

We know that the heat capacity of 1 mole at room temperature has a 
value near ZRT. Hence E/RT- is of the order of magnitude 3/T, or 0.01 
at room temperature. It will be seen that the values plotted in Fig. 54 
are of this magnitude. The numerical value of the area under the curve 
win therefore be somewhat less than T/TOO. An inspection of Fig. 54 
shows that for magnesium the area under the curve will reach the value 2 



at a temperature rather above room temperature. That is to say, near 
room temperature the value of P is rather less than that is, less than / .4. 
It is clear from Fis. 54 that for zinc the value of P will be considerably 
larger. 

^F. F. Coleman and A Egerton, Phil. Trans. Roy. Soc., 234, 177 (1935). 





222 INTRODUCTION TO STATISTICAL MECHANICS [Chap. 10 

For various solids, the values of P obtained in this way are given in 
Table 5. It will bo seen that for zinc at 300® the value of In P is 2.74, that 
is, the value of P is 15.6. 


Table 5. Partition Functions op Solids 


Values of log. (P derived from (402)* 


Temp., 

°K 

Carbon 

diamond 

Carbon 

graphite 

Sodium 

Aluminum 

Copper 

Zinc 

Cadmium 

Mercury 

Lead 

20 



0.038 

0.003 

0.005 

0018 

0.065 

0.319 

0.190 

30 


0.001 

0.120 

0.010 

0.017 

0.059 

0.175 

0.609 

0.459 

50 


0.006 

0.392 

0.045 

0.074 

0.210 

0.496 

1.20 

1.06 

100 

0.003 

0.035 

1.22 

0.2C3 

0.393 

0.795 

1.39 

2.43 

2.34 

200 

0.025 

0.132 

2.58 

0.921 

1.22 

1.89 

2.74 

4.06 

4.00 

SOO 

0 031 

0.205 

3.57 

1.50 

1.94 

2.74 

3.71 


5.08 

400 

0.172 

0.413 


2.11 

2.56 

3.42 

4.44 


5.90 

500 

0.280 

0.5S1 


2.60 

3.09 

4.00 

5 06 


6.57 

600 

0.424 

0 7.50 

... 


3.51 




7.13 

700 

0.569 

0 >21 



430 





800 

0.715 

1.09 



4.63 





900 

0.801 

1.24 



4.93 





1000 

1.00 

1.40 



5.20 






* Uaing data from LandoU aod Dortuttin'e tables. 


When in See. 31 we first attached the name “partition function” to 
the expression (68), we proposed that this choice for localized particles 
should be regarded as provisional. In Sec. 31 we proposed to look for 
quantities that could be used to prescribe conditions of equilibrium in 
the simplest terms. We include in the partition functions only those 
factors which are relevant to our purpose. We have introduced in (142) 
a factor g for the multiplicity arising from electronic spin but we have 
omitted the similar factor arising from the presence of nuclear spin. In 
the study of the gases Hj, Dj, and HD in Sec. 166 we shall have to pay 
attention to the spin of the nuclei, but in all other equilibrium problems 
the ratio of the partition functions will be unaffected. The absolute value 
of each partition function would be increased by a factor similar to g, 
but in every problem of equilibrium between phases these additional fac- 
tors would cancel each other out, since each phase contains the same nuclei. 

Let us discuss next the question of isotopic mixtures. The expression 
(342) gives the relation between P and P for a group of n particles of the 
same kind, that is, for a pure isotope. \Vhen a solid consists of a mixture 
of two isotopes A and B, it will in addition have a TFcf given by (243), 
since isotopes necessarily form a substitutional solution. The P for n 
similar particles will have to be multiplied by IFcf. Consider next a 
monatomic vapor having the same isotopic composition. The additional 




CHAPTER 11 


The Rotation oj Diatomic Molecules — -Vapor Pressure Constants 
and Chemical Constants — Orthohydrogen and Parahydrogen 


160. Rotation of Diatomic Molecules. In the study of liquid nitrogen, 
liquid oxygen, and liquid hydrogen, the vapor pressure of these substances 
is measured. For comparison with experiment, a knowledge of the parti- 
tion function for such diatomic gases is desired at very low temperatures 
as well as at room temperature and above. We saw in (158) that for a 
diatomic gas at low pressure the translational part of the partition function 
for a molecular weight M is the same as for a monatomic gas. In (159) 
WD had 

P * 


where the summation Is to be taken over all the allowed values of the 
internal energy. We have already discussed the vibrational levels in 
Sec. 162. We must now obtain the partition function for the rotational 
levels. 

The spacing of the rotational levels depends on the moment of inertia 
S of the molecule, the spacing being narrow when ^ is large. At low and 
at medium temperatures a diatomic molecule may be treated as a rigid 
rotator, and a simple expression gives the value of the partition function 
accurately. At high temperatures one must take into account the fact 
that the molecule is not a rigid rotator and must add terms to allow for 
the “stretching” of the molecule; we shall consider the latter below. 

For a rigid rotator the allowed energies are given by 

*/ = Bj(j + l) (403) 

where j is the rotational quantum number and where the energy B, which 
determines the characteristic spacing of the rotational levels, is connected 
with the moment of inertia of the molecule by the relation 


B 


8ir*5 


(404) 


The spacing of the levels given by (403) is evidently not uniform but 
becomes progressively wider as j t^es successive integral values 0, 1, 
2 . . . . Since the spacing of the rotational levels derived from an analysis 
224 ^ 
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of the molecular spectra is found to be in accordance with the theoretical 
expression (403), one can obtain for each molecular species the character- 
istic value of B and hence of the moment of inertia of the molecule. At 
each of the energies given by (403) there are (2j -f 1) difierent states, 
coinciding in energj-. Introducing this multiplicity, we therefore require 
for the rotational partition function the sum 

= 2 (2j 4- (405) 

The interval between the lowest rotational level ^ and the next higher level 
d, obtained by writing j = 1 in (403) , has the value 2B. Each of the values 
for various molecules given in Table 6 is 1000 times the interval (d — d)- 

Table 6. Ixtehval bztweex the Two Lowest Rotattoxal Levels 


i 

Molecule 1 

1 

; Electron-volts, 

! (e. - X 10^ 

1 Srot, "K 

H; i 

! 14.7 

171 

D.. 

i 7.34 i 

i S5 

HD 

i 11.0 

; 127 

HQ 

2m \ 

i 30.5 

XO 

0.425 

1 4.93 

0. 

0.359 ! 

■ 4.17 

X. 

0.49S i 

i 5.78 

CO 

0.477 

1 5.53 

Qi 

0.0597 

1 0.693 

Bn 

0.0201 

1 0.2-33 

I 

0.0093 

1 0.103 

li: 

0.169 

! 1.96 

Xa; 

O.aSSo 

1 0.447 

^ i 

0.0140 

1 0.162 


Recalling that the value of kT at room temperature is ^ electron-volt, 
we see from Table 5 that the spacing of the rotational levels is relatively 
narrow. Even at temperatures lower than room temperature the sum 
(405) may be replaced by an integral. Writing Bj(j 4- l)/kT = x, we have 

(2i4-l)di = ^dx 


Hence (405) may be taken as equivalent to 

kT 


D - _ kT( \ 

~BJo B r ■ 3/:T ‘ ' / 


(406) 


For each species of molecule it is convenient to define for the rotations, 
as was done for the vibrations, a characteristic temperature, Grot, such 
that 7:0 is equal to the inteiwal between the lowest, levels. We obtain then 


i'z.x - ' QT ‘ } 
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Values of 6 have been included in Table 6.* Corresponding to the narrow 
spacing of the levels, for most molecules the characteristic temperature is 
near the absolute zero. This expression for Prot gives the correct value 
for any heteronuclear molecule, that is, for any diatomic molecule in 
u’hich the two nuclei are not identical. In such a molecule, if we could 
at any moment interchange the two nuclei (for example, the two nuclei 
in the molecule 0”0’®), the resulting state would be distinguishable from 
the initial state. In a homonuclear molecule, on the other hand, it is 
meaningless to speak of interchanging the nuclei. In consequence of this, 
a homonuclear molecule will not have so many rotational states as a 
heteronuclear molecule.* A symmetry' factor a may therefore be intro- 
duced, as in (316), into the above expression 

+!>+■••) 

where ff = 2 for homonuclear, and <r « I for heteronuclear molecules. For 
example, the value given in Table 7 of In P,o for the molecule C1”C1” at 
1000®K is 7.8876, whereas it would have been 8.5808 if the amount 
In 2 “ 0.6932 had not been subtracted. 

At high temperatures, say above 600®C, since molecules are not rigid 
rotators, (403) does not give the energy levels with sufficient accuracy 
and other terms have to be added to allow for the stretching of the molecule. 
Although (405) will often give values of P,*t correct to 1 per cent, more 
accurate values can be obtained using the following expression for the 
allowed energies 

6 = Bm^ + Dm* + Fm^ (408) 

where m “ (i 4- ^) and the coefficients B, D, and F have slightly different 
values for each \ibrationaI state of the molecule. Some results for various 
molecules at different temperatures between 1000 and 3000°K are given 
in Table 7. 


Table 7* 


Molecule 

*K 

log. Pu 

HC1« 

1000 

4.214 


2000 

4.291 


3000 

5.631 

C1“C1«. . . 

1000 

7.8876 

CO 

3000 

7.4989 

0«0« 

3000 

8.3699 

Br”Br«. . . 

1500 

10.8358 


* A. n, Gordon and C. Barnea, /. Cftrm. Piii*.w 1. 297 (1933). 

‘In some books the values of tabulated ore half the values given here. This 
is because 0rot has there been defined by setting A;On,t equal to half the interval between 
the lowest rotational levels, that Is to say, equal to B. 

*See Fowler and Guggenheim, eit. 
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Corresponding to the values of In given in the table, the values of Pjn 
itself at 1500°K range from 68 for HCl to more than 30,000 for Brj, 
iUustratmg well how the density of states depends upon the moment of 
inertia of the molecule. 

161. It was mentioned in Sec. 152 that the uniform spacing of the 
vibrational levels of diatomic molecules is derived from an anatysis of 
their spectra. The values for several molecules are given m Table 8, to- 
gether with the values of G calculated from the relation ke = w. 


Table 8. Sp.icixG of the Yibratioxal Levels of Diatomic jMclecules 


Molecule 

Electron- 

volts 

6vib. °E! 

H. 

0.529 

6140 

HCl 

0.371 

4300 

O 2 

0.195 ! 

2260 

N. 

0.291 1 

3380 

NO 

0.236 

1 2740 

CO 

0.269 

I 3120 

Cl. 

0.070 

810 

Br. 

0.041 

! 470 

I. 

0.027 

310 

Li. 

0.043 

500 

Na. 

0.020 

230 

K. 

0.012 

140 


In discussing the mbrational energy’’ of nitrogen and ox 3 ’’gen in Sec. 
152, it was pointed out that at room temperature nearty all the mole- 
cules will be in their lowest ^dbrational level. If the rotational levels of 
molecules were more widety spaced than the}^ are, a similar effect would 
be obsen^ed for rotation at some accessible temperature; nearly all the 
molecules in the gas would fall into the lowest rotational level and we 
should have a diatomic gas without an}'- appreciable internal energ}'. 
This gas would behave like a monatomic gas, -svith Cv = fi?- This condi- 
tion is, in fact, obseiv-ed for H 2 below 40°K, and for D 2 and HD (see 
Sec. 166 below), but for no other diatomic gases. 

Consider the terms in (407); it is clear that at temperatures for which 
the value of T/Q is greater than 17, the second term in the bracket will 
make a contribution of less than 1 per cent. In the case of nitrogen, 
for e.\ample, this condition is already satis6ed at 100°K; for most gases 
the second teim in the bracket makes a negligible contribution to the heat 
capacity of the gas, even below room temperature. ll^Ten this second 
term is omitted, we obtain 

lnProt = hi T-bln?^ 


(409) 



228 INTRODUCTION TO STATISTICAL MECHANICS ICeap. 11 

In accordance with (78) the rotational energy may be expressed in terms 
of P,ot 

(410) 

^ince the second term on the right-hand side of (40G) is independent of 
temperature, we find from (410) that when the temperature is not too 
low the value of -Erot for 1 mole of the gas is equal to RT. This is the 
classical value, demanded by equipartition for two degrees of freedom, 
as in Sec, 141. For Hj this condition is found only at temperatures above 
300®K and for Dj at temperatures above 150“K. For all other diatomic 
gases the condition is already satisfied at very low temperatures; the ro- 
tational specific heat is independent of temperature and is equal to R the 
classical value. 

162. In contrasting the portions AB and CD of the curve in Fig, 46, 
attention was drawn to the difference between a set of levels that is highly 
populated and one that is not. From ivhat has been said, it is clear that 
for several diatomic gases there is a wide range of temperature over which 
the rotations are fully e.xcited while the ribrations are scarcely excited at 
all. As a result, the contribution to the heat capacity is R from the rota- 
tions, zero from the vibrations, and from the translational motion, 
as for a monatomic gas. The total value of C, should thus be constant 
and equal to over a wide range of temperature. As in (151), the value 
of Cp is equal to (C, -1- R), that is to say, ^R. Thus the expected ratio 
of the specific heats is or 1.40. From the experimental results given in 
Table 9 it will be seen that, with the exception of hydrogen, there is good 
agreement with the theoretical value. The degree to which the ^nlue is 
independent of temperature is shown for Oz and N*. 

It has been mentioned above that for Hj at temperatures below 40°K 
the behavior should be similar to that of a monatomic gas. From (151) 
one expects for anj’ monatomic gas the value 

& = 1.6667 

The e.xperimental values for helium and neon, gi^'en in Table 9, are in 
good agreement with this figure. Further, the result for Hj at 17°Iv, given 
in Table 9, is in good agreement with the same theoretical value. 

In \’iew of the fact that the value of Cp for many gases is constant over 
wide ranges of temperature, it is of interest to notice the form that (402) 
will take at temperature T, if it is a sufficiently good approximation to 
assume that Cp is constant over the whole range from absolute zero to T. 
From (402) we obtain 
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For monatomic and diatomic gases we itave to substitute #i? and 
respectively. If this is not a suSciently good approximation, the integral 
must be caniea out with a variable Cp. In the remainder of this chanter, 
for the sake of simplicity, the terms f In F and f In F will be used: an addi- 
tional term can readily be added to take into account a that varies 
with temperature. 

Tabije 9* 


Gas Teaiperarore, "C C^ 'C- 

Vaiaes of C^fC, for Monatoniic Gases 

He [ — 25S I.65I 

\ - 1S3 i 1.632 

Xe \ -245.3 ’ 1.667 

^ 0.0 : 1.665 

Values of C- 'Ft for Diatomic Gas^ 

Oj - 193.7 I.40S 

0.0 f 1.402 

1 s 

X. i - 190.2 I 1.400 

I - 107.2 I 1.400 

H: I -255.0 [ I.6S1 

XO ; 7.6 1.400 

CO : 10.3 ' 1.404 

HCi 15.0 1.40 


£1- Keescts, A. ves tnc J. A. ■fsh Pt-:c. 34—37 (1&31-'1534). 

163. The value of the vapor pressure at any temperature may be ob- 
tained from the expression (222) 

= (411) 

It is necessary only to insert the values of Pr. Pi, and s. For the partition 
function of a monatomic gas we had already obtained an expre^on in 
Sec. 71. Xow that we have in Secs. 160 and 161 obtained the necessary 
expressions for diatonuc molecules also, we are in a position to make a 
comparison between experimental and theoretical values. 

In the davs before quantum statistics the lollowing expression, based 
on (217), had been derived for the vapor pressure oi a solid ./rom purely 
thermodynamic considerations 

(412) 

where Sj is the latent heat of evaporation extrapolated to the absolute 
zero. Cp is the specific heat oi the vapor at constant pressure, Cpt ^ the 
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specific heat of the solid, and t is a constant of integration, which was 
called the “chemical constant.” For various substances empirical values 
of i were derived from the experimental data on vapor pressure. 

Inserting in (224) the expressions (142) for Ptr and (402) for P„ we 
obtain 

, , nkT 

in p » In 


■ A-r 2 ^ 




i2irm)^k^g, \ 
h*g. ) 


(413) 


On comparing this expression with (4J2), it will be seen that each of the 
four terms corresponds to a term of (412). Thus quantum theory provides 
a theoretical expression for the empirical constant i, and the best way of 
making a systematic comparison between experimental and theoretical 
values of vapor pressures is to fix attention on the values of t. 

The name “chemical constant” was originally given to i because it 
was thought to be necessarily the same as an integration constant that 
occurs in the analogous expression for equilibrium in any chemical reaction 
in which the same substance takes part. As it is now known that the two 
constants do not necessarily have the same value (see Sec. 165 below), 
the constant i that occurs in (412) is now often called the “vapor pressure 
constant.” Comparing the last term of (413) with (412) and expressing 
the mass m as the product of the atomic weight M and the mass of the 
hydrogen atom m^, we obtain the theoretical expression 


(414) 

The expression (413) gives the vapor pressure in djmes per square centi- 
meter. In dealing with the experimental values, it is customarj' to give the 
pressures in atmospheres and to use logarillims to the base 10. If t when 
expressed in these practical units is denoted by i', we have the relation 


i ~ fog, 6 
' “ log, 10 


(416) 


where b is the value of 1 atmosphere in dynes per square centimeter, which 
is approximately 10* dynes per square centimeter. The first terra in (414) 
contains only the universal constants A, k, and mu. Hence i' may be 
written in the form 

I'-C + llogipiV+log..?^ (416) 

^ 9 * 


where C is a universal constant whtKe \’alue is in the neighborhood of 
- 1.589. 

We are now in a position to examine the comparisons that have been 
made between theory and experiment. T^vo procedures, which are equiva- 
lent, have been used. One procedure is to calculate from the observed 
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vapor pressures an empirical value of the constant C and to compare the 
value with the theoretical — 1.5S9. The other procedure is to calculate 
a theoretical value for by setting C equal to — 1.5S9, and to compare 
the result with the value of i' consistent with the vapor pressure measure- 
ments. 


Tablz 10. iloxAToinc Vapoh Phesstek Coxstaxts 


ilolecule 1 

1 Electronic 
state , 

Cr 1 

; {' calralated 

; i' observed 

He : 

i 

t 1 

1$ i 

^ i ! 

i • 

; - 0.^ 1 

; 0.351f 1 

0.427] ; 

- 0.6S 

Xe= i 


! 1 1 
i 1 

0.39* 

A ■ 

^ j 

! 1 ! 

0.S14 , 

O.Sl 

Kr 1 

1 

1 1 ; 

1 

1.29 

Xe j 

IS ! 

1 1 I 

' 1.590 

1.60 

\ 

i 

! i 

1 

(0.63 

Xa i 

1 ^ 1 

; 2 ! 

O./Oi > 

•|0.97 

> 

ii? i 

! i 

1 f 

t 

i 

(0.7S 

To 9‘^ 

K ' 

2 1 

1.102 ‘ 




i 

(1.13 

Me ' 


; 1 1 

0.492 : 

0.47 

Zn i 

^5 

' ^ 

1.136 1 

1121 

Cd j 

! 

-S 

' 1 i 

1.4SS t 

(1“ 

\ 


i 


[l.Oi 

T1 5 


2 1 

2.1S0 

2.37 

He s 

tg 

1 ! 

1.S56 

1.95 


Tasiz 11. tiiPiEicAL Valves of the Coxstaxt — C 
(Theoretical value: — C = 1.5S9) 


Hp 

1.59 

Me 

1.61 

Ne 

1.56 

Zn 

1.51 


1.59 

i| Cd 

1.63 

A 

1.61 

i! 

1.51 

Hr 

1.59 

fi He 

1.62 

Xa 

1.57 

in 

1.40 


1.41 

P Pb 

1.7 

K 

1.47 

Si 

1.21 


R. W. EHtcnbam snd J. G. Gan:o“, Rcz. JScdrrr. Pf.ynct, IS, 310 (1941). 

Results are shown in Tables 10 and 11; the values are from independent 
surveys, those of Table 11 being the more recent. In both tables it has 
been assumed that the value of Qs is unity for every element. It will be 
seen that this assumption leads to good agreement between theory and 
experiment in every case. 
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In the vapor all the atoms except Na, K, and Tl are in singlet S states, 
with Qt — 1. In the vapor of Na and K the atoms are in a doublet S state, 
while in Tl vapor the atoms are in a *P 4 state with = 2, the energy of 
the upper state of the electronic doublet lying so far above the ground 
level that it makes no contribution at these temperatures. Although for 
such metals as Na, K, and Tl we have g, greater than unity, in the solid 
state (?, = 1. From each atom in the metal the valence electron has be- 
come free, leaving behind a positive core with a rare gas structure. The 
state of the free electrons themselves is discussed in Sec. 176. 

164. Vapor Pressure, Diatomic Molecules. The discussion of Sec. 161 
led to the conclusion that for the common gases at ordinarj' temperatures 
the vibrational partition function docs not differ appreciably from unity 
and that for diatomic molecules except Hj, Dj, and HD the rotational 
specific heat has the value fc, the classical value; the value of Cp for the 
vapor is thus (| + l)fc « 7k/2. For all common molecules except Hj, Dj, 
and HD the procedure is the same as that followed for monatomic gases. 
From (402) and (404) we obtain 

In p - In ^ = In ^ + Id («7) 

If this is compared with the thermodymamic e.\'pression (432), it is again 
seen that each terra corresponds to one term of (412) and that quantum 
theory gives a theoretical e.Yprcssion for the vapor pressure constant i. 
After converting to practical units by means of (415), the values ^ven 
in column 6 of Table 12 are values calculated from the expression 

i' - 30.815 + 1 log M + log i) + log (419) 


Table 12. Vafor Pkessitre Co.vsTA.vrs or Dlatowc SIolecttles 


Molecule 

a X !0“ 

Blectromc 

state 

ff. 


*' calculated 

i 

i' observed 

og. 

X, 

13.8 


1 

2 

— 0.175 

- O.IC 


0, 

19.1 

*s 

3 

2 

0.53 

0.55 


CO 

14.3 



1 

- 0.16 

- 0.07 

2 

HCl 

2.61 

*s 

1 

1 

- 0.42 

- 0.40 


HBr 

3.27 




0.19 

0.24 


HI 

4.40 

‘2 

1 

1 

0.62 

0.65 


Os 

113* 

‘2 

1 

2 

1.35 

1.66 


Br» 

342 

*2 

1 

2 

2.35 

2.59 


I, 

742 

>2 


2 

2.99 

3.0S 



*The moment of inertia of the motecnle CWd” is a few per rent larger than that of the molecule 

ci“a«. 

For a discussion of (be molecule NO, ee« Fhwter And Guggenbelm, op. nL 
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assuming for the product og, the values given in the last column. The 
values of g and are known from spectroscopic data. 

A normal mixture of isotopes will contain both homonuclear and 
heteronuclear molecules. For these molecules the values of o and o- will 
be different but the value of i is the same, since this depends on the product 
0(7. Thus, the homonuclear molecule CFCl^, for example, has o- = 2 in 
the vapor and o = 1 in the sohd, whereas the heteronuclear species Cl^Cl^ 
has alternative positions in the sohd with o = 2, while in the vapor a- = 1. 
The values of <t listed in Table 10 refer to the homonuclear species. 

It will be seen from Table 12 that for HCl, HBr, and HI agreement is 
obtained bj' assuming o = 1. This is to be expected. Each of these 
molecules has a large electric moment and thej^ can therefore have onl 3 ’ 
one imique direction of equihbriiun in the crj'stal at low temperatures; 
hence o = 1, and presumabh’- g, = 1, as in the vapor. If we were to 
assume o = 1 for CO likewise, we would obtain iUic = + 0.14, which is 
not in agreement with the obseiwed value. It has been suggested^ that 
the CO molecules have such a small electric moment and are so nearly 
s 3 Tnmetrical that at the low temperatures at which measurements have 
been made the molecules have not adopted a imique direction in the cr^’^stal 
and consequenth' agreement vith observation is obtained with o = 2. For 
solid oxj'gen we would have expected = 3 since in the gas gr = 3. Agree- 
ment with experiment,- however, is obtamed with ofif* = 1; the correct 
e.xplanation of this is at present uncertain. 

For simphcitj'', both in expressions (413) and (418) we have been 
considering the vapor pressure at temperatmes where the molecular ^■i- 
brations make no contribution. At higher temperatures, (418) will con- 
tain a vibrational partition function Pvib whose value is no longer umt 3 ' 
and the thermod 3 'namic e.xpression (412) wiU contain a corresponding 
term, so that the constant i is unaffected and has the same value as before. 

If (413) is axamined, it will be seen that for a monatomic vapor, we 
have the following relation between Pu and f: 

lnPt. = z + |hiT-ln— (420) 

2 rg, 

Similarl 3 q for a diatomic vapor we obtain from (418) the following re- 
lation: 

lnP = f-f ^In T-In— (421) 

2 I’og* 

We shah make use of these expressions in the ne.xt section. 

165. Equilibrium in a Gaseous Reaction. The expression (418) was 
derived by substituting in (224) for P^ and P,. In a gaseous reaction the 

^ J. 0. Clavton and W. F. Giauque, J. Am. Chem. Soc., 54, 2610 (1932). 

“W. F. Giauque and H. L. Johnston, J, Am. Chem. Soc., 61, 2300 (1929). 
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partition function for the solid will not occur, and we have only to sub- 
stitute for the partition functions of the gaseous molecules taldng part. 
In Sec. 96 for a reaction of the type 

(422) 

we obtained an expression of the form 

(423) 


By substituting for the partition functions, we could obtain an e.xpression 
analogous to (417) in terms of the moments of inertia of the reacting 
molecules, and so on. On the other hand, by use of (420) and (421), we 
can obtain an expression containing the constants ia,, and mh. At 
temperatures where the molecular vibrations are unexcited we find 


In K « In ' 


“ ” ^ + 2iAB — tAt ~ tDi + 2 ln(oj7,)AB 

- ln( 0 i 7 ,)A, - In(o?,)B, (424) 


In general we may consider a gaseous reaction in which a moles of a 
species A react with b moles of a species B, and so on, to give as products 
I moles of a species L and m moles of a species M, and so on. Thus 

oA+6i?4----?slL + mJl/4---- (425) 

For such an eciuilibrium an expression analogous to (412) had been derived 
from classical thermodynamics; at temperatures where the molecular vi- 
brations are not excited, this takes the form 

lnA'--i~ + 5&Jn r + J (426) 

where so is the h'mitmg vafue of the heat of reaction extrapofateci to the 
absolute zero; is the algebraic sum of terms, one for each molecular 
species in equilibrium, namely, for each diatomic and ffe for each 
monatomic molecule occurring in (425), the values being positive for 
those on the right-hand side and negative for those on the left; and J is 
a constant of integration. 

Let us first consider (426) as applied to the particular reaction (422). 
In this case the sum XCp contributes nothing since there are two diatomic 
molecules on the right and two on the left. Comparing (426) with (424), 
we see that we obtain an e.\pression for the integration constant J in 
terms of i, o, and g,. If we define three quantities Jb,, and Jab by 
writing for each 


j=i+ ln(og,) 


(427) 
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we see that J is given b}' 

J = — jB. (428) 

In general, in any gaseous equilibrium, J is equal to the algebraic sum 
of the /s for the various reacting species. 

In the nineteenth century.’ it was recognized by Xemst that J was the 
algebraic simi of constants contributed by each of the reacting molecules. 
He believed that these constants were for each species the same as the 
comstant i that occurs in the expression for the vapor pressure; that is 
why the vapor pressure constant i was originall}' called the “chemical 
constant of the substance. 


T.\BLE 13. TnEOEETICAL .AX'D Obsekvzd Yabues of Sj' 



Re-iction 

1 

; j’ c.'ilcul.'ited 

; Ej' calculated 

Sy' observed 

2HC1 

= H: -f Cl, 

' H; 

- 3..37 

- I.IS 

- 1.12 

2HBr 

- H: -f Br, 

; Br, 

2.35 1 

- 1.40 

- 1.25 

2HI 

- H: .fl: 

1 I: 

2.99 

- 1.62 

1 - 1.50 

2HD 

H; d- D, 

! { HD 
! iD, 

- 2.6S / 

- 2.61 ) 

- 0.62 

- 0.63 

Cl. 

=i2Cl 

i Cl 

1.44 

1.53 

t 1.40 

Br. 

=i2Br 

i Br 

1.S7 

1.39 

‘ 1.41 

li 

=^21 

1 I 

2.17 

1.35 

1.35 


For thcrfe cot included in Column 2 the calculated values of F are the same as the calcu- 

lated values of »' in Table 12, For the sources of the data see Table 10. 


A purely gaseous equilibrium of course cannot depend on any properties 
of the solid state; now that we know that the vapor pressure constant i 
depends on g, and o, characteristic of the solid form of the substance, it 
is clear that J cannot be the sum of the i’s. When the product og, is 
unity the values of j and i are the same, as is clear from (427). 

A comparison between calculated and obseiwed values for various 
gaseous reactions is given in Table 13. In the third column each value is 
the algebraic sum of the appropriate calculated values given in the second 
column; the last column gives the corresponding experimental value. 

166. Orthohydrogen, Parahydrogen, Ortho deuterium, and Paradeu- 
terium. Discussion of hj-drogen and deuterium has been omitted from 
the foregoing sections in order to give here a separate account of the 
special behaAdor of H;, D;, and HD. In Sec. 161 it was pointed out these 
are the onlv molecules in which we can hope to observe the disappearance 
of the rotational specific heat at low temperatures. Below room tempera- 
ture the specific heat of H 2 be gins to fall below the value ?/r, and below 
40°K has the value §/: characteristic of a monatomic gas; at these tem- 
peratures the energy is entirely translational. The specific heat of HD 
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varies with temperature in the manner to be expected from the expressions 
obtained for diatomic molecules in Sec. 160. The behavior of H 2 , how- 
ever, (and likewise Dg) was found to show an une.\pected deviation from 
theory. The explanation of this discrepancy was given in 1927, when it 
was recognized that H 2 behaves like a mixture of two gases, to which the 
names orthohydrogen and parahydrogen were given. This special be- 
havior is due to the fact that the molecule is homonuclear and the nuclei 
(the protons) possess spin. Anomalous behavior must be present in all 
gases consisting of homonuclear molecules with nuclear spin, but only 
in Hs and Da does the effect on the specific heat become large at tempera- 
tures where it can be observed; for other substances the required tempera- 
tures are too low. 

In any homonuclear molecule the wave functions for molecular rotation 
must be either symmetrical or antis 3 Tnmetrical in the coordinates of the 
nuclei. The lowest rotational state is that for which the quantum number 
j in (403) is zero. For this state and likewise for y = 2, 4, 6 . . . the rota- 
tional wave function is symmetrical, while for; = 1, 3, 5 ... it is antisym- 
metrical. "When wo cool a gas down toward the absolute zero, wo expect 
that all the molecules will begin to fall into the lowest rotational state, 
namely, the state with j « 0. But transitions between antisymmetrical 
states and symmetrical states are forbidden transitions and in the absence 
of perturbations ^ill not occur. Hence, although all the molecules in the 
even states, with j = 2, 4, 6 . . . , fall into the lowest level in the usual 
way, molecules in the odd states, with y - 3, 5 . . . , fall into the state 
with y - 1 and may remain there for days before falling into the level 
with y = 0. Thus the gas behaves like a mixture.^ In one component, 
knoivn as “parahydrogen," each molecule has an antisymmetrical nuclear 
spin wave function (nuclear singlets) ; these molecules have the even rota- 
tional states and the partition function is obtained by summing over the 
values y = 0, 2, 4 . . . . For the other component the partition function 
is obtained by summing over the odd values J — 1, 3, 5 . . . ; in these 
molecules, loiown as “orthohydrogen,” the spin wave function is sym- 
metrical (nuclear triplets). Since these odd rotational states are three 
times as plentiful, it is found that in Hi at room temperature one-quarter 
of the gas is in even rotational states (paxa), and three-quarters in odd 
rotational states (ortho). When the gas is cooled to a low temperature, 
this 3:1 ratio does not change but remains “frozen in,” owing to the for- 
bidden transitions. In this metastable mixture the rotational heat capacity 
at any temperature T is thus the sum of two contributions 

= + (429) 

M. Dennison, Proc. Roy. Soc. A., 116, 483 (1927); A. Farkas, "Orthohydrogen, 
Parahydrogen and Heavy Hydrogen/’ Cambridge, 1935. 



CHAPTER 12 


Particles in Electric and Magnetic Fields — Order and Disorder in 
Crystals — Fcrmi-Dirae Statistics — Free Elcclroris in a Metal — Bose- 
Einstein Statistics — Atomic Nuclei 


167. Electric and Magnetic Fields. When n substance is placed in an 
external electric field it acquires an electric polarization, ^hich in many 
respects is similar to the magnetic polarization that a paramagnetic sub- 
stance acquires when placed in an external magnetic field. It is well known 
that, as regards their dielectric properties, substances may be dmded into 
two classes, namely, those whose molecules have no permanent electric 
moment, and those in which each molecule has a permanent electric mo- 
ment and may be treated as an electrical dipole. The behanor of such 
electrical dipoles in an external field is, in some respects, similar to the 
beha\’ior of paramagnetic particles in an external magnetic field; we may 
therefore approach the two problems together. 

It is clear from Secs. 29 and 134 that our definition of an absolute scale 
of temperature is closely connected with our ability to alter, at will, the 
quantized values of the energy of a system. Tliis shifting of the energy 
levels is usually obtained by altering the volume in which the particles 
are confined, and the usual Carnot cycle is a pressure-volume cycle. By 
the use of a helium or hj'dr(^en gas thermometer, verj' low temperatures 
may be measured on the absolute scale. 1'. vhe neighborhood of the abso- 
lute zero, however, the necessary' c.xperiments trilh a gas cannot he per- 
formed. Instead, we may make use of the fact that the quantized levels 
of a paramagnetic substance may be shifted at vill by means of changes 
in the intensity of an applied magnetic field, which is under our control. 
This method of shifting the allowed values of the energy is as satisfactory 
as that discussed in Chapter 2 and enables us to extend the absolute 
scale of temperature below l^K.* At the same time, by the method of 
magnetic cooling, it has been possible to reach temperatures as low as 
0.005‘’K — Slower than those whidi have been reached by any other method. 

*N. Kurti and F. Simon, Phil. Mag., 26, 840 (193S); E. F. Burton, H. Graj'son 
Smith, and J. Wilhelm, “ Phenomena at the Temperature of liquid Helium,” Reinhold, 
1940; M. Buhemann, “Loir Temperature Physics," Cambridge, 1037. 
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(Tlis Glcctricsl analogus of the inagDotocaloric e2ect dIets eti imoortaDt- 
role in ionic solutions; see Sec. 172). 

Tile dielectric iind paramagnetic properties of solids and iii^uids pro- 
vide a complex problem, because there is strong interaction between each 
particle and its neighbors. In a gas at low pressure the interaction between 
the particles will be small, but in a oetailed treatment the most important- 
aspect is the d^mamical problem of the motion of the particle in the ex- 
ternal field — a problem in quantum d^mamics.- There is another s^-stem 
in which the interaction between particles is 
small; we may dissolve a substance whose 
particles have a permanent electric moment 
in a solvent whose particles have no perma- 
nent electric moment; or (and) we may dis- 
solve a paramagnetic substance in one that 
is not paramagnetic. IVhen the solution is 
sufficiently dilute, the interaction between 
the solute particles will be negligible: the 
solution may be either solid or liquid reach solute particle will be vibrating 
in a small volume, like the particles discussed in Chapter 1. 

168. Energies in an External Field. In this chapter we shall give a 
brief and somewhat schematic discussion, treating only a few aspects of 
this wide problem: we may begin by inquiring how the methods of Chap- 
ters 1 and 2 would have to be modified. We consider, as before, a group 
of particles vibrating at various points -4, B, C . — In the absence of an 
external field each particle has a set of quantized energies. We have to 
introduce the fact that in an axtemal field, whose intensity will be denoted 
by H, the allowed values of the energy' are no longer the same but will de- 
pend on the intensity of the field. Let us first recall what are the possible 
values of the energ}* according to classical mec hani cs. Figure 5-5 depicts 
four possible positions for the axis of a dipole: (a) parallel to the field, 
(6) antiparallel, (c) making an angle 6 with the field, and (d) at right 
angles to the field. When a dipole having a moment JJ lies parallel to 
the field, it requires an am ount of work 2MH to turn the dipole through 
1S0=. men a dipole is hmg at right angles to the field, its energy* is the 
same as in the absence of the field; if in zero field its energy is e, then its 
energy is still e. In the other cases depicted in Fig. 55 the values will 
be (a) (e-3IH): (b) (e-f 4/5): and (c) cos 6). AU directions 

of the dinole are possible; this means that all values of the energy are 
possible between (e-ZIH) and (e4-3FH). In quantum mechanics, as 
usual, from among these energi^ only a discrete set is allowed. The 
simplest case is where there are only two allowed values, namely, (e,- — MH) 
and (e.. -r 3III). where e.- denotes any one of the values that- are allowed 

^ J. Yan Yleck, “Electric and :Nragneric Sascepribilities,” Oxford, 1932. 



Fig. 55 
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in zero field; in a field H the levels occur in pairs^ as shown in Fig, 56 
where the set of levels labeled c is intended to represent the levels in a 
strong external field, while those labeled b represent the same set of states 
in a weaker field. The separation in each pair, namely 2MH, decreases 
as the field is reduced; and if the field were completely eliminated, each 
pair of states W’ould coincide in enei^. The broken lines in Fig. 66 
represent the energies at which the states become coincident in zero field. 

If we fix attention on the set of levels for a particular value of H and 
consider the population of these levels, the discussion will be in no way 
different from that of Chapters 1 and 2. The population will adopt the 






eo ^ 

ra) (b) (c) 

Fio. 66 

usual exponential form. The reason that we give this problem a separate 
discussion is that we arc interested in what happens when the intensity 
of the field is changed. As our zero of energy, we must choose an energy 
that is independent of ll. In Fig. 566 or 56c we cannot take the lowest 
energy state as the zero of energy, since this has a value depending on the 
field; we will take instead the value of the lowest energy level in zero field. 
Denoting this by <o, the values of the corresponding pair of energy states 
m any field H will be — MH) and + AIH). 

The methods of dealing with states coinciding in energy were men- 
tioned in the footnote to Sec. 14. It was pointed out that in some cases 
it would be more convenient to use the concept of multiple levels and, 
instead of numbering the individual states, to assign a number or a letter 
to each multiple level. This is such a case; in zero field let the allowed 
energies be denoted by <o, «i, <2 — «r — , each level having a multiplicity 
greater than unity; in the simple case that we are discussing the mul- 
tiplicity of each level is 2. 

169. The Partition Function in an External Field. Let Pc denote the 
partition function in zero field. It is obvious that for the set of double 
levels the value of Po ^viU be twice as great as it would be if the levels 
were single, since each terra will occur twice. We may now raise the 
question whether the application of an external field at constant tempera- 
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ture wili cause the value of the partition function to rise above or to fall 
below the initial value Pc- In a field H the value will be 


P = -i. g-{erS:Un)/4rr a 1. ^ 

= -h 

In this chapter we shall discuss ordinaiy weak fields., for which MH/I:T 
is small compared with unit 3 -. Writing 3IH/hT = x. we shsTj have ap- 
proximatelt* 

P = |Pc(l - ^ 1 -f . . . ) 




lnP-lnPo + l(^= 


(432) 

(433) 


We see that at any temperature T the spHtting of the energy levels de- 
picted in Fig. 56 due to the estemal field has the effect of increasing the 
value of In P. This will be true for levels of any multiplicity greater thp-n 
uniri-. We have found in (433) that in the familiar e.vpres5ion (70) 

in TF = n InP-f ~ 


the value of the first- term on the right-hand side is increased by the 
presence of an external field, the increment being hnQIH-hT)-. 

In the absence of a field the directions of the dipoles are random, being 
uncontrolled, and we are accustomed to thinking of the external field as 
introducing a certain amount of order, owing to the control that it exercises 
on the dipoles; that is to say, we expect a decrease in in TT. Kow, when 
a weak field is applied at any constant temperature T, the change in 
In IF will be given by 

A in IT = n(In P - In Po) -f- 


We have just seen that the first term on the right-hand side is positive. 
If, then, the whole is negative, the last term must not only be negative 
in sisn but greater in magnitude. By using (/S) we can express this last 
term in a convenient form, and obtain 


^ " 5 ( W i ^ (h P - In R)] 

We see that, when the weak field is applied, the last term decreases by an 
amount that is double the increment in the preceding term. We thus 
verify that the field introduces a certain amount of order. 



242 


INTRODUCTION TO STATISTICAL MECHANICS IOhap. 12 


170. The Polarization. If we have a group of n particles, each with 
a permanent moment M, the greatest total moment that we could obtain, if 
they are rigid dipoles, is nM, This is only obtainable at the absolute zero 
of temperature, when all are aligned by the field. At room temperature 
we may expect to find that tlie total moment is given by nM multiplied 
by a number that is small compared with unity. 

Consider now the free energy F. Since the quantities F and MH both 
have the dimensions of an energy, it follows that, if we differentiate F with 
respect to II at constant temperature, the result will have the dimensions 
of a moment. If w’e consider the number of particles in unit volume in the 
simple problem under discussion the result will, in fact, be the '^moment 
per unit volume” of the substance. From (433) we obtain 



Now MH/kT is a small dimensionless quantity. We have therefore ob- 
tained nilf multiplied by a number that is small compared with unity. 

We obtain the same expression if we suppose that each particle makes 
to the total moment a contribution equal cither to M or to — M according 
as its energy in the field is either — MH or + MH, the former being the 
energy of each of the n_ dipoles that have their component along the field, 
and the latter being the energy of each of the n+ dipoles that have their 
component against the field. The contributions of the latter must be 
add^ together and subtracted from the contributions of the former. The 
total resultant moment will be 


tl-M — n+Jlf =5 ilf(n_ — n+) 


-1 


•~2c^-'"(l + x+ 1 + X+---) (436) 


Since the niunerator contains terms in x, the x* by w’hich P differs from 
P(j may be neglected. The numerator contains a sum equal to ^Po. We 
obtain then 

nMPof.^MH ,,MH\ ,rMH 

The sum of all the contributions is thus found to be equal to the value 
of the total moment that was found in (435), 

Since the thermal agitation of the particles tends to spoil the alignment 
in the external field, w'e should t^ect that the total moment would de- 
crease with rise of temperature. We see from (437) that so long as MH 
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We may therefore discuss the case of thermal isolation. Consider each 
pair of levels in Fig. 57b. In the relative population of each pair there is 
too great a disparity; in Fig. 57c the disparity is not great enough. Let 
us discuss Fig. 576 first. In each pair of levels in Fig. 576, if the population 
is to regain an exponential form, some particles must be transferred from 
the member that contains more particles to the member that contains 
fewer, that is, from the lower member of each pair to the upper member. 
To raise particles in this way requires energy. If E h to remain constant, 
this energy must be borrowed from that shared by the population. For 
example, if a few particles fall down from the double level («i ± MH) 



Fia.67 

to the double level (tc ± MH), or from the double level ± MH), and 
80 on, this will liberate sufficient energy to raise many particles from the 
lower to the upper member of each double level. In this way the popula- 
tion can regain an exponential fonn. Since this enables w to take larger 
values, the process will take place spontaneously. 

In Sec. 22 we adopted the point of view that in any e.vponential popu- 
lation the temperature is higher when the value of n is smaller. Perhaps no 
physical phenomenon illustrates this so strikingly as the magnetic (or 
electric) heating and cooling that is under discussion. ^Vben the value 
of the external field is suddenly changed from // to (// + $11) or to 
(ff — SH), the level system is slightly altered and the total energy E 
likewise. As for the temperature, the only question to be asked is whether 
the population, when it has regained an exponential form, will be exponen- 
tial with the same value of or with a larger or a smaller value. We have 
examined the situation of Fig. 676, which is for a reduction in the intensity 
of the field H. We have found that, in the population as a whole, a falling 
of particles from higher to lower levels is a necessary part of the spon- 
taneous rearrangement that %vi!l take place. This means that the popula- 
tion will be exponential wth a slightly greater value of m; in other words, 
the temperature is lower. It has been mentioned previously that by mak- 
ing use of this process matter has been reduced to temperatures lower than 
can be attained by any other means. 
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Throughout this chapter we have been paying attention onlj' to those 
particles which react with the external field H. In the common para- 
magnetic salts the metaUic ions are paramagnetic,, while the anions and 
the water of crj-stallization are not. As mentioned above, mixed crv-stals 
are often used, in which the paramagnetic ions are present to onlj* a small 
percentage. When such a cn'stal is in thermal equilibrium, the value of 
M for one component cannot difi'er from that of the others. Thus, when 
the crystal is demagnetized and the value of [i for the paramagnetic ions 
is made to increase, the whole ciystal is, of course, cooled by an amount 
depending on the heat capacitj* of the ciy-stal. 

Turning now to Fig. 5/c, we see that here the process is the converse 
of the preceding. In each multiple level, particles need to be transferred 
from the upper member to the lower: this would hberate energj*. If E 
is to remain constant, in the population as a whole there must be a tendency 
for particles to be thrown up from lower to liigher levels. This means the 
adoption of a smaller value of /i, and consequently a rise in temperature. 

172. The ratio between the number of particles that have energy 
(e -r MH) to the number that have energy (e — MH) has the same value, 
g-2-vn/ir^ whether we use classical or quantum mechanics. When the multi- 
plicity is greater than 2, there will be one or more states •nithin this inter- 
val. In classical mechanics all energies within the interval (e i MET) are 
possible, and the population of these energies wiU be e.xponential; the num- 
ber of particles which have energy (« — 17) in this interval wfil be slighth* 
more numerous than those which have the corresponding energy (e -r v), 
the ratio being this is equivalent to saving that at any moment the 

number of particles whose moment has a component parallel to the field 
is slightly greater than the munber whose moment has an equal com- 
ponent antiparallel to the field; the exponential population thus implies a 
polarization of the substance in the external field. The behavior wfil be 
quite similar to that described in Secs. 170 and 171 and the expressions 
will differ only by a numerical factor. 

A basic problem involving strong interaction between dipoles was 
treated by Froelich, who considered in detail a crystal in which each 
molecular dipole has onlj* two positions of equilibrium, differing in di- 
rection by 180°.^ In a polar liqirid such as water, the problem is more 
complex, even near the freezing point.- In both cases, if we apply a 
strong external field of some kilovolts per centimeter, we disturb the 
initial state only slightly. The number of dipoles with a component 
parallel to the field is sh^th* greater than the mrmber with a component 
antiparaUel to the field. 

When gmnll positive and negative ions are introduced into such a 

^H. Froelich. Proc. Rov. Soc. A., 185, 399 (1946). 

-J. Eirlovood, J. Chem. Phys., 7, 911 (1939). 
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liquid, those polar molecules vfhich happen to be near to one of these 
ions at any time are subject to a very strong field. In this case the electrical 
analogues of the magnetic cooling and heating give rise to large effects. 
In general, when the polar dielectric, as a result of any process, is subjected 
to additional ionic fields, that is, when ions are introduced into the liquid 
or when a neutral molecule in the liquid dissociates into a pair of ions, 
there is a heating effect. Conversely, when ions are removed, this is 
equivalent to shutting off the external field. When, for example, positive 
and negative ions recombine to form neutral molecules, there is a pro^ 
nounced cooling. 

The dissociation of a molecule into ions or into atoms, treated in Sec. 89, 
requires a certain amount of work, the potential energy being of the form 
depicted in Fig. 30. If the atoms or ions recombine to form the molecule, 
the potential energy is reconverted into kinetic energy and usually appears 
as heat. H^en ions in a polar solvent recombine, there is the cooling 
effect to be taken into account as well. Tlwce cases are found : the cooling 
(absorption of heat) may be either greater than, equal to, or less than the 
amount of potential energy released (evolution of heat).* 

In discussing the order-disorder problems of Secs. G5 to 09, it was 
natural to start from the state of perfect order and to discuss the intro- 
duction of a certain amount of disorder. On the other hand, in studying 
the paramagnetic and dielectric problems, wc have started from the state 
of complete disorder and have .cvalu.ated the degree of order introduced 
by the field. This difference in treatment somewhat obscures the fact 
that all three problems arc analogous. The amount of work 2MH cor- 
responds to (1) the worlc required in Sec. 65 to remove a particle and place 
it on the surface of the crystal, and (2) the work required in Sec. 6C to 
interchange a pair of particles. In all these problems there belongs to each 
temperature T an appropriate amount of disorder. In discussing the 
vacant lattice points of Sec. 65 it is clearly impossible to take as our 
starting point a state of complete disorder. In a discussion of the para- 
magnetic and dielectric problems, on the other hand, we can start from 
the state of perfect order (not attained in practice), discuss the equi- 
librium in terms of TTct and IFtb, and reach the same conclusions as those 
reached in Sec. 170. In Secs. 173 and 174 wo shall return to the problems 
of Chapter 3 and give a more quantitative treatment. 

173. Lattice Defects in Crystals. In deriving (243) for a substitutional 
solution, we began by placing the solute particles in position and pointed 
out that this left sites vacant, to accommodate the iia solvent particles. 
Since the allocation of the solvent particles to these available sites could 
be made in only one way, this last step added nothing to the value of 

*R. W. Gurney, "Ions in Solution," Chapter 13, Cambridge, 1936; J. Chem. Phys., 
6, 499, 1938. 
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TTe-:.^ TTe may notice, now tliat we could equally weU have begun by 
placing the solvent particles in position. leading ns sites vacant for the 
Us solute particles: since the latter can be allocated to these sites in onlv 
one way, the allocation adds nothing to the value of Tr«-. In a dilute 
substitutional solution, from this point of tiew the function of the solute 
is to increase the number of sites available to the solvent particles — to 
increase the number of sites from nj, to the slightly larger value ( 7 ij_ 4- ag). 

We can readily take the same point of view with regard to the formation 
of vacant lattice points by the process depicted in Fig. 22. If ns denotes 
the number of vacant lattice sites formed, this has the effect of increasins 
the number of sites available to the iij, particles of the crystal : the number 
of sites is increased from the value «jt for the perfect crystal to the slightiv 
larger value (?u 4- ns) for the imperfect crystal containing ns holes in 
the interior. With this notation, (243) gives the value of TTcf for the 
crystal. 

The formation of additional holes does not continue indeffnitely be- 
cause it takes a certain amount of work F to remove a particle from the 
interior and place it on the surface. A discussion of this amount of work 
will take the same form as in Secs. 126 to 123. In a crystal at temperature T, 
we are interested in the amount of work needed to form the hole and leave 
the crystal at the original temperature T, that is to say, the work required 
for an isothermal process. It is not true to say that this work is equal to 
the change in the free energy when holes are formed, since the change in 
the free energy includes the change in the quantity kT In TTcf. As in 
(321). the total change in the free energy is equal to the siun of T” and the 
change in kT In TW-:. It can easily be shown that the number of lattice 
defects wili increase exponentially with tempereture. Most diffusion in 
solids is ascribed to the presence of mobile lattice defects, which are also 
responsible for the ionic conductivity of polar crystals.- 

174. Order and Disorder in Alloys. We described briefl 3 ’ in Sec. 66 
the special kind of order that appears in certain alloys, which are said to 
posses a suuerlattice. We shall give here the theory of their behavior in 
the form in which it was put forward by Bragg and Williams-; we shall 
confine our attention to a crystal that contains equal numbers of .4 and 
B atoms. Starting with a state of perfect order, we showed in Sec. 66 
how the e-xchange of A- and B-particies leads to a progressively increasing 
deaxee of disorder. At least, it does so up to a point. If aU the A-particles 
were transferred to S-sitGS and all the B-particIes to or-siie^, we should 
clearlv have obtained again a state oi perfect order. The state of com- 
plete disorder lies hallway, that is, when as man\ -4-particIes are in a- 

IX. F. Ifott and E. TT. Gumey, “Electronic Processes in Ionic Crystals/’ Oxford, 
1940. 

s W. L. Brags and E. J. Wiffiams, Prac, Ro-j. So-% A., 145. 699 (19-34). 
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sites as in /9-sit^. To handle this problem, let S denote the “dep«e of 
order” and let us define S in such a way that its value goes from unity, 
for perfect order, to zero, for complete disorder. If we divide the number 
of particles that occupy “right” sites by the total number of particles, 
the ratio gives the probability r of finding a particular particle on a right 
site. If now we write (1 — r) ** w, this gives the probability of finding 
this particle on a wrong site. Further, if we write 


r— to 
r + to 


S 


(438) 


this S will be a suitable measure of the long-distance order in the crystal. 

The value of Tf’tf may be found from (243). If the number of ^-particles 
on a-sites is Aa and the number of ^-particles on o-sites is Ba, we have 


(.4. + B.)! iVJ 

AJ.BJ ’^AJUVa^A^y. 


(439) 


This must be muUipicd by the corresponding expression for the number 
of ways in which the particles on ^-sites can be arranged. We now have 
to proceed as we did in Sec. 128. In a ci^-slal at temperature T in a state 
of perfect order it takes a certain amount of work to interchange an A- 
particle with a B-particle isothermally. This amount of work is equal 
to the change in the free energ>’ of the crj'stal when two particles occupying 
particular sites are e.xchanged at this temperature. It may be regarded 
as being due to the modification of the partition functions of all the 
particles concerned, namely, the two particles e.xchanged and the other 
particles occupjdng sites adjacent to their sites; when dm particles are 
transferred, the work done per particle may thus be written in the form 

where the summation is over the various particles concerned. Using 
(439), we shall have then, as in (321), 


Equating this to zero, for equilibrium, we obtain the result 

^ = e-rar (442) 

From (438) we find 

S = tanh(i) (443) 

A ciy'stal with nearly perfect order is like a veiy’ dilute solution; we 
sire unlikely to find two wrong particles occupjnng adjacent sites. But as 
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the disorder increases this will no longer be true, and the average amount 
of work to interchange additional pairs of particles will be different, in 
fact smaller. In the state of complete disorder the distinction between 
right and wrong sites has been lost and consequenth* the work to inter- 
change a pair of particles must be zero. Thus the value of V will fall 
from an initial value T o, for perfect order, to the value zero for complete dis - 
order. Bragg and Williams made 
the simple assmnption that F is 
proportional to S as defined bv 
(43S): thus 

F = FoS (444) 

It follows from (443) and (444) ^ 
that for an 3 ' cr3-5tal of this kind 
there will be a characteristic tem- 
perature above which S is zero, 
that is to sa 3 ', above which there 
is complete disorder. This be- 
havior is analogous to the disap- ,, . Specific heat of a copper-zinc 

- . . , alloy possessing a superlattice. 

pearance of ferromagnetism at the 

Curie temperature. The critical temperature for the disappearance of 
order, according to (443), will be 




(445) 


Over the range of temperature, where atoms are being displaced, there is a 
large increase in the heat capacity, an example of which is given in Fig. 58. 
This is followed b 5 ^ a sudden drop in the heat capacity at the critical 
temperature.^ The theon* predicts a considerable rise followed by a sud- 
den drop, but the agreement is not quantitative. 

175. Fermi-Dirac Statistics. The difference between the Fermi-Dirac 
and the Bose-Emstein statistics was mentioned in the footnote to Sec. 39. 
The most’ familiar problem in which the Fermi-Dirac statistics must be 
used is that of the free electrons in a metal; we shall therefore discuss the 
statistics in connection with this problem. 

In a metal we fix our attention on the valence electrons that pro^fide 
the free conductiug electrons. The negative charge of these electrons is 
neutrahzed by the positive charge of the cores of the metal atoms. Further- 
more, in electrical theory it is usuallj* stated that no electrical field can 
exist in a conductor in which no current is flowing. If this were strictl}’ 
true, the potential energy* of an electron would be constant throughout 
the interior of the metal: actually there is a periodic field due to the 


iC. Sykes aad H. WiUdnson, J. Inst. Metals, 61, 223 (1933). 
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positive cores of the atoms that form the lattice. To a first approximation 
this periodic field can be neglected, in case the possible wave func- 
tions for a free electron in the metal will be the same as those giv'en by 

(135) in Sec. 70 for a particle of a gas; t^e allowed energies will be given 
by (136) if the mass of the electron is inserted into this expression. 

The treatment of the n electrons must be dhl'erent from the monatomic 
gas of Sec. 37. It is well known that in an isolated atom there cannot be 
more than two electrons in the K-ring. Tlierc are two states (with opposite 
electron spin) associated with the K-ring, and there cannot be more than 
one electron in each state. This is one example of the Pauli exclusion 
principle. According to this principle, when a set of energy states is 
populated by electrons, there carmot be more than one electron in each 
state. 

In Sec. 39 we supposed tliat the number of particles in each state was 
unrestricted and that (79) was the correct expression to use for each of 
the arbitrary batches of levels. Here, taking the energy levels given by 

(136) , we shall again divide them into arbitrary batches; but instead of 
(79), the expression that gives the number of different ways in which n 
particles can be distributed among p states without putting more than one 
particle into each state is 


n!(p — n)l 


(446) 


Instead of (81) we shall thus have the expression 


pal 


Pl! 


noKpo-no)! ni!(pi-nj)! 


Pfl 


n,!(pr - n.)! 


(447) 


In each batch of levels the quantity (p, — n,) is the number of vacant 
states. If the batches of levels arc chosen such that in each case both rir 
and (pr — nO are large compared with unity, we may use Stirling’s ap- 
proximation. For any rearrangement of the electrons 

5 In TO = - 2 ln(& - l) Sn, (448) 

Introducing undetermined multipliers X and — ft, we may obtain 

In (^ - l) = Wr - 

The usual identification is made between n and l/fcT, and the population 
of the levels at temperature T is given by 


nr ^ 1 

pr I 


(450) 


It will be noticed that (450) differs from (93) only in that there is a plus 
sign instead of a minus sign in the denominator. 
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states can accommodate a pair of electrons with opposite spin. To find 
the energy of the highest level that will be occupied by an electron at the 
absolute zero, we have to equate (153) to n/2; thus we find 


Sm\vv) 

- 5.8 X «g 


(45S) 

(454) 


Thus at the absolute zero of temperature, for e less than e' we have g(e) 
equal to unity, and for t greater than <' U'e have q(e) equal to zero. 

If ive supply ■some thermal energy to the metal, a number of electrons 
will be thro%vn into levels above the critical level t'. Thus for some levels 


Table 14. Valdes of q(t} raoir (445) 


. 


</(.) 

, » «• + 2kT 


e-(*-.*)/fcr 

0.12 


1 

0.50 

, - - 2kT 

l/e» 

0.80 


•^0 

1.0 


below the critical level «' at least, g(«) will no longer be as great as unity, 
while for levels above t' the value of g(<) will be greater than zero. Let 
us now discuss the expression (452), which contains a critical energy de- 
noted by «*. Near the absolute zero of temperature we can have the value 
of kT as small as we like; the situation will then be as follows. For energy 
levels lying belo^s^ €* the value of (« — e*) is negative and the exponential 
term is small compared with unity; thus the value of q(e) is somewhat less 
than unity. For energy levels lying above e* the value of (e — «*) is positive 
and the exponential term, being large compared with unity, may be brought 
up into the numerator with opposite sign 

g(€) = (455j 

Thus in the levels above e* we have an exponential population fed with 
electrons from the occupied levels below €*. At any temperature near the 
absolute zero, according to (452), there is a rapid change from nearly filled 
levels below the critical level f* to nearly empty levels above e* ; thus at 
these temperatures the level f* is to be identified with given by (453). 
For e = e* the value of g(«) is 5. This value, together with some others, 
is given in Table 14, which shows that the population of the levels falls 
from 86 per cent filled to only 12 per cent filled, within a range of energy 
4fcr. The values from Table 14 are plotted in Fig. 59, where the energy 
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€ is, fls usual, on a vertical scale and abscissas are 9(e). Onlv energies in 
tie neighborhood of are included in the diagram. It has been men- 
tioned that at room temperature kT is equal to ^ electron-volt. Thus at 
30°K the quantit3^ 4/:^ would be equal to only electron-volt; this 
range of energy is thus veiy* narrow com- 
pared with the kinetic energy- of the 
majority of the electrons. As the tem- 
perature rises the transition from the 
fiUed levels to the empt3’ levels becomes 
less sharp, but it is still fairl3' sharp at 
room temperature. 

Although we have pointed out that 
6* is to be identified with e' near the ab- 
solute zero, we have not said that in 
(452) denotes a value independent of the 
tempera tiue. Nevertheless it is true that 
at room temperature the value of e* differs 
ver3' little from e'. According to (154) and (451), the total munber of elec- 
trons in the metal is given b3’ 

’• = X” 1 («6) 



The form of ^(e) that results from the evaluation of this integral is (452), 
to a first approximation with e* = e' and to a second approximation with 


"L 12V- Jj 


(457) 


It has already been pointed out with reference to Table 14 that at room 
temperature the value of kT is ver3- small compared with (e' — eo), but 
the extra term in (457) ma3* become important in connection with therm- 
ionic emission at high temperatures. 

177. Bose-Einstein Statistics. When discussing a perfect gas in Chap- 
ter 2, we treated each molecule as a particle of mass m and disregarded 
the fact that the molecule is a composite particle, built up from certain 
elementar3' particles. It appears that each species of elementar3' particle, 
electrons, protons, neutrons, and neutrinos, obe3's the Fermi-Dirac sta- 
tistics, and that, as a result, a composite particle consisting of an even 
number of elementar3" particles will obeA* the Bose-Emstein statistics. (A 
imified rule concerning the antis3mmetiy' of the wave functions e-xpresses 
both these requirements.) 

In Chapter 2 we discussed only the e.xpression (94), which is the simple 
form of (93) when nr/pr is small compared with \mit3'. We asserted that, 
in the treatment of nearly perfect gases, (94) covered all cases of practical 
interest; we may now seek to justify this statement. 
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Introducing a continuous function g(e), we may put (93) into the form 
corresponding to (451) 

= _ (458) 


Since (154) gives the number of energy leveis for the gas molecules, the 
expression for n, the total number of molecules, only differs from (456) 
in that the minus sign again occurs in the denominator and the factor 2, 
which was introduced into (453) for the alternative electron spins, will 
be absent. If we take the level co as the zero of energy, we have thus to 
evaluate the integral 




gU/iT+kl _ I 


(459) 


We now make the substitution s =* e/kT and thus put (459) into the form 




2^ dz 


Jo - 1 

The value of this definite integral is kno^vn to be 
2 ^ dz 


f* z’ d z 1 /- / , \ 

i,9WxrrT = 2'^(<^‘ + -i» + --7 


(460) 


(461) 


If the value of e-^ is very small compared with unity, it will make no ap- 
preciable difference whether the second and succeeding terms are included. 
To test this, we retain only the term and obtain 


" “ /o'"'‘(‘)«(‘) * 


(SmkT^^v vT ._^ 
4A’ 2 ^ 


(462) 


Hence 


e~^ 


vi^trmkT)^ 


(463) 


This quantity is least likely to be small in the case of small m and small T. 
We may therefore evaluate it for the hydrogen atom at low temperatures. 
The value of n/v at standard temperature and pressure is 2.7 X 10^®. 
Taking the same value for nfv at, for example, Q^K, we find for (463) 
the value 0.005, which is sufficiently small compared with unity. Thus 
at this temperature (94) may be used instead of (93) for all gases and 
vapors at low densities. At temperatures still nearer to the absolute zero, 
however, the difference may become appreciable, though the effect will 
be difficult to disentangle from effects arising from the intermolecular van 
der Waals forces. 

178. Atomic Nuclei. We have seen in Chapter 1 that for a group 
of 20 particles, the number of possible states may easily be greater than 
lO*®. Now in the nuclei of the heavier elements the number of particles 
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is much greater than 20; thus in the plutonium nucleus Pu^^® there are 
145 neutrons and 94 protons. 1\Tien the nuclear particles are sharing a 
total energy E, the group, will tend to adopt the states that can arise in 
the greatest number of waj^s. Hence, in writing domi expressions that 
attempt to describe the properties of hea^f 3 ' nuclei, the usual exponential 
factor often occurs.^ Bohr has given a discussion of nuclear fission 
in terms of a microcanonical ensemble.^ The amounts of energy shared 
by nuclear particles are verj’- large — ^usually to be measured in millions 
of electron-volts; as a result, when the exponential factor is written in 
the form the effective temperature T ascribed to the interior of the 

ucleus is verj’- high. 


Problems 

1. Two similar specimens, A and B, of iron ammonium alum have been cooled to 
2°K and are held in a magnetic field of 2000 gauss. An amount of heat is allowed to 
enter A sxifficient to raise its temperature to 3°K. The specimen B is put through the 
following cycle: the intensity of the magnetic field is rapidly increased to 20,000 gauss; 
then the same amount of heat is admitted to B as was admitted to A) the field is then 
reduced to 2000 gauss. Describe briefly how the population of the energj^ levels wiU 
have changed during each of these steps, both for the paramagnetic ions and for the 
other particles in the crystal, and state how the final temperature of B wiU compare 
with that of A. 

2. The expression (213) in Sec. 88 gives the change in In TF when the energy levels 
are modified as a result of a change in pressure. WTiat are the expressions corresponding 
to (213), (214), and (215) when the energy leveb are altered by a change in the value 
of an external field HI 

IV. Weisskopf, Phys. Rev., 62, 295 (1937); H. Bethe, Rev. Modem Physics, 9, 80 
(1937). 

=N. Bohr, Phys. Rev., 66, 426 (1941). 




Note 1. Strrling’s Approximation. The logarithm of factorial n is 
by definition 

In 7i! = In n -bln (71 - 1) -h In (n - 2) + • - • to n terms (Al) 
Tor comparison consider the logari thm of ti"; we have 

In (ti") = In 72. -r In 72. -t In 77 -f • ■ • to 77 terms (A2) 

It is clear that the value of (Al) is smaller than that of (A2), and the 
question arises as to how great the difference is. Stirling was able to show 
that when n is very large compared with unity, the difference does not 
differ appreciably from n itself. That is to say, for large n we may write 

In 72 ! = 72 . In 77 — 77 

Note 2. The Integral dz. 

This is equal to 


The integral is a pure munber, and we maj' either write 

1 /-X \ 




e~^ dx 


or 


]SIultipl 3 Tng these together we obtain 


The quantity dx dy maj* be taken to be the area of a small recta ngle in 
the x,y plane, like that at the point R in Fig. 45. The quantity Var -f y" 
is the distance r between R and the origin. The line joining R to the 
origin makes an angle 6 with the x-axis given bj’ 


at the same time 
Hence we obtain 


X — r cos 6 and y = r sin 0 
dxdy = r dr dd 


ll 

b-4: 


it 



(A3) 


Bj’ S 3 Tnmetr 3 ' the value of the integral 
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dz is twice as great. 
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Note 3. The Method of Undetermined Multipliers. In Fig. 11 we 
considered a rearrangement of the particles in a set of energy levels; 
only three levels were involved. Let us consider a similar arrangement 
involving g levels (this g having no connection with the g of Sec. 15). 
If the levels involved are, for example, the tth, jth, fcth, ith, and mth levels, 
we should have g = 5. We may use the word increments for the quantities 
dui, duj, drtk, dm, and dum, recognizing that some of these quantities will 
be negative. If the rearrangement is one in which E and n remain un- 
changed, any two of these g increments may be regarded as a function 
of the remaining (g — 2) increments; that is to say, if we are told the 
values of (q — 2) of these increments, the values of the remaining two are 
knowm. Suppose, for example, that we are told the values of dm, dm, 
and dum] let us denote by dE' the change in energy due to these three 
increments. Then the remaining two increments dn/ and dm must involve 
a change in energy equal to — dE' if the total energy is to remain unchanged ; 
that is to say, we must have 

</ dnf + «* dnk = — dE' (A4) 

Similarly, if dn' denotes the algebraic sum of dm, dm, and dum, wo must 
have 

dm + dnk ® — dn' (AS) 

Multiplying (AS) by «/ or «* and subtracting from (A4), the values of n, 
and Tijk are at once found. Thus, in general, any two increments may be 
regarded as a function of the remaining g — 2 increments. 

Equation (48) may be %vritten in the form 

+ + =0 (A6) 

0^0 VUl 

Likewise (49) may be written 

P^dn, + p-dn,+ --- = 0 (A7) 

vOq oni 

In Sec. 25 wc wished to know the values of ni, m, and so on for which 
In W has its maximum value subject to the conditions (A6) and (A7). 
In a problem of this kind there may be one, two, or more such conditions 
to be satisfied. We shall here consider the case where there are two such 
requirements. In order to set out the method in a general form, instead 
of the three quantities In W, E, and n, let us ^\Tite three quantities /, g, 
and h, respectively. Then, if there are altogether s levels and if xi stands 
for «o, and so on, (A6) takes the form 

^dxi + p-dx,+ --- + p-dx,~0 

dxi dxz dxt 

and (A7) takes the form 


(AS) 
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j I 1 ■ On 

+ (A9) 

We wish to find the values of Xi, x-j . . . for which the following quantity 
is equal to zero: 


oxi dx« 


dx, 


(AlO) 


A redistribution maj^ involve all these s variables. But we have seen 
that the effect of two conditions, such as (AS) and (A9), is to reduce the 
number of independent increments from s to (s — 2). The undetermined 
multiphers of Sec. 25 maj' be used to eliminate two of the increments from 
(AlO). ISIultiplying (AS) hy n and (A9) by X, we add them to (AlO) 
and obtain 






Let xis now take dxz, dxi . . . dxt as the independent increments, re- 
garding dxi and dxz as the increments that are fimctions of the former; 
and let us fix our attention on the values that Xi and xn will have when the 
quantity /has its maximum value, (corresponding to the population of the 
levels €o and ei when In TT has its maximum value). If the values of 
H and X are chosen so as to make the first two bracketed expressions in 
(All) equal to zero, that to satisfy 

^ , .. dg 
dX2 


dxi ' ^dXi ‘ dXi 


and 


- -L > - n 

li-z — h X— = U 

dX2 0X2 


then the equation (All) reduces to 


dxz ' ^ dxz ' dxzj 


dxz-r 



dx. 


dx. 



dXe = Q 


(A12) 


for any rearrangement involving X\ and x^. 

For example, we may consider, as we did in Chapter 1, a rearrangement 
invoking onl 3 * three of the x’s (that is to say, onl 3 ' three of the levels), 
for example, Xx, x^, and x-: all the increments in (A12) except dx~ are zero. 
It follows at once that 


dXr ‘ 


p- 


dXr 



= 0 


and likewise for any other of the x’s. Thus, the quantify /has its m a xim um 
value when each of the bracketed expressions in (All) is separatefy equal 
to zero. This is equivalent to the condition that was used in (52) to derive 
the exponential form of a population, which had alread 3 ' been derived 
in (22). 
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Tabix 16. 

Electronic cliar^ e = 4.S02 X 10“'- e.s.u. 

Planck's constant h = 6.624 X 10“^ erg sec 

Boltzmann's constant h = I.3S05 X 10“' ' erg; degree 

Avogadro's constant L = 6.02-3 X 10^ 

Mass of the electron m = 9.107 X 10“^ g. 

Mass of the proton 1.6725 X 10“^' g. 

Xumber of molecules in 1 


cubic centimeter of gas at 

X.T.P 

1 calorie 


1 electron-rolt 


2.6S7 X 10^ 
A1S5 X 10" er^ 

(' 1.602 X 10“- erg 
123,0-52 cal/mole 


Tabu: 1/. The Expo-\-E.\Ti,ii. Frxcrrox’ 


r 

e - ‘ 


; £-^ 

1.0 ; 

0.3579 i 

; AO i 

1 0.01S32 

i.5 

i 0.2231 ; 

, 4.0 i 

1 0.0II11 

2.0 

i 0.1353 i 

: 5.0 ! 

i 0.00674 

2.5 

0.0S21 ! 

0.5 I 

1 0.00409 

3.0 

o.aios i 

, 6.0 i 

I 0.0024S 

3.5 

. 0.0302 ; 

: 6,5 1 

[ 0.00150 
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Equjpartition, 190, 228 
Evaporation, 73, 77, 101, 133 
Exclusion principle, 48n., 250, 251 
Expansion, thermal, 120, 172, 199, 209, 
219 

External work, 56, 61, 63, 90, 106, 189 

F 

Fermi-Dirac statistics, 49n., 249, 251 
Field, external, 190, 238 
Fluctuations, in density, 186 
in energy, 174, 213, 216 
Free energy, 105, 108, 111, 129, 135, 149, 
183, 190, 193, 207, 228, 242 
freedom, degrees of, 190, 103, 201, 228 
Freesing point, 129 
depression of, 138, 142, 143, 153 

G 

Gamma iron, 156, 159, 101 
Gas, diatomic, 93, 90, 164, 193 
monatomic, 45, 88, 90, 120, 187 
perfect, 90, 183, 186, 190 

H 

Halogens, 226, 231, 235 
Harmonic oscillator, heat capacity of, 207 
partition function, 205 
HBr, HCl, and HI molecules, 233v 235 
HD molecule, 222, 227, 232, 235 
Heat capacity, 91, 92, 208, 211, 215, 219, 
227, 229, 236, 249 

HeterooucJear and homoauclesr mole- 
cules, 95, 164, 226, 233 
Hydrogen, 222, 227, 229, 232, 235 

I 

Ice, 129, 141, 154, 162 
Ideal solution, 149, 150 
Imperfect gas, 177, 190, 193, 195, 197 
Inertia, moment of, 202, 224, 232 
Interstitial solution, 130, 132, 140, 157 
Iron, body-centered, 15G, 159 
face-centered, 156, 169 
Iron carbon system, 161 
Isothermal process, 66, 60, 101, 103, 166, 
168, 247, 248 


Isotopes, 90, 95. 226, 231 
mixture of. 111, 130, 222 

K 

K«5lvin scale of temperature, 63, 64 

L 

Latent heat, 101, 229 
Lattice, crystal, 81, 118 
imperfect, 79, 246 
vibrations of, 176, 205, 209, 211 
l^ad, metallic, 54, 212, 222 
Liquid, 128, 130, 142, 146, 149, 180, 193, 
198, 201 

freezing point, 129 
solutions, 129, 142, 153 
Localized particles, 55, 70, 97, 99, 183 
London forces, 195 

M 

Magnesium, 54, 119, 220, 221 
Magnetic 6e]d, 238 
susceptibility, 239 
Manganese, 157, 159 
Melting point, 129, 138. 143. 163 
Metallic alloys, 81, 148. 217, 247 
Metals, 148, 232, 249, 251, 253 
Miscibility, partial, 146, 148 
Mixture, of gases, 109, 110, 149, 184 
of isotopes, 130, 222 

ftfodidication, alfotropic, T3, 103, 121, 123, 
218 

as solvent, 154, 158 
Mole fraction, 110, 132, 142, 149 
Molecular dissociation, 111, 116, 123, 
165, 185, 193, 246 
Molecular repulsion, 195, 197 
Molecular rotation, 93, 96, 224, 228, 236 
Molecular vibration, 93, 96, 227, 228 
Moment of inertia, 202, 224, 232 
Momentum, 187, 191, 193 
Monatomic gas, 45, 88, 90, 120, 187 
Multiple levels, 21, 39, 240 
MulUplicity, 90, 120, 177, 180, 184, 213, 
219. 222, 225. 232, 236 
Multipiicrs, undetermined, 35, 37, 258 



N 


R 


Xeon, 119, 212, 22S, 231 
Nitrogen. 209. 22S, 229. 231 
Nuclear spin, 236. 237 
Nucleus, atomic, 254, 255 

0 

One-for-one substitution, 130. 136, 150, 
161 

Order and disorder, SI, S3, 217, 241. 243, 
246, 249 

Orientation factor, 223, 232, 234 
Orthodeuterium, 237 
Orthohydrogen, 235 
Oxygen, 22S, 229. 233 

P 

Paradeuterium, 237 
Parahydrogen, 235 
Paramagnetism, 23S, 245 
Partially miscible substances. 146. 14S 
Partition function, 41, 53, 9S, 135, ISl, 
1S3, 1S9, 193, 213, 216, 21S, 220, 240 
diatomic gas, 93, 95 
monatomic gas, SS 
rotational, 225 
values, 54, 120, 222, 226 
vibrational, 205, 207, 210 
Perfect gas, 90, 1S3, 1S5, 190 
Phase space, 1S7, 1S9, 191, 192 
Planck’s constant, SS, 190, 224 
Plutonium, 255 
Polar molecules, 233, 245, 246 
Polarization, 242 
Pohunerization, 203 
Potassium chloride, SI, 212 
Potential energy, 115, 119, 167, 190, 193, 
195, 246 

Pressure, 57, 62, 91, laS, 112, 230 

Q 

Quantization, 3S, 57, 172, 176, 219 
Quantum states, density of, 93, 213, 216, 
219, 251 


Eaoult's law, 149 
Repulsion, molecular, 196 
Reversible proce^, 56, 60, 101 
Rotation of molecule, 93, 96, 224, 22S, 236 

S 

Samples, group of, 177, ISl, 212, 217 
Saturated solution, 129, 133 
Saturated vapor, 76, 79, S7, 107, 117, 119, 
122, 133, 1S4, 217, 219, 229, 232 
of solvent, 141, 149 
Sodium, 54, 119, 174n., 222 
Sodium chloride, SI, 212 
Solid solutions, 12S, 14S, 219 
Solubility, 129, 139, 14S, 15S, 169, 219 
Solubility product, 152 
Solutions, ideal, 149, 150 
interstitia], 130, 140, 157 
substitutional, 130, 136, 139, 162 
Specific heat, 91, 92, 203. 211, 215, 219, 
227 229 236 249 
Spin, 2->2, 236, 237, 252, 254 
Steel, 157 

Stirling’s appro-rfmation, 257 
Sublimation energy, 119, 120, 133, 195 
Substitutional solutions, 130, 136, 139, 
162 

Sulfur, 73, 103, 21S 
Superlattice, SI, 247 
Supersaturated vapor, 77 
Surface, 55n., IIS, 169 
Susceptfoility, 239, 242 
Symmetric wave functions, 236, 237 
Sy mm etry factor, 164, 226, 233 

T 

Temperature, 32, 37, ISO, ISl 
absolute, 39, 54, 33, 23S 
transition (see Transition temperature) 
uniform, 177, 217 
Thermal energ>-, 66, 69, 71, S3 
Thermal expansion, 120, 172, 199, 209, 
219 

Transition temperature, 121, 123, 21S 
depression of, 154, 156, 159 
raising of, 154, 15S 
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Translational energy, 88, 90, 96 

partition innction, 120 

U 

Undetermined multipliers, 35, 37, 258 
Unlocaltzed particles, 55, 70, 97, 99, 183 
Unsaturated vapor, 77, 122, 197 

V 

Vacant lattice points, 79, 80, 246 
Van der Wsals equation, 195, 107, 199 
Vapor, diatomic, 45, 88, 90, 94 
monatomic, 44, 64, 88, 117 


Vapor, saturated, 76, 79, 87, 107, 117, 122, 
133, 184, 197, 217, 219, 229, 232 
of solvent, 141, 149 

Vapor pressure constants, 230, 231, 232 
Vibration, lattice, 176, 205, 209, 211 
molecular, 93, 96, 227, 228 

W 

Wave functions, 3S, 39, 57, 88, 186, 236 
antisymmetric, 235, 237 
Work, external, 66, 61, 63, 90, 1D6, 189 
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Zinc, 119, 159, 212, 220, 221 



